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PREFACE 

/ 

Thb  design  oi  this  Treatise  is  to  explain  all  that  is 
commonly  included  in  a  First  Part  of  Algebra.  In  the 
arraugoment  of  the  Cliapters  I  have  followed  the  advice 
of  exporienced  Teachers.  I  have  carefully  abstained  from 
muking  extracts  from  books  in  common  use.  The  only 
work  to  which  I  am  indebted  for  any  material  assistance 
is  the  Al^-ebra  of  the  late  Dean  Peacock,  which  I  took  aa 
the  model  for  the  commencement  of  my  Treatise.  The 
Examples,  progressive  and  easy,  have  been  selected  from 
University  and  College  Examination  Papers  and  from 
old  English,  French  and  German  works.  Much  care  has 
been  taken  to  secure  accuracy  in  the  Answers,  but  in  a 
collection  of  more  than  2300  Examples  it  is  to  bo  feared 
that  some  errors  have  yet  to  be  detected.  I  shall  be 
grateful  for  having  my  attenti<  *  /  uo  them. 

I  have  published  a  book  .neous  Exercises 

adapted  to  this  work  and  arra.  igressive  order 

so  as  to  supply  constant  practice  i.  dent. 

I  have  to  express  my  thanks  for  the  encouragement 
and  advice  received  by  me  from  many  correspondents; 
and  a  special  acknowledgment  is  due  from  me  to  Mr.  E. 
J.  Gross  of  Gonville'and  Caius  College,  to  whom  I  am 
indebted  for  assistance  in  many  parts  of  this  work. 

J.  HAMBLIN  SMITH. 


Oambridoe,  1871. 
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ELEMENTARY  ALGEBRA. 


I.   ADDITION    AND   SUBTRACTION. 

1.  Algebra  is  the  science  which  teaches  the  use  of  sym- 
bols to  denote  numbers  and  the  operations  to  which  numbers 
may  be  subjected 

2.  The  symbols  einployed  in  j^Vlgebra  to  denote  numbers 
are,  in  addition  to  those  of  Arithmetic,  the  letters  of  some 
alphabet. 

Thus  a,  b,  c X,  y,  »:  «,  p,  y :  a',  b',  c' read 

a  dash,  b  dash,  c  dash :  a^,  b^,  c^ read  a  one, 

b  one,  cone are  used  as  symbols  to  denote  numbers. 

3.  The  number  one,  or  unity,  is  taken  as  the  foundation  of 
all  numbers,  and  all  other  numbers  are  derived  from  it  by  the 
process  of  addition. 

Thus  two  is  defined  to  be  the  number  that  results  from 
adding  one  to  one  ; 

three  is  defined  to  be  the  number  that  results  from 
adding  one  to  two ; 

four  is  defined  to  be  the  number  that  results  from 
adding  one  to  three ; 
and  so  on. 

4.  The  symbol  +,  read  plus,  is  used  to  denote  the  opera- 
tion of  Addition. 

Thus  1  +  1  symbolizes  that  which  is  denoted  by  2, 

2  +  1 3, 

and        a  +  b  stands  for  the  result  obtained  by  adding  b  to  a. 

.  ,„.  ,,ji„!>ui  —  otaiiUc  ior  LBc  vvuiua  "IS  equal  to,"  or 
"  the  result  is." 

[8.A.]  . 
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TJu,«  thu  dHlultJon-  given  in  Art.  \\  n.uy  bo  luvHcnUul  i„  ur 

;  +  !*», 

8=*l  +  1,  wlmit)  unity  jm  written  <tt>»V<», 

a-a  +  J  -  I  H  f  1,  wluuo  unity  le  wiittun  /;»m  tiniei. 

4=3  +  l  =  i  +  Ul^l -^ 

it  tulU>\v«  that  ' 

'*^I  ^  [  +  ' +1  +  1  with  unity  wiitfetm  a  tinuw, 

°  ~  *  +  '  +  ^ + 1  +  J  with  unity  written  h  tinioH. 

7.    Tl.«  ,muH.H«  of  ad.litiun  in  Avithn.etic  cun  h«  i.itmcnted 

n  «  jAor^^.  Im-ui  by  the  uho  ..f  tin,  Kign  +.    Tlmn  if  wo  havo 

til  it  ""*'  ^'"^  ti.Ketlu»i<  we  eau  i-epinwent  ll»e  i)iwe88 

14+17  +  33  =  64. 

a     When  ^n-eral  uuinhei*  mv  a.hhal  tugetliw,  it  la  indifte- 

Ta  V  '"  I\  f  *''''''*'  *''*'  ""»»>»'»^»"«  «»"t*  taken.    Tlnjg  if  14, 17.  antl 

aa  tie  aaaea  tuKt^J.er.  tJ.oii-  Huiu  will  ho  tJ»e  «uue  iu  whatever 

WHlev  they  he  net  *luw«  in  the  eonunon  arithn>etical  jaooosa  • 

i4  14  17  17  23  83 

17  iJ3  14  93  14  17 

^  n  aa  14  17  14 

W  64  54  54  54  54 

So  tUw  in  Algtam»,  when  any  nunjber  oi"  ^nUh  aw  aiided 
Hn^ther.  the  ivsult  will  he  the  e,une  in  wlwtever  oitier  the 
wyna.da  8ueetHHl  each  otljer.  Tims  if  we  have  to  add  toRt  ther 
the  nmuhew  8ymhi)li4eii  by  a  a«d  6.  t}»e  im«uU  i«  wpvsimted 
by  a +  6,  anu  this  ivsult  is  the  same  nuniW  a*,  that  which  is 
repmsenteil  by  h  v  (», 

Kinalayly  tlie  iv.^xUt  ubtmn*Hl  by  adding  tucether  a.  ft,  e 
luight  he  exiuvsstnl  iU^a>mioally  by  «  »  -> 

«  +  6  +  c»  w  «+c+ft,  or  6  +  «  +  c,  or  6+c  +  rt,  or  f  +  «  +  6, 

W  ('+ft  +  ,». 

a  When  a  number  denoteil  by  a  ia  added  ti»  itself  the 
mult  is  i^jxrt^iUeil  algvl^i^aieally  by  «  +  a.    This  mult  is  fur 
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tho  wik.1  of  brevity  ivpivnenkil  by  iJa,  tho  Ijkuio  l.rdixed  to 
tljo  Hymbol  oxproHsin^'  tho  jjunibor  of  times  tho  iniiuber 
(tojiutoil  by  rt  is  ropoutcd. 

Simihirly  a  -f  a  +  a  iB  ix»pw»aonted  by  3«. 
HiMioo  it  fullowa  tlmt 

2i»  +  a  will  be  represented  ))y  3a, 
^«  +  «  by  4(». 

10.  Tho  8yinb,)l  -,  rt>ad  minm,  is  used  to  denote  tho  ope- 
rauon  o!  Subtraction.  ^ 

Thus  the  opemtion  of  subtmcting  15  from  2(5  and  its  con- 
necUon  with  tho  ix^sult  may  bo  briefly  expressed  thus ; 

26-15  =  11. 

11.  The  result  of  subtracUng  the  number  6  from  the  num- 
ber  rt  18  n^pi-eaented  by 

a -5. 

AKiHn»-6-cst^mds  for  the  number  obtained  bytakin^c 
fmm «» -  6.  ^  n 

Also  rt-6-c-rf  stands  for  the  number  obt^iined  by  takina 
ani>ma-jL-c  * 

Su.ce  we  cannot  take  away  a  greater  wwjufter  from  a  snvdler. 
the  expiv:«um  a -6,  whero  a  and  fc  represent  tm»ftms  can 
denote  a  pt>8sible  result  only  when  a  is  not  less  than  6. 

Soalsutheexpivssiona-ft-c  can  denote  a  possible  i-esult 
only  when  U»e-  number  obUiineil  by  taking  h  fix)n»  «  is  not 
less  tluui  c, 

13.    A  combination  of  symbols  is  termed  an  algebraical 

The  j>art8  of  au  expression  which  are  connected  by  the 
flvmbols  of  operation  +  and  -.  ai-e  called  Terms. 

tW^Mn<i  expressions  are  those  which  have  more  than  one 
term. 

terml"^  ''~*^*'~''  ^^  *  <^"»P«"n«^  expression  made  up  of  four 

When  a  compound  expression  contains 

<iro  terms  it  is  called  a  Bin(nnxaly 

*^'^'^   Trinomial, 

Mr  or  more  MuUinomial, 
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Terras  which  are  preceded  by  the  symbol  +  are  called  ,  osi- 
hve  terms.  Terms  which  are  preceded  by  the  symbol  -  are 
called  negatim  terms.  When  no  symbol  precedes  a  term  the 
symbol  +  is  understood. 

Thus  in  the  expression  a-b  +  c-d  +  e-f 

a,  c,  e  are  called  positive  terms, 

^}^>f negative  

The  symbols  of  operation  +  and  -  are  usually  called  poai- 
tive  and  negative  Signs.  ^ 

13     If  the  number  6  be  added  to  the  number  13,  and  if  6 
be  taken  from  the  result,  the  final  result  will  plainly  be  13. 

So  also  if  a  number  6  be  added  to  a  number  a,  and  if  6  be 
taken  from  the  result,  the  final  result  will  be  a :  that  is, 

a  +  b-b=:a. 

Since  the  operations  of  addition  and  subtraction  when  per- 
tormed  by  the  same  number  neutralize  each  other,  we  conclude 
tha.  we  may  Obliterate  the  same  symbol  when  it  presents  itself 
as  a  positive  term  and  also  as  a  negative  term  in  the  same  ex- 
pression. 

T'nus  a-a=0, 

and  a-a  +  b=b. 

«  l^'  ^  }{  r  ^r®  ^"^  ^^^  ^^^  numbers  54,  1^,  and  23,  we  may 
fost  add  17  and  23,  and  add  their  sum  40  to  the  number  54 
thus  obtaining  the  final  result  94.     This  process  may  be  repre- 
sented algebraically  by  enclosing  17  and  23  in  a  Bracket 
(    ),  thus : 

54  +  (l7-f-23)  =  54  +  40=94. 

15.  If  we  have  to  subtract  from  54  the  sum  of  17  and  23 
the  process  may  be  represented  algebraically  thus  :  ' 

54-(l7  +  23)=54-40=14. 

16.  If  we  have  to  add  to  54  the  difference  between  23  and 
17,  the  process  may  be  represented  algebraically  thus: 

54  +  (23-l7)=54  +  6  =  60. 

^17.     If  we  have  to  subtract  from  54  the  difference  between 
23  and  17,  the  process  may  be  represented  algebraically  thus  : 
54-(23-17)  =  54-fi  =  48. 
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18.  The  use  of  brackets  is  so  freiiuent  in  Algebra,  that 
the  rules  for  their  removal  and  introduction  must  be  carefully 
considered. 

We  shall  first  treat  of  the  removal  of  brackets  in  cases 
where  symbols  supply  the  places  of  numbers  corresponding  to 
the  arithmetical  examples  considered  in  Arts.  14,  15,  16  17. 

Case  I.     To  add  to  a  the  sum  of  6  and  c. 
This  is  expressed  thus  :  a^{bJrc). 
First  add  6  to  a,  the  result  will  be 

a  +  6. 
This  result  is  too  small,  for  we  have  to  add  to  a  a  r  umber 
greater  than  b,  and  greater  by  c.     Hence  our  fmal  result  will 
be  obtained  by  adding  c  to  a  +  6,  and  it  will  be 

a  +  b  +  c. 

Case  II.     To  take  from  a  the  sum  of  6  and  c. 
This  is  expressed  thus  :  a-(b  +  c). 
First  take  b  from  a,  the  result  will  be 

a-b. 
This  result  is  too  la.rge,  for  we  have  to  take  from  a  a  number 
greater  than  b,  and  greater  by  c.    Hence  our  final  result  will 
be  obtamed  by  taking  c  from  a-b,  and  it  will  be 

a  —  b~-c. 

Case  III.     To  add  to  a  the  difference  between  6  and  c 
This  13  expressed  thus  :  a  +  {b-c). 
First  add  b  to  a,  the  result  will  be 

a-rb. 
This  result  is  too  large,  for  we  have  to  add  to  a  a  number 
kss  than  b,  and  less  by  c.    Hence  our  final  result  will  be  ob- 
tamed  by  taking  c  from  a  +  b,  and  it  will  be 

a-{-b-c. 

^m! ^  ^^'     "^^  ^^^^  ^^^^  "^  *^^  difference  between  b  and  e 
1  his  IS  expressed  thus  :  a-{b-  c). 

First  take  b  from  a,  the  result  will  be 

a  —  b. 
This  result  is  too  small,  for  Ave  have  to  take  from  a  a  num- 
ber less  than  b,  and  less  by  c.     Hence  our  finnl  r^^uH  wm  k. 
obtamed  by  adding  c  to  a-6,  and  it  will  be 

a-b  +  c. 
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Note.  We  assume  that  a,  h,  c  represent  such  numbers  th^t 
in  Case  J.I.  a  is  not  less  than  the  sum  of  b  and  c,in  Case  III. 
b  is  not  less  than  c,  and  m  Case  IV.  b  is  not  less  than  c,  and  a 
is  not  less  than  b. 

19.    Collecting  the  results  obtained  in  Art.  18,  we  have 
a  +  (6  +  c)  =  a  +  6  +  c, 
a-(b  +  c)=a-b-c, 
a+(b-c)r=a  +  b-c, 
a-{b-c)  =  a-b  +  c. 

From  which  we  obtain  the  following  rules  for  the  removal  of 
a  bracket. 

Rule  I.  When  a  bracket  is  preceded  by  the  sign  +, 
remove  the  bracket  and  leave  the  signs  of  the  terms  in  it 
unchanged. 

Rule  II.    When  a  bracket  is  preceded  by  the  sign  - 
remove  the  bracket  and  change  the  sign  of  each  term  in  it. 

These  rules  apply  to  cases  in  which  any  number  of  terms 
are  included  in  the  bracket. 


Thus 
and 


a+b+(c~d+e-f)=a  +  b  +  c-d+e~fy 
a+b~(c-d+e-f)=a  +  b-c+d-e+f. 


20.  The  rules  given  in  the  preceding  Article  for  the  re- 
moval of  brackets  furnish  corresponding  rules  for  the  intro- 
duction of  brackets. 

Thus  if  we  enclose  two  or  more  terms  of  an  expression  in  a 
bracket, 

I.  The  si{ni  of  each  term  remains  the  same  if  +  pre- 
cedes the  bracket 

II.  The  sign  of  each  term  is  changed  if  -  precedes  the 
bracket. 

Ex.       a-b+c-d+e-f=a-b  +  (c-d)  +  (e-f), 
a-b+c-d  +  e-/=a-{b-c)-(d-e+/). 
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21.    We  may  now  proceed  to  give  rules  for  the  Addition 
and  Subtraction  of  algebraical  expressions. 

Suppose  we  have  to  add  to  the  expression  a  +  5-c  the  ex- 
pression d—e+f. 

The  Sum  =a  +  6-c  +  (d!-e+/) 

=  a  +  6-c  +  rf-e+/(by  Art.  19,  Rule  I.). 

Also,  if  we  have  to  subtract  from  the  expression  a  +  h-c  the 
expression  d-e  +/. 

The  Difference  =a  +  6-c-(<i-e+/) 

=a  +  6-c-i  +  e-/(by  Art,  19,  Rule  II.). 

We  might  arrange  the  expressions  in  each  case  under  each 
other  as  in  Arithmetic  :  thus 

Toa  +  6-c  ^      Froma+6-c 

AMd-e+f  Take  d-e^-f 

Sum    a  +  6-c+i-e+/       Difference  a+6-c-^+e-/ 
and  then  the  rules  may  be  thus  stated. 

I.  In  Addition  attach  the  lower  line  to  the  upper  with  the 
signs  of  both  lines  unchanged. 

II.  In  Subtraction  attach  the  lower  line  to  the  upper  with 
(he  signs  of  the  lower  line  changed,  the  signs  of  the  upper  line 
being  unchanged. 

The  following  are  examples. 

(1)  Toa+5  +  9 

Add  a- 6- 6 


Sum  a  +  6  +  9  +  a-&-.6 
and  this  sum  =a  +  a  +  6_6+9-_6 
=2a  +  3. 

For  it  has  oeen  shown.  Art.  9,  that  a  +  a=2a, 
and,  Art.  13,  that  6-6=0. 


(2) 


From  a  + 6  + 9 
Takea-6-6 


Remainder  a  +  6  +  9-a  +  6  +  6 
and  this  remainder  =  26  + 15. 


8 


li! 
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— 1_^  Taker5-d«7 

^""»2.     +3             Remainder  "IrfTTf 
23.    We  have  said  that 
;                   instead  ofa  +  a  we  write  2a, 
and  so  on.  ''*' 


24.    Since 


3a=a  +  a  +  a, 
and5a=a  +  a  +  a  +  a  +  a 

=  8a. 


rent  symbols  are  called  «Zife  teml  "'  ''"''■ 

symbol :  thus  *'  ^""^  subjoining  the  common 

2a;-;  5a;=7a;, 

'alS;  a."  :co*S:'"  *"''°"'  "  '=°''*«'-''  -%  «  to  'b, 

'e™^vKX'::^*A^^^^^^  ™y  be  co.W„ea  into  one 
cents  ana  subjoining  ^Ztt  the  IX™  ^J^Sl!  "°"''- 
"3  ae-3y-52/  =  2a;-8y, 

for2x-3y-5y  =  2«-(3y  +  5y) 

Soagam  3a:-^-,j,_6y^3x>lly. 


Il 
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27.  If  a,i  expression  contain  two  op  more  like  terms  some 
l«.n«  positive  and  others  negative,  we  must  first  colle"  al  tie 
positive  tenns  mto  one  positive  term,  then  aU  the  ne™t  1 
terms  .r.to  one  negative  term,  and  finally  combine  thf  wo 
remaining  terms  into  one  by  the  following  process  Subtr^? 
the  smaller  mtffimnt  from  the  ureater  and  1?  ^  T 
^mainder  with  the  sign  of  the  ^ZT^XittZ^l 
moil  symbol  attached  to  it. 

7a;  -  4a;  +  5a;  -  3a;  =  1 2a;  -  7a; = 5a:, 
a-26  +  56-46=a  +  56-66=a-6. 

28.    The  rules  for  the  combination  ^.f  any  number  of  UV« 
erms  into  one  single  term  enable  us  to  extenVtr'^^lLa  on 
ot  the  rules  for  Addition  and  Subtraction  in  Al^ebm  Inf 
proceed  to  give  some  Examples.  ^  ^'  ""^  "^^ 

ADDITION. 

(1)      «-26+3c  (2)    5a  +  76-3c-4i 

?^Zih5f  6a-76  +  9o  +  4<« 

4a-66-2c  Ti^T^c 

The  terms  containing  6  and  iiu  Ex.  (2)  destroying  one  anothca: 
(3)    7x-5,+  4.  (4)    6m-13n  +  5^ 

6a;-3i/-     » 


16a;- 7?/-  3» 


V 

«i+  2/i  +  5p 


16W-1171 


(1) 


(3) 


(5) 


6a-36+  6c 
2a  +  56-  4c 


SUBTRACTION. 


3a- 
5a- 
2a- 

-86+ 10c 
-66  +  2c 
-66  +  2c 

3a 
3x  + 

•72/  +  l2» 
5y-  2» 

(2;    3a  +  76-  8c 
3a-76+  4c 


ox  +  -Ay  + 14« 


146 -12c 

(4) 

JB-y+g 

a;-y-» 

2» 

(6) 

7a;-l%-14» 

6a -24?/+  9» 

a+  5t/-23« 


li;: 


'^ ^^DITION  AND  SCrBTRACTIOIV. 

=  5a  +  76-3c-4rf+  6a-76  +  9c+4rf 
=  lla  +  6c; 

and,  in  Subtraction, 

3a  +  76-8c-(3a-76  +  4c) 

=  3a  +  76-8c-3a  +  76-4c 
=  146 -12c. 

Examples i. 

3.  "a-36-4c-4a  +  56  +  6c. 

4.  8«-56  +  3c-7a-2&  +  6c-3a  +  96-7c  +  10a 

5.  5a;-3a  +  6  +  7  +  26-3a;-4a-9. 

6.  a-6-c  +  6  +  c_rf^^_^  '      • 

7.  5a  +  106-3c  +  26-3a  +  2c-2a  +  4c. 

Examples.— ii.   addition 

Add  together 

^  2.  a  +  2a;  and  a  +  3«. 

3-    a -2a;  and  2a-- a:  a  i«.  ,  ►▼        i  ,. 

.  ^,     ,  4?  3a;  +  7yand5a;-.2v. 

5.  a  +  36  +  5cand3a-26-3c 

6.  .-26  +  30  and  a  +  26-3/      7.     1+.-,  and  3-.+, 

8.  2a.-3y  +  4.,5x-7?;-2«,and6a;  +  9y-8. 

9.  2a+'i-3:c,3a-26  +  c.,a  +  6-5a;,and4a-76  +  6x.     ' 

EXAMPLES.~iii.    SUBTRACTION 
I.    Froma  +  6  take  a -6. 

^ 3a;  +  y  2a;-y. 

3 2«  +  3c+4rf     ,,....  «_2c  +  3d 

^      =«  +  y  +  «  x~y~z. 
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5.  Fromw-n  +  r  tuke  m-w-r. 

6.     a-\-h->fC  a-h-c. 

7 3a  +  46  +  5c  2a  +  76  +  6<j. 

8 3a;  +  5y-4»  3a;  +  2j/-5». 

30.  We  have  given  examples  of  the  use  of  a  bracket.  The 
methods  of  denoting  a  bracket  are  various ;  thus,  besides  the 
marks  ( ),  the  marks  [  ],  or  {  {,  are  often  employed.  Some- 
times  a  mark  caUed  «  The  Vinculum  "  is  drawn  over  the  symbols 
which  are  to  be  connected,  thus  a-  rP^is  used  to  represent  the 
same  expression  as  that  represented  by  a-(6  +  c). 

Often  the  brackets  are  made  to  enclose  one  another  thus 
a-[6+jc-(d-e-/)f]. 

In  removing  the  brackets  from  an  expression  of  this  kind  it 
IS  best  to  commence  with  the  innermoat,  and  to  remove  the 
brackets  one  by  one,  the  outermost  Ipst  of  all. 

Thus 

--a-[b+\c-(d-e+f)\] 

<^a~[b  +  c~d  +  e-f] 
=a~b-c  +  d-e+f. 


Again 


5a;-(3a;-7)-|4-2x-(6a;-3)} 
=  5x-3x+7-\4-2x~6x  +  Z\ 

=5a;-3a;+7-4  +  2«  +  6a;-3 
=  10a;. 


Examples.— :v.   brackets. 

Simplify  the  following  expressions,  combining  all  like  quan- 
tities m  each.  ^ 

1.  a  +  h  +  (Za-2b). 

2.  a  +  b-(a-db). 

3.  3a  +  56-6c-(2a  +  46-2c). 
4-  0'  +  b-c-(a-b-c). 

5.  14a;-(5a;-9)-|4-3a;-(2a:-3)^ 

6.  4x  - 1 3a;  -  (2a;  -'x-a)  \ . 

7.  15a;-|7a;  +  (3a;  +  r^^)|, 


n 


I 


^:i 
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8.  a-[6+ja-(ft  +  a)jJ. 

9.  6a.K4a-|86-(2a  +  45)-226|-76J-[76-,{8a    , 

in       A      TA      /         rv       ,.  -  "(36  + 4«)  +  86  j  +  fla  1, 

10.  *-[6-(afft)-|J_(ft_„_:j)|j  '     "«J- 

11.  2o-(6a-ft)-|o-(5a  +  26)-(a-36)}. 

12.  2a.-  ;«-(2a-[3a-(4a-[5«-(6a-a;)])l)| 

13.  25a-196-[36-{4a-(56-6o)fJ. 

1  J^^IV'  '""'^'"^  ""  ^"^^^'^^  ^'-^^>  -  W  as  a  is  not 
If,  for  instance,  a  stands  for  10  and  b  for  6, 

\  a- i  will  stand  for  4. 

But  if  r  stands  for  6  and  b  for  10 

quantity.  ^^  existence  of  a  negative 

To  explain  tais  we  must  consider 

I.  What  we  mean  by  Quantity. 
II.  How  Quantities  are  measured. 

times  it  contains  this  unit  and  Iils  n,t7  T^^  ^''''  ^"'^^^ 
the  7n.««tr.  of  tl.o  nJ.^:i''^  *^"'  ''""^^^^  ^*  t»»««  is  called 


the  measure  of  tlio  nim«f;+,r 

—    ^ — v^. 


I 


as  a  18  not 


we  cannot 


I 
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For  example  to  mouHure  any  di8tni^1„„.i,  a  mul  we  ti^ 
upon  a  known  chHtunce,  such  as  a  mile,  ami  express  all  di.tan^s 
by  saymg  how  many  times  they  conUtin  this  unit.  Thus  16  is 
the  measure  of  a  distance  containing  16  milf-s 

Again  to  measure  a  man's  income  we  take  one  pound  as  our 
unit,  and  thus  if  we  sai.l  (as  we  often  do  8ay^  thai  a  man's  in 
come  IS  00  ayear,  we  should  m.ui  500  times  the  unirit  is, 
^500.  Unless  we  knew  what  the  unit  wa,.,  to  say  that  a  man'i 
income  was  600  would  convey  no  definite  meaning  :  Twe 
should  know  would  be  that,  whatever  our  unit  wa.,  a  pound  a 
dollar  or  a  Iranc,  the  man's  income  wouhl  l,e  500  times  that 
unit,  that  is,  X500,  600  doUaz^,  or  600  francs. 

N.B.     Since  the  unit  contains  itself  once,  its  measure  is 
nnxUj,  and  hence  its  name. 

r.„f;n  fZ  '""  """^  .'°"''^'^'  ^  ^"^"^^^-y  t«  ^«  «"«^  t^>"t  When 
put  to  another  quantity  of  the  sam.  kind  it  will  entirely  or  in 
part  neutralize  its  effect.  ^ 

Thus,  if  I  vvalk  4  miles  towards  a  certain  object  and  then 
return  along  the  san.e  road  2  miles,  I  may  say  that  the  latter 
distance  is  such  a  quantity  that  it  neutralizes  part  of  my  fir!t 
journey  so  far  as  regards  my  position  with  respect  to  the  n  ,iDt 
from  which  I  starred.  ^ 

^TVI  ^.^""^^  ^'^^  '"^  *"^^^  ^»d  t'^en  lose  ^400,  I  may 
say  that  the  latter  sum  is  such  a  quantity  that  it  nei'itraS^ 
part  of  my  first  gain. 

If  I  gain  £500  and  then  lose  ^700, 1  may  say  that  the  latter 
sum  ,8  such  a  quantity  that  it  neutralizes  all  my  first  ^ain  and 
not  only  that,  but  also  a  quantity  of  which  the  absolute  ^alue 

Lfr   ""'T'Z  *""  '''''^''^''  ^'  neutralize  some  future  gam. 
Regarding  this  ^200  by  itself  we  call  it  a  ?«an%  which  wil 
have  a  subtractive  effect  on  subsequent  profits 

Now,  since  Algebra  is  intended  to  deal  with  such  questions 
m  a  general  way  and  to  teach  us  /-.ow  to  put  quantities,  alike 

LZT     :^  ^T.  '^''''  ''^''^''^  '  ^^^^^^*i«-  -  adopted, 
ounded  on  the  addztive  or  mbtractive  effect  of  the  quandties 
m  question,  and  stated  thus  : 

"To  the  quantities  to  be  added  prefix  the  sign  +,  and  to 
the  quantities  to  be  subtracted  prefix  the  sign  -,  and  then 
write  down  all  the  quantities  involved  in  such  a  question  con 
iicctea  wim^inese  signs.'"' 
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Thus,  suppose  a  man  to  trade  lor  4  years,  and  to  gain  a 
pounds  the  first  year,  to  lose  h  pounds  the  second  year,  to  gain 
c  pounds  the  third  year,  and  to  lose  d  pounds  the  fourth  year. 

The  additim  quantities  are  here  a  and  c,  which  we  are  to 
write  +  a  and  +  c, 

The  mbtractive  quantities  are  here  6  and  d,  which  we  are  to 
write  -6  and  -d, 

:.  Result  of  trading  =+a~b  +  c-d. 

35.  Let  us  next  take  the  case  in  which  tue  gain  for  the 
first  year  is  a  pounds,  and  the  loss  for  each  of  three  subsequent 
years  is  a  pounds. 

Result  of  trading        =+a~a-a-a 

=  -2a. 

Thus  we  arrive  at  an  isolated  quantity  of  a  suhtractivt 
nature. 

Arithmetically  we  interpret  this  result  as  a  loss  of  £2a. 

Algebraicdlly  we  call  the  result  a  negative  quantity. 

IVhen  once  we  have  admitted  the  possibility  of  the  inde- 
pendent existence  of  such  quantities  as  this  we  may  extend  the 
application  of  the  rules  for  Addition  and  Subtraction,  for 

I.  A  negative  quantity  may  stand  by  itself,  and  we  may 
then  add  it  to  or  take  it  from  some  other  quantity  or  expres- 
eion.  •  r 

IL  A  negative  quantity  may  stand  first  in  an  expression 
which  we  may  nave  to  add  to  or  subtract  from  anv  other 
expression.  *' 

The  Rules  for  Addition  and  Subtraction  given  in  Art  n 
will  be  appUcable  to  ihese  expressions,  as  in  the  following 
Examples.  ^ 

ADDITION. 

(1)  5a  -  7a  = -2a. 

(2)  4a-36-6a+76=-2a  +  46. 

<^)  To     4a  To     5a -36 

Add^  ^dd  -2a-26 

^^^       «  Sum     3a -66 
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(4)  Crt-56-  4c+  6 
-5a  +  7&-12c-17 
-  a-86  +  19c+  4 

-66+  3c-  7 


(6)        7a;-5?/  +  9« 
-18a5  +  9i/-5« 

-  3a5-8y+  8 

—  14»-4y  +  5a 


SUBTRACTION. 

(1)  From       X 
Take     -y 

Remainder  a; +  y 

or  we  might  represent  the  operation  thna, 

(2)  a  +  &-(-a  +  6)=a  +  6  +  a-6=2a. 

(3)  -a-6-(a-5)=-a-6-a  +  6=-2a. 

(4)  -3a+  46-   7c+10 

5a-  96+  8c+19 

-8a  +  136-15c-  9 

(6)  a;-2/-[3x-|-5a;-(-4t/  +  7a;)|] 

=a-t/-[3x-)-5.T  +  4?/-7a;{] 
=x  -  7/ -  [3x  +  5x  -  4?/ +  7a;] 
=»  -  ^  -  3a;  -  5a;  +  42/ -  7a; 
=  -  14x  +  3t/. 

(6)  7a+  56+   9c-12rf 

-36- 12c-   8(i+   6e 

7a+  86  +  21C-  4c?^ 

In  this  example  we  have  deviated  from  our  previous  prac- 
tice of  phicing  lila  terms  under  each  other.  This  anange- 
ment  is  useful  to  facilitate  the  calculation,  but  is  not  absolutely- 
necessary  ;  for  the  terms  Avhich  are  alike  can  be  combined 
independently  of  it. 

*  Note.— The  meaning  of  Subtraction  is  J.^re  extended  so  that 
the  result  in  Art.  18,  Case  iv.  may  lie  true  when     is  less  than  s. 
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Examples.— V.  ^ 

(I.)  ADDITION. 
Add  together 

1.  6a  +  76,  -  2a - 46,  and  3a  -  56. 

2.  -5a  +  66-7c,  -2a+136  +  9c,  and  7a-295  +  4& 

3.  2x-3y  +  4z,  -5x  +  4y-7z,  smd  -8x-9y-Zz. 

4.  -a  +  h-c  +  d,a-2b-3c  +  d,  -56  +  4c,and  -5c  +  d. 

5.  a  +  6-c  +  7,  -2a-36-4c4-9,  and3a4-26  +  5c-16. 

6.  5a;  -  3a  -  46,  6t/  -  2a,  3a  -  2y,  and  56  -  1x. 

7.  a  +  6-c,  c-a  +  6,  26-c  +  3a,  and4a-3c. 

8.  7a-2b-5c  +  9d,  2b~3c-5d,  and  -4£?+15c. 

9.  - l?x - 51/  +  48!,  3x  +  2y- 3z,  and  9a; -Sy+». 

(2.)  SUBTRACTION. 

1.  From  a  +  6  take  -a-6. 

2.  From  a-6  take  -  6  +  c. 

3-  Froma-6  +  c  take  -a  +  6-c. 

4.  From6a;-8?/  +  3  take  -2a; +  9^-2. 

5.  From  5a  -  126  + 1 7c  take  -  2a  +  46  -  3ft 

6.  From  2a  +  6  -  3a;  take  46  -  3a  +  5a;. 

7.  From  a  +  6-c  take  3c-26  +  4a. 

8.  From  a  +  6  +  c-7  take  8-c-6  +  a. 

9.  From  12a;  -  3^  -  2  take  4y-5z  +  x. 

10.  From  8a  -  56  +  7c  take  2c  -  46  +  20* 

11.  From9^-4g  +  3r  take5g-3p  +  r. 
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II.    MULTIPLICATION. 


36     The  operation  of  finding  the  sum  of  a  numbers  each 
equal  to  h  is  called  Multiplication. 

The  number  a  is  called  tJie  Multiplier. 

*   Multiplicand. 

This  Sum  is  called  the  Product  of  the  multiplication  of  h 

symbl?''^'''^  ^  represented  in  Algebra  by  three  distinct 

I.  By  writing  the  symbol*  side  by  side,  with  no  sign 
between  them,  thus,  a6 ;  ^ 

II.  By  placing  a  small  dot  between  the  symbols,  thus,  a.b; 

^l^'  ^l  ^1''^'''^  *^^  '^8^    ^    between  the  symbols    thus' 
«  X  & ;  and  aU  these  are  reaa  thus,  «  a  into  h/'  or  "  a  ZelP 

Piuduct,  for  we  cannot  symbolize  the  product  of  5  into  7  by 

represent  irn  1 1''""  '*'  ""''^  ^"^^  ^^^^"'  "°^  '^^  -^  ^^U 
represent  it  by  5.7,  because  it  might  be  confounded  with  the 

notation  used  for  decimal  fractions,  as  57. 
37.    In  Arithmetic 

2x7  stands  for  the  same  as  7  +  7 

^^4  4  +  4'+4. 

In  Algebra 

ah  stands  for  the  same  as  6  +  6  +  6+  ...  ^ith  6  written 
a  times. 

(a  +  6)  c  stands  for  the  same  as  c  +  r  4-  /•      .,„>},  .  „..;...._ 
a  +  6  times.  ' -f^-^— « 
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**  MULTIPLICATlOISr. 

38.    To  shew  that  3  times  4  =  4  times  3. 

3  times  4=     4  +  4  +  4 

=     1  + 1  + 1  + 1  ^  ^ 

+1+1+1+1  f L 

+1+1+1+1  ) 

4times3=      3  +  3  +  3  +  3 

=1+1+1  ) 
+1+1+1  f 
+  1  +  1  +  1         ( " 

+1+1+1  ' 

Now  the  results  obtained  from  I.  and  II.  must  be  the  same, 
tor  the  horizontal  columns  of  one  are  identical  with  the  verti- 
cal columns  of  the  other, 

39.    To  prove  that  ah =ha. 

ah  meanp  that  the  sum  of  a  numbers  each  equal  to  6  is  to 
betaken. 

.'.  db=     6+6+ ......with  b  written  a  times 

=  6 
+6 
+ 

to  a  lines 

"    1  +  1  +  1  + to6terms 

+  1  +  1  +  1  + to  6  terms  t 

A,  /   ••••••X* 

to  a  lines. 

Again, 

ha=     a  +  a+ with  a  written  6  times 

=    a 
+a 

+ 

to  6  lines 

•    1  +  1  +  1  + to  a  terms) 

+  1  +  1  +  1  + to  a  terms  f         *. 

+  r **• 

to  6  lines.  J 


MUL  TIPL ICA  TION-. 


19 


Now  the  results  obtained  from  I.  and  II.  must  be  the  same, 
for  the  horizontal  columns  of  one  are  clearly  the  same  £tb  the 
vertical  columns  of  the  other. 

40.  Since  the  expressions  ah  and  ha  are  the  same  in  mean- 
ing,  we  mciy  regard  either  a  or  6  as  the  multiplier  in  forming 
the  product  of  a  and  6,  and  so  we  may  read  ah  in  two  ways  : 

(1)  a  into  6, 

(2)  a  multiplied  by  6. 

41.  The  expressions  ahc,  ach,  hae,  bca,  cab,  cha  are  all  the 
same  m  meaning,  denoting  that  the  three  numbers  symbolized 
by  a,  h,  and  c  are  to  be  multiplied  together.  It  is,  however, 
generally  desirable  that  the  alphabetical  order  of  the  letters 
representing  a  product  should  be  observed. 

42.  Each  of  the  numbers  a,  b,  c  is  called  a  Factor  of  the 
product  ahc, 

43.  When  a  numbe?  expressed  In  figures  is  one  of  the 
factors  of  a  product  it  always  stands  first  in  the  product. 

Thus  the  product  of  the  factors  x,  y,  z  and  9  is  represented 
by  9xyz. 

44.  Any  one  or  more  of  the  factors  that  make  up  a  product 
is  called  tlie  Coefficient  of  the  other  factors. 

Thus  in  the  expression  2ax,  2a  is  called  the  coefficient  of  a. 

45.  When  a  factor  a  is  repeated  tmce  tlie  product  would 
be  represented,  in  accordance  with  Art.  36,  by  aa;  when  three 
times,  by  aaa.  In  such  cases  these  products  are,  for  the  sake 
of  brevity,  expressed  by  writing  the  symbol  with  a  number 
placed  above  it  on  the  right,  expressing  the  number  of  times  the 
symbol  is  repeated ;  thus 

instead  of      aa  we  write  a^ 

.''.....      aaa  a' 

aaaa  a* 

These  expressions  a%  a%  a* are  called  the  second,  third 

fourth Po  WERS  of  a.  ' 

The  number  placed  over  a  symbol  to  express  the  power  of 
the  symbol  is  called  the  Index  or  Exponent. 

a^  is  generally  called  the  square  of  a, 
*^ '.  the  cube  of  a. 
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46.     The  product  of  a^  and  a^ = ^ j  ^  «» 

= aa  X  aaa  =  aaaaa  =;  o!>. 

Thus  the  index  of  the  resulting  power  is  the  mm  of  the 
indices  of  the  two  lactors. 

Similarly  a'^  x  a^ = aaaa  x.  aaaaaa  • 

=  aaaaaaaaaa = a^ = ^^446^ 

If  one  of  the  factors  be  a  symbol  without  an  index,  we  may 
assume  it  to  have  an  index  1,  that  is 

Examples  in  raultij. lying  powers  of  the  same  symbol  are 

(1)  axa^=a^+-^  =  a^ 

(2)  7a3  X  5a7  =  7  X  5  X  a3  X  a?  =  35a3+7  =  35^10, 

(3)  a3  X  a«  X  ftO = a^+o+fl = ais. 

(4)  xhj  X  xi/=x^.y.x.if=x\x.y.y^=x'^+Ki/+2=ayY. 

(5)  a4  X  a¥  x  a^F = a2+i+5.  ji+3+r  ^  ^8_  ju^ 

Examples.— vi. 

Multiply 

1.  X  into  3y.  2.  3a;  into  4y.  3.  3a;?/  into  4xy. 

4.  3a6c  into  ac.  5.  a^  into  a*.  6.  a'  into  a. 

7.  3a26  into  4a362^  8.  7a*c  into  5a26c3.  9.  15a6V  by  12a36c. 

10.  7aV  by  4a26c3.  n.  ^8  ^jy  30^3,  ^3^  4^35^.  ^y  g^jg^, 

13.  19x3^2by4a;2/%2.  14.  I7a6%by  ;j/;cV  15.  Gx^y^z^y  Sx^y'^, 

16.  3a6cby4aa^.  17.  a^bhhySa^b^c.  18.  9ni2n2?  by  m^y. 

19.  aySg,  by  5^2^3^  20.  lla^fea;  by  3a^'^b^^m\ 

47.    The  rules  for  the  addition  and  subtraction  of  powers 
are  similar  to  those  laid  down  in  Chap.  T.  for  simple  quantities. 

Thus  the  sum  01  the  second  and  third  powers  of  x  is  repre- 
sented by 

x'^  +  x^, 
and  the  remainder  after  taking  the  fourth  power  of  y  from  the 
fifth  power  of  y  is  represented  by 

and  these  expressions  cannot  be  abridged. 
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But  when  we  have  to  add  or  suhtract  the  same  powers  of 
the  same  quantities  the  terms  may  be  combined  into  one  : 
thus 

Again,  whenever  two  or  more  terms  are  entirely  the  same 
with  respect  to  the  symbols  they  contain,  their  sum  may  be 
abridged. 

Thus  ad  +  ad  =  2ad, 

la^x  -  KWx  ~  1 2a:^x  =  -  lU'^x. 

48.  From  the  multiplication  of  simyk  expressions  we  pass 
on  to  the  case  in  which  one  of  the  (luantities  whose  product  is 
to  be  found  is  a  compound  expression. 

To  shew  that  (a  +  b)  c  =  ac  +  be. 

{a  +  b)  c  =  c  +  c  +  c+  ...with  c  written  a +  &  times, 

=  (c  +  c  +  c+  ...  with  c  written  a  times) 
+  (c  +  c  +  c...  with  c  written  b  times), 

=ac  +  bc. 

49.  To  shew  that  {a-b)c  =  ac- be. 

(a-b)c  =  c  +  C  +  C+  ...  with  c  written  a-b  times, 
=  {c  +  c  +  c+  ...  with  c  written  a  times) 

-(c  +  c  +  c  ...  with  c  written  b  times), 
=ac  —  be. 

Note.    We  assume  that  a  is  greater  than  6. 

50.  Similarly  it  may  be  shewn  that 

(a  +  b  +  e)d=ad  +  bd  +  cd, 

(a-b-e)d  =  ad-hd-cd, 
an<l  hence  we  obtain  the  following  general  rule  for  findincr  the 
product  ot  a  smrjk  symbol  and  an  expression  consisting  of  tw(^ 
or  more  terms. 

''Multiply  each  of  the  terms  by  the  single  symbol,  and  con- 
nect the  terms  of  the  result  by  the  signs  of  the  several  terms 
01  the  compound  expression." 
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Examples.— vii.  ^ 

Multiply 

1.  a  +  6-c  by  a.  7.  Sm^  +  9mw  +  lOn^  by  wrn. 

2.  a  +  36  -  4c  by  2a.  8.  Qa^  +  4a«6  -  2aW  +  4a263  by  2a6. 

3.  a?  +  Sa'''  +  4a  by  a.  9.  aj^y^  _  ^V  +  a^  _  7  by  a;t/. 

4.  3a3  -  5a2  -  6a  +  7  by  Sal  10.  wi^  -  3m%  +  3wm2  -  rt^  by  to.     ' 

5.  a3- 2a5  +  &2  ^y  ^j^  ,  j    i2a3& - 6a26'''  +  baV^  by  12a268. 

6.  a3  -  3a2<^2  +  ^,3  ^y  ^^zjj^  ,2.  ISx'  - 1 7x2y  +  5x2/2  -  y^  by  8a;t/. 

5L     AVe  next  proceed  to  the  case  in  which  both  multiplier 
and  luultiplicand  are  compound  expressions. 

First  to  piultiply  a  +  b  into  c  +  d. 

Represent  c  +  f?  by  x. 

Then    (a  +  6)(c  +  fZ)  =  (a  +  6)a; 

=  ax  +  l'X,  by  Art.  48, 

=o(c  +  d)  +  6(c  +  d)  '  ^ 

=ac  +  ad  +  bc  +  hd,  by  Art.  48. 

The  same  result  is  obtained  by  the  following  process : 

c  +  d 
a  +  b 


ac  +  ad 
+  bc  +  bd 


ac'i-  ad  +  bc  +  bd 

which  may  be  thus  described  : 

Write  a  +  b  considered  as  the  multiplier  imder  c  +  d  con- 
sidered as  the  multiplicand,  as  in  common  Arithmetic.  Then 
multiply  each  term  of  the  multiplicand  by  a,  and  set  down  the 
result.  Next  multiply  each  term  of  the  multiplicand  by  6,  and 
set  down  the  result  under  the  result  obtained  before.  The 
sum  of  the  two  results  will  be  the  product  rec^uired. 

Note.  The  second  result  is  shifted  one  place  to  the  right. 
The  object  of  this  will  be  seen  in  Art.  56. 
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52.    Next,  to  multiply  a  +  6  into  c  -  d. 

Represent  c  —  d  by  a. 

Then    (a+5)(c-rf)  =  (rt  +  5)aj 

=a(c-d)  +  6(c-i) 

=  ac-ad-vle.- bd,  by  Art.  49. 

From  a  comparison  of  this  result  with  the  factore  from 
which  it  is  produced  it  appears  that  if  we  regard  the  terms  of 
the  multiplicand  c  —  dm  independent  quantities,  and  call  them 
+  cand  -£?,  the  effect  of  multiplying  the  positive  terms  +a 
and  +  b  into  the  positive  term  +  c  is  to  produce  two  positive 
terms  +ac  and  +hc,  whereas  the  effect  of  multiplying  the 
positive  terms  +a  and  +6  into  the  negative  term  -d  is  to 
produce  two  negative  terms  —  ad  and  —  bd. 

The  same  result  is  obtained  by  the  following  process : 

e-d 
a  +  b 
ac  —  ad 
+  bc-bd 


ac-ad  +  bc~bd 


This  process  may  be  described  in  a  similar  manner  to  that 
in  Art.  51,  it  being  assumed  that  a  positive  term  multiplied 
into  ft  negative  term  gives  a  negative  result. 

Similarly  we  may  shew  that  a-b  into  c  +  d  gives 

ac  +  ad-bc-  bd. 

53.    Next  to  multiply  a  —  b  into  e—d. 
Represent  c  —  d  hy  x. 

Then       {a-b)(e-d)={a-b)x 

=  ax  —  bx 

=  a{c-d)-b(c-d) 

=  (ac  -  ad)  -  {be  -  bd),  by  Art.  49, 

s^ac-ad-be  +  bd. 

When  we  compare  this  result  with  the  fact  <  .r'^ra  which 
it  is  produced,  we  see  that 

iiic  prouuct  oi  tiie  positive  term  £t  into  the  positive 
term  c  is  the  positive  term  ac. 


24 


MUL  TIPLICA  T10h\ 


The  product  of  the  positive  term  a  into  the  negative 

term  -rf  ia  the  negative  term  -ad. 
The  product  of  tlie  negative  term  -&  into  the  positive 

term  c  is  the  negative  term  ~hc. 
The  product  of  tlie  negative  term  -h  into  the  negative 

term  -d  is  the  positive  term  hd. 

The  multiplication  of  c-d  by  a-6  may  be  written  thua  : 

c-d 
a  —  b 

ac~ad 

~bc  +  bd 


ac-ad-bc  +  bd 

64.  The  results  obtained  in  the  precedir-  Article  enable  ug 
to  state  what  is  called  the  Rule  op  Signs  in  Multiplication, 
which  is  ' 

'^m  product  of  two  positive  terms  or  of  two  negative  terms 
u  ponhve :  the  product  of  txvo  terms,  one  of  which  is  'positive  and 
the  other  negative,  is  negative." 

55  The  following  more  concise  proof  mav  now  be  given  of 
the  Rule  op  Signs.  " 

To  shew  that    (a  -  b){c  -d)  =  ac~ad~bc  +  bd. 

First,  (a-b)M=M  +  M  +  M+  ...withi¥  written  a-6  times, 

=  {M  +  M  +  M+...vnthM  written  a  times) 
-{M+M  +  M+...  with  M  written  b  times) 

^aM-bM.  '' 


Art.  39. 

Art.  49. 


Next,  let  M=c-rf. 
Thenailf=a(c-d) 

=ca  —  da. 
Similarly,  bM=  cb  -  db. 

:.  (a  -b)(c-d)= (ca  -  da)  ~  (cb  -  db). 
Now  to  subtract  (cb-db)  from  (ca-da),  if  we  take  away  cb 
we  take  away  db  too  much,  and  we  must  therefore  add  db  to 
the  result, 

we  get  ca-da-cb  +  db, 

ad-bc  +  hd.  Art.  39. 
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So  it  apv'ara  that  in  multiplying  (a-fc)(c-rf)  we  must 
multiply  each  term  in  one  factor  by  each  term  in  the  other 
and  prefix  the  sign  according  to  this  law  : — 

When  the  factors  multiplied  have  like  signs  prefix  +,  when 
unlike  —  '9  the  product. 

This  is  the  Rule  op  Signs. 

56.  We  shall  now  give  some  examples  in  illustration  of  the 
principles  laid  down  in  the  lust  five  Articles. 

Examples  in  Multiplication  worked  out. 

(1)  Multiply  X  +  5  by  a;  +  7.  (2)  Multiply  a;  -  5  by  x  +  7. 


05+    6 

x+  7 


a;2+  5a; 

+  705  +  35 
a;2  +  12x  +  35 


05-5 

05  +  7 

a;2  —  505 
+  7a;-35 

x2  +  2a;-3^ 


The  reason  for  shifting  the  second  result  one  place  to  the 
right  is  that  it  enables  us  generally  to  place  like  twrns  under 
each  other. 


(3)  Multiply  X  +  5  by  X  -  7. 

x  +  5 
x-7 

aj2  +  5x 
-7a;-35 


(4)  Multiply  cc  -  5  by  X  -  7. 

X—  5 
X-  7 


x2-2x-35 


a^-  5x 
-  7x+36 

x"''-12x  +  36 


(5)  Multiply  x2  + 1/  by  x2  -  y\  (6)  Multiply  3ax  -  hoy  by  7ax  -  26y. 


X^  +  yi 

a^  +  xhf^ 
—  x^y^~y* 

x^-y^ 


3a'jr,—  5by 
lax-  2by 

21a2x2-35a&xy 

-   f\ahmi+  lOh^ii 

. ' ^  • s 

21ah:^  -  41abxy  + 106^ 


li 
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67.  The  process  in  the  multiplication  of  factors,  one  or 
both  of  which  contains  more  than  two  terms,  is  similar  to  the 
processes  which  we  have  been  describing,  as  may  be  seen  from 
the  following  examples  : 

Mnltiply 

(1)    a;2  +  xy+i/abyaj-y. 
a;2  +  a5t/  +  2/3 


(2)  a«  +  6a4-9byaa-6a+9t 
a2  +  6a  +9 

a2-6a  +9 

.^ , ^ 

-6a3-36a2-54a 

+  9a2  +  64a +  81 


a*-l8a2  +  81 
(3)    Mill tiply  3a5«  +  4a!y  -  y«  by  3a;2  -  4a;y  +  y\ 
3a;3+  4xy  -  y^ 
3a;2-  4«y  +  y^ 


9«*  +  12x3|/._  3a.y 

-  12x37/ -16xy  +  4a!y» 

+  3a%2  +  4«j/'-y« 

9{B«- 16x2^2+  8a^3  _y4 

(4)    Td  find  the  continued  product  of  jc+S,  a;  +  4  and 
x  +  6.  ' 

To  effect  this  we  must  multiply  a; +  3  by  a; +  4,  and  then 
mnltiply  the  rr  -ilt  by  a; +  6. 

x+  3 
«+  4 

+  4a;  + 19 

a?+  7x  +12 
x+  6 


li    !!!|l 


0?+  7a;2  +  12a; 
+  6a;2  +  42a;  +  72 

sc3  +  i3rc2  +  54a;  +  72 

^mte.  The  numbers  13  and  54  are  called  the  coefficients  of 
X- and  X  m  the  expression  a;3^.  133:2  +  54,. +  73,  in  accordance 
with  Art.  44. 


MUL  TIPLICA  TION. 


VI 


factors,  one  or 

similar  to  the 

y  be  seen  from 

>y  a2-ea+9t 

9 

9 

W 

J6a2  -  64a 

)a2  +  64a +  81 

(6)  Find  the  continued  product  of  a;  +  a,  a;  +  6,  hnd  »+  A 

x+a 


+  6x  +  a6 

a^  +  ox  +  fta  +  oft 
x  +  c 

a"  +  aa32  +  6a;2  +  afcaJ 
+  cx2  +  acx  +  ftcx  + 

a5e 

a'  +  (a  +  6  +  c)»2  +  (a6  +  ac  +  6c)a;  +  a6tf 

iVo<«.    The  coefficients  of  x^  and  cc  in  the  expression  just 
obtained  are  a  +  6  +  c  and  ah-^ac-^  be  respectively. 

Wlien  a  coefficient  is  expressed  in  letters,  as  in  this  example, 
it  is  called  a  literal  coefficient. 


Examples. — viii. 

Multiply 

I.  35  +  3  by  iC  +  9.       2.  a; +  15  by  CB- 7.       3.  x- 12  by  a; +10. 

4.x-8bya-7.        5.  a-3bya-5.         6.  y-Ghyy  +  l'S. 

7.  x2_4bya2  +  5.  8.  x2_6x  +  9byx2-6x  +  5. 

9.  x2  +  5x-3byx2-5x-3.  10.  a^-3a  +  2hy  a^-Za^  +  2. 
II.  x^-x+l  by  x^  +  x-l.  12.  x^-\xy  +  y^hyx^-xy  +  y^. 

1 3.  x^  +  xy  + 1/^  by  X - 7.  14.  a'' ~ .t^  by  a^  +  a?x^  +  x*. 

15.  x3-3x2  +  3x-l  byx2  +  3x  +  l. 

16.  x^  +  3x^7/  +  9x2/2  +  lly^  by  x  -~  3y. 

17.  a3  +  2a26  +  Aah^  +  86^  by  a --  2&. 

18.  8a3  +  4a26  +  2a62  +  6«by2a    ' 

19.  a?- 2a?h  +  3a62  +  AW  by  a2 - 2a& - 3ft». 

20.  aS  +  3a26  -  2a62  +  36''  by  a?  +  2a6  -  3&2. 

21.  a2  -  2ax  +  4x2  by  a^  +  2ax  +  4x2. 

22.  9a2  +  3ax  +  x2  by  9a2  -  3ax  +  x2. 

23.  X*  -  2ax2  +  4a2  by  x*  +  2ax2  -i-  4a2. 

24.  a^  ■\-h^  +  c^  -  ah  —  ac-hchy  a  +  h  ^^  c. 

25.  x2  +  Axy  +  5^/2  by  x^  -  ^xhj  -  2x7/2  ^  3^^ 

26.  a6  +  erf  +  ac  +  &(i  by  a6  +  cd—ac  —  6d. 

Find  the  continued  product  of  the  following  expression  : 
27.    X— a,  x  +  a,  x-  +  a2,  as*  +  ai         2S.    x-a,  x-i-b,  x-c. 


^  !iif! 
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29.  l-K,  1+a;,  l+a;2,  l+a;4. 

30.  ^-y,X  +  y,x'^-xy-Vy'i,x'^  +  xy  +  y\ 

.31.     «-»;,  a  +  a,  a2  +  a;2,  a4  +  a;4,  a8  +  x8.  \ 

Find  the  coefficient  of  x  in  the  following  expansions  : 

36.  (^2  +  3a:-2)(a;2-3a;  +  2)(x4-5).  ^ 

37.  (a^'-x  +  l)(a;2  +  a;-l)(a:4_a;2  +  i) 

38.  (a;'-wa;  +  i)(a;2..w,a;_i)(^4_^2^,_i)_ 

58     Our  proof  of  the  Rule  of  Signs  in  Art.  55  is  founded 
thau  1  "''"^'""  '''''  ^  ^^  ^'^^'^^-  *^-  '  -d  «  -  greater 

tivIl'i'lT/v  '"'''  ^^^•^i«^th«  ^'^^%^^'^'-  is  an  isolated  nega- 

rlr  r  d  /  V  """•'  '"'^-"^  ^^'  *^^^"^^^«"  '^  Multiplication. 
l;or  the  definition  given  in  Art.  36  does  not  cover  this  case 
emce  we  cannot  say  that  c  shall  be  taken  -d  timT.  ' 

We  giveUhen  the  following  definition.     «  The  operation  of 

Now  since 

make  a=0  and  (^=0. 

Then        (0-6)(c-0)=Oxc-OxO-&c  +  6xO, 

or  _6xc=-ic. 
Similarly  it  may  be  shewn  that 

-&x  -<?=  +M. 

Multiply  EXAMPLES.-iX. 

.^;3:!'';'f     \^^^^^-«^^^-     6.a2ltL62by.a. 
7.  3a3  +  4rr,2-5aby-2a2.  g.      -a3-a2_^b    ^^^/ 

9-     3a;22/  -  5a;|/2  +  4i/3  by  -  2a;  -  3i/. 
-  5m2  -  6mn  +  77i2  by  -  m  +  n. 

13r2-l7r-45by  _r-3, 

7a;3-8a;22;-   9;22  i^y  _a._jj, 

-a;«  +  .x'>i/-ro-Vby  -^/-a;. 


10. 
II. 

12. 

13- 
14. 


—  rr^fi  . 


■y-xy 


hi  —  (T^ 


■x'"y 


by- 


X- 


III.   INVOLUTION. 


59.  To  this  part  of  Algebra  belongs  the  process  called 
Involution.  This  is  the  operation  of  multiplying  a  quan- 
tity by  itself  any  number  of  times. 

The  power  to  whic!.  the  quantity  is  raised  is  expressed  by 
the  number  of  times  the  quantity  has  been  employed  as  a 
factor  in  the  operation. 

Thus,  as  has  been  already  stated  in  Art.  45, 
a^  is  called  the  second  power  of  a, 
a^  is  called  the  third  power  of  a. 

60.  When  we  have  to  raise  negative  quantities  to  certain 
powers  we  symbolize  the  operation  by  putting  the  quantity  in 
a  bracket  with  the  letter  denoting  the  index  (Art.  45)  placed 
over  the  bracket  on  the  right  hand. 

Thus        (  -  af  denotes  the  third  power  of  -  a, 
(-2a;)*  denotes  the  fourth  power  of  -2x. 

61.  The  signs  of  all  even  powers  of  a  negative  quantity 
will  be  positive,  and  the  signs  of  the  odd  powers  will  be 

7iegative. 

Thus  (-ay=(-a)x(-a)  =  a% 

(-ay={-a).(-a)  (-a)=a\(-a)=  -a\ 

62.  To  raise  a  simple  quantity  to  any  power  we  multiply 
the  index  of  the  quantity  by  the  number  denoting  the  power 
to  which  it  is  to  be  raised,  and  prefix  the  proper  sign. 

Thus  the  square  of  a^  is  a^, 

the  cube  of  a^  is  a^., 
the  cube  of  -  x^yz^  is  -  afiy^ 


30 


1NV0LU7JON. 


v\ 


m     Hi 
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m 
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^   63.    We  form  the  second,  third  and  fourth  powers  of  a  +  6 
m  the  following  manner  : 

a  +  6  i 

a  +  6 


a^  +  aft 
+  a6  +62 

(a  +  6)2^a2  +  2a6  +  62 
a  +6 


a3  +  2a2j  +  a62 
_+_^6  +  2a62  +  68 

(a + 6)3=a3  + 3^25  +  3^52  +  53 
a  +6 


a*  +  3a36  +  3a262  +  a53 
+  a^6  +  3a''^fe2  +  3^53  +  54 

(a  +  6)4  ==a*  +  4a36  +  ea^fts  +  ^^yi  +  54. 
Here  observe  the  following  laws  : 

I.  The  indices  of  a  decrease  by  unity  in  each  term. 
II.  The  indices  of  6  increase  by  unity  in  each  term. 
III.  The  numerical  coefficient  of  the  second  term  is  always 
the  same  as  the  index  of  the  power  to  which  the 
binomial  is  raised. 

64.    We  fonn  the  second,  third  and  fourth  powers  of  a-d 
in  the  following  manner : 

a-b 
a-b 


a^ 


■ab 

■ah 


+  6« 


a  -b 


a^-2a%  +  ab^ 

__  -  a^  +  2ab^-lfi 

(a  -  6)3 =a3-3a26  +  3a62-63 
a  -b 


a*-2a%  +  2aW-a¥ 

_  -  a36  +  3a262_3a53  +  54 

(a  -  6)« = a*  -  4a36  +  6a262  -  4a63  +  6«. 


h\  VOLUTION. 
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owers  of  a  +  6 


Now  observe  that  the  powers  of  a-  6  do  not  diifer  from  the 
powers  of  a  +  6  except  that  the  terms,  in  which  the  oM  powers 
of  6,  as  6^,  63^  occur  have  the  sign  -  prefixed. 

Hence  if  any  power  of  a  +  6  be  givm  we  can  write  the 
corresponding  power  of  a  --  6  :  thus 

since       (a  +  hf = «&  +  f)a%  +  IQtaW  +  \{iaW  +  5a&*  +  js^ 
(a  -  6)5 = a6  _  6a46  +  lOaSftz  _  lOaZft^  +  5^54  _  55. 

65.  Since  {a^rW=a^^-¥^^ah  and  (rt-6)2=a2  +  62_2a6, 
it  appears  that  the  square  of  a  binomial  is  formed  by  the 
following  process  : 

"To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  the  terms." 
Thus  (a;  +  y)2 = a;2  + 1/2  +  2a;y, 

(a;  +  3)2=x2  +  9  +  6x, 

(»-5)2=»2  +  25-10a;, 

(2x  -  72/)2 = 4cc2  +  491/2  -  20a^. 

66.  To  form  the  square  of  a  triuomial : 

a  +  6  +  c 

+  06  +  624-JC 
+  ac  +  6c  +  (^ 


o2  +  2a6  +  62  +  2ac  +  250-+  A 

Arranging  this  result  thus  a2  +  62 + c  +  2a6 + 2ac  +  26c,  we  see 
that  it  is  composed  of  two  sets  of  quantities  : 
I.  The  squares  of  the  quantities  a,  6,  c. 
II.  The  double  products  of  a,  6,  c  taken  two  and  two. 
Now,  if  we  form  the  square  of  a  -  6  -  c,  we  get 
a-6-c 
a-6-c 

a2  -  06  -  ac 
-a6  +  52+6c 
-  ac  +  6c  +  c2 


a2  -  2a6  +  62  -  2ac  +  26c  +  c«. 
The  law  of  formation  is  the  same  as  before,  for  we  have 
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I.  The  squares  of  the  quantities, 

II.  The  double  products  of  a,  -  &,  -  c  taken  two  by  two : 
the  sign  of  each  result  being  +  or  - ,  according  as 
the  signs  of  the  algebraical  quantities  composing  it 
are  like  or  unlike. 

67.    The  same  law  holds  good  for  expressions  containing 
more  than  three  terms,  thus 

+  2a&  +  2ac  +  2ad + 2&c  +  2M  +  2cdy 
{a-h  +  c-df=a^  +  h'^  +  c^  +  d? 

-  2ab  +  2ac  -  ^ad  -  2&c  +  2M  -  2cd. 

And  generally,  the  square  of  an  expression  containing  2,  3, 
4  or  more  terms  will  be  formed  by  the  following  process  : 

"  To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  ^ach  term  into  each  of  the  terms  that  follow  it." 


,  .> 


13.  x^-Qx  +  l. 

16.  a;*-4xyj-2/*- 
19.  x  +  ^y-Zz, 


Examples.— X. 

Form  the  square  of  each  of  the  following  expressiors  : 
I.  03  + a.         2.  x-a.       3.  a;  +  2.       4.  a- 3.  5.  x^  +  if. 

6.  x^-y\      7.  a3  +  63.     8.  a^-hK     9.  x  +  y  +  z.     10.  x-y-\-z. 

II.  m  +  n-'p-r.        12.  x2  +  2a;-3. 

14.  2a;2-7a;  +  9.  15.  x'^  +  y'^-z\ 

17.  a3  +  63  +  c3.  18.  a?-y^-&\ 

20.  x2-22/2  +  5a2. 

Expand  the  following  expressions  : 
21.  {x-^af.       22.  {x-af.        23.  (a; +  1)3.         24.  (a- 1)3. 
25.  (a +  2)3.       26.  (a2-62)3.      27.  (a  +  6  +  c)3.    28.  Ca-6-c)3. 
29.  {m  +  nf.{m-nyK  30.  (m  +  n)2.(m- -  w2j. 

68.    An  algebraical  product  is  said  to  be  of  2,  3 dxTnen- 

mna,  when  the  sum  of  the  indices  of  the  quantities  composing 
the  product  is  2,  3 

Thus  ah  is  an  expression  of  2  dimensions, 

a262c  is  an  expression  of  5  dimensions. 
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:  +  26(Z  -  2cd 


69.  An  algebraical  expression  is  called  homogeneous  when 
eucli  of  its  terms  is  of  the  same  dimensions. 

Thus  x^  +  xy  +  y-  is  homogeneous,  for  each  term  is  of  2  dimen- 
sions. 

Also  3x3  +  4a;2y4.5?/'is  homogeneous,  for  each  term  is  of  3 
dimensions,  the  numerical  coefficients  not  affecting  the  dimen- 
sions of  each  term. 

70.  An  expression  is  said  to  be  arranged  according  to 
]iower3  of  some  letter,  when  the  indices  of  that  letter  occur  in 
the  order  of  their  magnitudes,  either  increasing  or  decreasing. 

Thus  the  expression  a^  +  a2a;  +  aa;-  +  a;2  is  arran^jed  according 
to  descending  powers  of  a,  and  ascending  powers  of  x, 

71.  One  expression  is  said  to  be  of  a  higher  order  than 
another  when  the  former  contains  a  higher  power  of  some  dis- 
tinguishing letter  than  the  other. 

Thus  a^-\-a^x-\-ax^-\-Qp^  is  said  to  be  of  a  higher  order  than 
a^+ooj+a;",  with  reference  to  the  index  oi  a» 


IV.    DIVISION. 

72.  Division  is  the  process  by  which,  when  a  product  ii 
given  and  we  know  one  of  the  factors,  the  other  factor  is  deter- 
mined. 

The  product  is,  with  reference  to  this  process,  called  the 
Dividend. 

The  given  factor  is  called  the  Divisor. 

The  factor  which  has  to  be  found  is  called  the  Quotient. 

73.  The  operation  of  Division  is  denoted  bj  the  sign  -i-. 
Thus  ab—a  signifies  that  ah  is  to  be  divided  by  a. 

The  same  operation  is  denoted  by  writing  the  dividend 

nh 

over  the  divisor  with  a  line  drawn  between  them,  thus — . 

a 

In  this  chapter  we  shall  treat  only  of  cases  in  wliicli  the 
dividend  contains  the  divisor  an  exact  number  of  times. 
[8.A.]  0 
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Case  T. 
74.  When  the  dividend  and  divisor  are  each  inehided  in 
a  single  term,  we  can  usually  tell  by  inspection  the  factors  of 
which  each  i  i  composed.  The  quotient  will  in  this  case  be 
represented  by  the  factors  which  remain  in  the  dividend,  when 
those  factors  which  are  common  to  the  dividend  and  the  di- 
visor have  been  removed  from  the  dividend. 


Thus 


cib 
T 


:a. 


Zaa    _ 

a       a         ' 


aaaaa 
aaa 


■aa=a\ 


Thus,  when  one  power  of  a  number  is  divided  by  a  smaller 
power  of  the  same  number,  the  quotient  is  that  power  of  the 
number  whose  index  is  the  difference  between  the  indices  of  the 
dividend  and  the  divisor. 

,12 


Thus 


'a} 


=a>^^df, 


15a3i2 


76.    The  quotient  is  unity  when  the  dividend  and  the 
divisor  are  equal. 

Thus  ^=1;        $C=1; 

a  x'y^ 

and  this  will  hold  true  when  the  dividend  and  the  divisor  are 
compound  quantities. 


Thus 


=  1  • ~  - 


EXAMPLES.— Xi, 
Divide 

1.  JB^  by  a?. 

4.  v^y^ifi  by  xyh. 

7-  256a36rc9  bv  \Qahc\ 


2.  Qi^^  by  X-.  3.  x*i/2  by  xy. 

5.  24a62cby4a5.        6.  12a%h^\iY9a%^c. 
8.  1331mio»i"2)i2  i,y  llvflMp^-. 


9.  eOa^a^yS  by  bxy. 


10.  Oea-'&V  by  126c 


DIVISION. 


ich  included  in 
1  the  factors  of 
in  tin's  case  be 
dividend,  when 
ind  and  the  di- 


ed by  a  smaller 
at  power  of  tiie 
\&  indices  of  the 


idend  and  the 


the  divisor  are 


y  by  xy. 

ji2  hy  llmhhY-. 
12&C 
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Case  II. 
76.    If  the  divisor  be  a  single  term,  while  the  dividend 
contains  two  or  more  terms,  the  quotient  will  l)e  found  by 
dividing  each  term  of  the  dividend  separately  by  the  divisor 
and  connecting  the  results  with  their  proper  signs. 

ax  +  bx  . 

ah?  +  a^x^  ■¥  ax      „  „ 


Thus 


Divide 

I.  x^  +  2x^  +  x  by  a;. 


Examples.— xii. 


qf>^yi^y3_y2  \)y  y'i. 


4.  wipa^  +  m^pV  +  my  bymjj. 

5.  \^a^xy-2d,ah   +  Aa^x^  hy  Aahi. 
3.  8tt3  +  16^-Y)  +  24a62by8a.    6.  72»y-36a;4?/- IS^V  by  Qx^y, 

7.  81«Ai''-54m%«  +  27m3|i2p  by  ^mhiK 

8.  12a35t/2_8a;y-4a;y  by  4a^. 

9.  169tt«&  -  Il7a362  +  9i^2j  ^y  la^z 

10.  3616Sc3  +  228Mc4-l3;iWby  1962c. 

77.  Admitting  the  possibility  of  the  independent  existence 
of  a  term  affected  with  the  sign  - ,  we  can  extend  the  Exam- 
ples in  Arts.  74—76,  by  taking  the  first  term  of  the  dividend 
or  the  divisor,  or  both,  negative.  In  such  cases  we  apply  the 
Rule  of  Signs  in  Multiplication  to* form  a  Rule  of  Signs  in 
Division. 

■ab 

T 

-ab 


Thus  since  -axb=~ab,we  conclude  that  — ~=  -a 
ax  -h--ab,   


.T=«' 


ab 
~b 


=  -a\ 


-ax  ~b=ab,       

*nd  hence  the  rules 

I.  When  the  dividend  and  the  divisor  have  the  same 
sign  the  quotient  is  positive, 

—   ••" .T.-fjiri  tiuvi   L21C  uiviBur  have  different 

signs  the  quotient  is  negative. 
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78.     The  following  Exanipk  i  illustrate  the  conclusions  just 
obtained  : 


(1)    —  =  -  abx. 

._.     -12a26V 

<2>   -4»-  =  -^*- 


(3)    -?|i^\=9xj/2. 


(4) 


aa;  — 6a; 


■X 


=  -a  +  h. 


(5)      :n: =  -  &3  ^  ^j,2  _  (j25  ^  (js^ 


—  ah 

-16 
■4a;j/2 


(6)      ^~A^/—'     =3xy-4xy  +  2. 


-Xlll. 


Examples. 

Divide 

1.  72a6by— 9a&.  6.  —  a^ar^  -  a^x"^  —  ax  hy  ^  ax. 

7.  -  34a3  +  51a2  _  i7aa;2  by  17a. 

8.  -  8a362  _  24a6&3  4-  32a76«  by  -  4a36». 

9.  -  144a;3  +  lOSx^^  -  96a;?/  by  12a:. 


2.  -  60a^  by  -  4a^ 

3.  -  84xY''  by  4a;5i/3. 

4.  —  18m%2  l)y  3w.ri, 


5.  -  128a362c  by  -  86c.     10.  62a;V  _  66xV  -  6Y22  by  -  UhiK 


Case  III. 

79.  The  third  case  of  the  operati'^n  of  Division  is  that  in 
which  the  divisor  and  the  dividend  contain  more  terms  than 
one.     The  operation  is  conducted  in  the  following  way  : 

Arrange  the  divisor  and  dividend  according  to  the 
powers  of  some  one  symbol,  and  place  them  in  the 
same  line  as  in  the  process  of  Long  Division  in 
Arithmetic. 

Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor. 

Set  down  the  result  as  the  first  term  of  the  quotient. 

Multiply  all  the  terms  of  the  divisor  by  the  first  term, 
of  the  quotient. 

Subtract  the  resulting  product  from  the  dividend.  If 
there  be  a  remainder,  consider  it  as  a  new  dividend^ 
and  proceed  as  before. 
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=9052/2. 
-a+6. 
26  + a'. 

y+2. 


•ax. 

)y  17a. 
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The  process  will  best  be  understood  by  a  careful  study  ot 
the  following  Examples : 

(1) Divide  a^  +  2ab  +  ¥hya  +  b.     (2)  Divide a^ -  2ab  +  62  by a-b. 
a  +  6;tt2  +  2a6  +  62(^a  +  6  a-6;a2-2a6  +  62(^a-6 

a^  +  ab  a^-ab 

ab  +  b^  -ab  +  b'i 

ab  +  b^  -06  +  6* 

(3)  Divide  ufi-i/hyx^-  if. 

a;2  -  y-i)  a;0  _  yo  (^a;4  +  ^y  ^yt 

xhj*  -  y^ 

(4)  Divide  afl  -  4a^ai*  +  4a^j;2  _  ^^o  \yy  ^.a  _  ^» 
a;2  -  a^)  x"  -  4tt2a;4  +  4ttV  -  ttO  (x*  -  3a2x2  +  a* 


-3a2x4  +  3aV-2 


aV  -  a" 

(6)     Divide  3a^  +  x3+ 1/3  -  l  by  ?/  +  a;  -  1. 
Arranging  the  divisoj  and  dividend    by  descending  powen 

»+y-l)(i^  +  3xy  +  y3~l{x'^-xy  +  x  +  y^  +  y+l 
a^  +  xhj-x^ 

-X^y  +  X^  +  Sayy  +  yS-l 
-xhj-xy^  +  xy 


x^  +  xy-x 


xy^  +  xy  +  x  +  y^-1 
xy^  +  y^-y^ 

xy  +  x  +  y^-1 
xy  +  y^-y 


■£  +  y-l 
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80.     We  niUBt  now  direct  the  attention  of  the  student  to 
two  points  of  great  importance  in  Division. 

I.  The  dividend  and  divisor  must  be  arranged  accord- 
ing to  the  order  of  the  powers  of  one  of  the  symbols 
involved  in  them.  This  order  may  be  ascending  or 
descending.  In  the  Examples  given  above  we  have 
taken  the  descending  order,  and  in  the  Examples 
worked  out  in  the  next  Article  we  shall  take  an 
ascending  order  of  arrangement. 
In  each  remainder  the  terms  must  be  arranged  in 


IL 


the  same  order,  ascending  or  descending,  as  tliat  in 
which  the  dividend  is  arranged  at  first. 


81.    To  divide     (1)    l-aM)y  x^  +  x^  +  x  +  l, 
arrange  the  dividend  and  divisor  by  ascending  powers  of  x, 

thus : 

\      1+x+x^  \-a^)l-x*{l-x 

1+x  +  x'^  +  x^ 


-x-x^-a^-x^ 
-x-x^-a^-x* 


(2)    48.7;2  +  6  -  35x5  +  58a;4  _  'jqx^  _  23a;  by  6x^-5x  +  2-  la?, 
arrange  the  dividend  and  divisor  by  ascending  powers  of  », 
thus  : 

2  -5x  +  6x2  _  7a;3^  6  -  23x  +  48x2  _  793^  +  ssx*  -  36x^  (3  -  4x  +  5x2 
6-15x+18x2-21x3 

-8x  + 30x2-49x3  +  58x* 

-  8x  + 20x2- 24x3 +  28x* 

10x2- 25x3 +  30x*  _  35a* 
10x2-25x3  +  30x4-35x5 


Divide 

1.  x2+i5a;4.50by  x+10. 

2.  x2_i7x+70by  x-7. 
^  3.  x2  4.a;_i2  By  x-3, 


Examples.— xiv. 


5.  X"  +  13x2  +  54x  +  72  by  x  +  6. 

6.  x3  +  x2-x-l  by  x+ 1. 

3.  x*  +  x-i"z  Dy  x-ii.  7.  x3  +  2x2  +  2x+l  by  x+1. 

4.  x2+i3a;  +  i2byx  +  l.     8.  x6_5a;3+7a;2  +  6a;+lbyx2  +  3x+l. 

9.  x*-4x3  +  2x2  +  4x+l  byx2-2x-l. 
IQ.  JB*  -  4x3  ^  6a;2  _  4a;  + 1  bjr  x2  -  2x  + 1. 
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powers  of  x, 


>a5  +  2-7a^, 
powers  of  x, 


+  72byx  +  6. 
ly  a;+  1. 
L  by  x+1. 
bya52  +  3a;+l. 


II.  ar»-a;2  +  2a!-l  bya;-  +  x--l.     12.  x*  -  ■L'i^  +  Qx  +  Hi  hy  x  +  i. 

1 3.  ar*  +  4x'y  +  3an/2  +  Ui/  by  x  +  4y. 

14.  a*  +  4a%  +  6a^b'^  +  4ab^  +  b*  by  a  +  b. 

15.  a^-  5a*b  +  l()rt362  _  iOft263  +  5„54  _  fts  by  a  -  6. 

16.  «*  -  12x3  +  50a;'-i  -  84a:  +  45  by  a;^  -  6a;  +  9. 

17.  a^  -  4a*b  +  4a^b^  +  4a'^b^  -  17ab*  -  IW  hy  a^  -  2ah  -  Sh- 

1 8.  4(i%*  -  12a3x3  +  13ttV-  -  Gct-'a;  +  »«»  by  2tta;'<'  -  3a^a;  +  a^. 

19.  x*-a;2  +  2x-l  by  a;2  +  x-l. 

20.  a;^  f  a-x"^  -  2a*  by  x^  +  2a\       23.  x"  -  ?/  by  x  -  y. 

21.  a;2-13xy-30y-byx-ir)»/.     24.  a"-b'^  +  2bc-c^hya-b  +  c. 

22.  x'  +  7/  by  x  +  y.  25.  6-36''2  +  3&3_64  by  &_  1. 

26.  a^-b'--c^  +  (P~2(ad-bc)  hy  a  +  b-c-d, 
27.  x3 + 1/3 + 33 _  3a;,^j5,  by  x  +  y+z.        28.  x^s  + 1/<>  hy  a^  +  y* 

29.  ^J''  +pq  +  2pr  -  2([-  +  Iqr  -  3r2  by  2^  -  g  +  3r. 

30.  a8  +  aOA'^i  +  a*^*  +  aZ^o  +  js  by  a*  +  a3j  +  ^2^2  +  ^js  +  54, 

3 1 .  x8  +  x^f  +  x^i/*  +  xy  +  f  by  X*  -  xhj  +  x'-^^z  -  xt/3  +  y*. 
32.  4x5  _  jp3  +  4_^  by  2x2  +  3x  +  2.     33.  a^  -  243  by  a  -  3. 

34.  iiO-A;byA3_i.  35    x3-5x2-46x-40  by  x  +  4. 

36.  48x3-76ax2-64a2a;  +  105a3by  2x-3a. 

37.  ISx*  -  45x3  +  82x2  -  67x  +  40  by  3x2  _  4a;  +  5. 

38.  16x4-72a2x2  +  81(f*by2x-3a. 

39.  81x*  -  256ft*  by  3x  +  4«.     41.  x3  +  2ax3  -  aH  -  2^3  by  x"'*  -  a\ 

40.  2a3  +  3a26  -  2a62  _  afesbyaa  -  b\  42.  a*  -  a262  _  126* by a2  +  362 

43.  x*-9x2-6xi/-i/2byx2  +  3x  +  i/. 

44.  X*  -  6x3?/  +  9x27/2  -  47/*  by  x2  -  3x1/  +  2f. 

45.  X*  -  8l7/*  by  X  -  37/.  47.  81a*  - 166*  by  3a  +  2&. 

46.  a*  -  166*  by  a  -  26.  48.  16x*  -  8I7/*  by  2x  +  37/. 

49.  3*2  -I-  8a6  +  462  +  lOac  +  86c  +  3c2  l)y  a  +  26  +  3c. 

50.  a*  +  4a2x2  +  16x*  by  a2  +  gox  +  4x2. 

5 1 .  X*  +  x27/2  +  ?/*  by  x2  -  X2/ +  7/2. 

52.  256x*  +  16x27/2  +  7/*  by  16x2  +  4a;,,  +  7,2, 

53.  x5  +  x*7/  -  x37/  +  x3  -  2xy2  +  f  by  x3  +  X  - y. 


D/y/SION, 


■^  ill 


i^  •■   - 

I*    '■ 

'  i 

1  ^  :■ 

it 

I' 

^p                      nil 

■l  ^ 

H 

1 1  lii 

54.  ax^  +  3aV  -  2a^x  -  2<t*  by  a;  -  ct.  $5.  a'  -  x*  by  x  +  a. 

56.  2j;^  +  xj/-32/'-42/a-xi!!-a2  by  2x  +  37/+». 

57.  9x  +  3x*  +  14x3  4. 2  by  1  +  5x  +  x^. 

58.  12  -  38x  +  82x=»  -  112x3  +  106x*  -  TOx^  by  7x»  -  5x  +  3. 

59.  x*  +  i/*  by  x*-x37/  +  xV''-a^^+2/*• 
6o.  (« V"^  +  ^"^(y^^  -  (a^ft^  +  x^f")  by  ax  +  &t/  +  a5  +  xy. 

61.  ah  {x^  +  (/'■^)  +  ■xij{a^  +  W)  by  ax  +  by. 

62.  X*  +  (2ft''*  -  a^)x^  +  6*  by  x^  +  ax  +  ft'-". 

82.     Tlio  process  may  in  Home  casts  be  shortened  by  the  use 
of  bnu'ketH,  as  in  the  following  Example. 

x  +  b)x^  +  (a  +  b  +  c)x^  +  (ah  +  ac  +  6c)  x  +  ahc  (x'-*  +  (a  +  c)  x  +  oc 
x^  +  bx^ 

{a  +  c)  x?  +  {(lb  +  ac  +  he)  as 
(a  +  c)  x'**  +  {ah  +  ^c)  x 

'  acx  +  a6o 

acx  +  aho 
X-  i)  x^-  mx*  +  nx^  -  »ix'-  +  ?ux  -  1  (x*  -  (m  -  1)  x' 

x^-x*  -(w-w-1)x^-(to-1)x  +  1. 

-(m- 1)  x^  +  ^tx' 
-(m-l)x'»  +  (m-l)x3 

- (m -n-1)  x" - ny? 

—  (m  -  M  -  1)  x^  +  (m  -  w  -  1)  x* 

-  (m  - 1)  x^  +  mx 
-(w-1)  x'-^+fm-l)* 


X 
X 


1 
1 


Examples.— XV. 

Divide 

I.  x*-(a2-6-c)x'''-(6-c)ax4-6cby  x^-ox  +  c. 

3.  x5-(m-c)x4  +  (w-cm  +  rf)x3  + 

(r  +  cn  -  dm)  x2  +  (cr  +  cZw)  x  +  rfr  by  x?-mx^  +  7ix  +  r. 

4.  x*  +  (5  +  a)x3-(4-5a  +  ft)x2-(4a+56)x  +  46byx2  +  5x-4. 

5.  a^-ia  +  h  +  c  +  d)a^  +  (ah  +  ac  +  ad  +  hc  +  hd  +  ccl)x^ 

-  (aic  +  ahd  ->-  acd  +  6crf)  x  +  abed  by  x^  -  (a  +  c)  x + ac. 
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x  +  a. 

X. 

\ 

7x«- 

5x  +  3. 

+  xy. 

edby 

tlie  use 

{a->rc\ 

x  +  ac 

83.    The   following   Examples   in    Division  are  of  great 
iiiinortance. 


DlVIHOR. 

x-y 
z  +  y 
x-y 


Dividend. 

x^  -  y'^ 
x^-y^ 
ot?  +  y^ 
a?~y^ 


Quotient. 
x-y 

7?-xy+f 
3D^  +  xy  +  y* 


84.  Again,  if  we  ummge  two  series  of  binoniials  consiating 
respectively  of  the  suni  and  the  difference  of  aBcendiiig  power«i 
of  X  and  y,  thus 

',  a;2  +  2/2,  «;»  +  y\  x*  +  y*,3e^  +  y\  a"  +  y",  and  so  on, 
*    Jy^^-  y\  »'  -  V\  **  -  2/*,  ^  -  y%  xo  -  y%  and  8- «  on, 

x  +  y  will  divide  the  odd  terms  in  the  upper  line, 
and  the  even in  the  lower  ...... 

x-y  will  divide  all  the  terms  in  the  lower, 
but  none in  the  upper. 

Or  we  may  put  it  thus  : 

If  n  stand  for  any  whole.nuraber, 

x^  +  y"  is  divisible  hy  x  +  y  when  n  is  odd, 
hy  x-y  never  ; 

a;"-2/"  is  divisible  by  as+y  when  n  is  even, 
by  a;  -  y  always. 

Also,  it  is  to  be  observed  that  when  the  divisor  h  «  -  y  all 
tJie  terms  of  the  quotient  are  positive,  and  when  the  divisor  is 
x  +  y,  the  terms  of  the  quotient  aie  alternately  positive  and 
negative. 

~:^^=afl-a^  +  a^/-a?y9+xY-xf  +  f, 
afi  —  qfi 
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85.  These  properties  may  be  easily  remembered  by  taking 
the  four  simplest  cases,  thus,  x  +  y,  x-t/,  x^  +  ^a^  x^-y^  of 
which  •  ^ 

the  first  is  divisible  by  x  + 1/, 

second a;-y, 

third neither, 

fourth both. 

Again,  since  these  properties  are  true  for  all  values  of  x  and 
y,  suppose  '\j=\,  then  we  shall  have 

---  =  x-l,  • — =-  =  x+l, 

X+1  '  X-  1  ' 

r-  =  x2-X+l,  L=X^  +  X+1, 

x+1  '         x-1 

Also 

x+1 
fljfl  —  1 

r-  =  x5  +  X*  +  x3  +  x2  +  X  +  l. 

X-1 

EXAMPLES.— XVi. 

Without  going  through  the  process  of  Division  write  down 
the  quotients  in  the  following  cases  : 

1.  When  the  divisor  is  m  +  n,  and  the  dividends  are 
respectively 

m^  -  r?^  Tf?  +  %3,  m^  +  w^,  w*'  -  w",  'n^?  +  w". 

2.  When  the  divisor  is  m-w,  and  the  dividends  are 
respectively 

m'''  -  n^,  to''  -  »i^,  m*  -  ■»!*,  m"  -  Ji'',  m^  -  ixf. 

3.  When  the  divisor  is  a+1,  and  the  dividends  are 
respectively 

ft2- 1,  a3+  1,  «&+  1,  a7  + 1^  a8_  1. 

4.  When  the  divisor  is  tj-\^  and  the  dividends  are 
respectively 
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V.    ON    THE    RESOLUTION    OF    EXPRES- 
SIONS  INTO   FACTORS. 

86.  We  shall  discuss  in  this  Chapter  an  operation  which 
is  the  opposite  of  that  which  we  call  Multiplication.  In  Mul- 
tiplioation  we  determine  the  product  of  two  given  factors  :  in 
the  operation  of  which  we  have  now  to  treat  the  product  is 
given  and  the  factors  have  to  be  found. 

87.  For  the  resolution,  as  it  is  called,  of  a  product  into  its 
component  factors  no  rule  can  be  given  which  shall  be  applic- 
able to  all  cases,  but  it  is  not  difficult  to  explain  the  process 
in  certain  simple  casee.    We  shall  take  these  cases  separately. 

88.  Case  I.  The  simplest  case  for  resolution  is  that  in 
which  all  the  terms  of  an  expression  have  one  common  factor. 
This  factor  can  be  seen  by  inspection  in  most  cases,  and  there- 
fore the  other  factor  may  be  at  once  determined. 

Thus  a^+ab=a{a  +  b), 

2a3  +  4a2  +  8a  =  2a  (a^  +  2a  +  4), 
9x3^^  -  18x22/2  +  54xy  =  9xy  (x^  -  2xy  +  6). 


iividends  are 


iividends  are 


Examples.— xvii. 


Resolve  into  factors : 

1.  5.c2-15x. 

2.  3x3 +  18x2 -ex. 

3-  49y2-14i/  +  7. 

4-  4x3y  - 1 2xh/  +  8x1/'. 


5.  a^-ax^  +  bx^  +  c!X. 

6.  3x6t/3- 21x4^2 +  27xV. 

7.  54a36»  +  108a«fr8  -  243a8R 

8.  45x^0- 90x6/ -360x<2/». 


I  ;ir; 
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RESOLUTION  INTO  FACTORS. 


89.     Case  II.     The  next  case  in  point  of  simplicity  is  tliat 

in  which  four  ternis  can  be  so  arranged,  that  the  first  two  have 

a  common  factor  and  the  last  two  have  a  common  factor. 

Thus 

a^ + aa  +  Jx + a&  ==  (a;2 + aa;)  +  (6a; + a6) 

=a  (x  +  a)+&  (»+a) 

=  Ca;  +  6)(x  +  a). 
Again 

=a  (c-d)-h  (c-d) 
=  (a^b)(c-d). 


'J'S', 
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5 .  ahx^-  axy  +  hxij  -  y*. 

6.  abx  -  ahj  +  cdx  -  cdy. 

J.  cdx^  +  dmxy  -  cnxy  -  mny'^. 

8.  ahcx  -  hHx  -  acdy  +  hd^j. 


Examples.— xviii. 

Kesolve  into  factors : 

1.  x^-ax~bx  +  ab. 

2.  ah  -^yar.  -hx-x\ 

3.  hc  +  hy-cy-y\ 

4.  hm  +  mn  +  a6  +  an. 

90.  Before  reading  the  Articles  that  follow  the  student  is 
advised  to  turn  hack  to  Art.  56,  and  to  observe  the  manner  in 
which  the  operation  of  multiplying  a  binomial  by  a  binomial 
produces  a  trinomial  in  the  Examples  there  given.  He  will 
tlien  be  prepared  to  expect  that  in  certain  cases  a  trinomial 
can  be  resolved  into  two  binomial  factorSf  examples  of  which  we 
shall  now  give. 

91.  Case  III.    To  find  the  factors  of 

a;2  +  7a;  +  12. 
Our  object  is  to  find  two  numbers  whose  product  is  12, 

and  whose  sum  is    7. 
These  will  evidently  be  4  and  3, 

.'.  a2  +  7a;+i2=(a5  +  4)(a;  +  3). 
Again,  to  find  the  factors  of 

x^  +  5bx  +  6b^. 
Our  object  is  to  find  two  nuuibei-s  whose  product  is  66*, 

and  whose  sum  is  56. 
These  will  clearly  be  36  and  26, 

,-,  x^  +  bhx  +  «62  =  ^a;  t-  36)  (x  +  26). 
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Examples.— xix. 


Resolve  into  factora ; 

1.  a;2+llx  +  30. 

2.  a;2+l7a;  +  60. 

3.  2/2+ 132/-!- 12. 

4.  2/H2I1/  +  IIO. 

5.  m2-i-35m-f  300. 

6.  m2-f23w-f  102. 

7.  a2  +  9a6-K862. 

8.  a;2+1.3ma;  +  3Gm2. 


9.  y2+i9„y^43^2^ 

10.  x;2-f2%;,^  +  100p2. 

11.  %^-Vhx^-^Q. 

12.  a;''  +  4a;3  +  3. 

13.  a;22/2  +  18a;y  +  32. 
-14.  a^2/*-f7a;y-f  12. 

15.  m^o-f  lOm'^^+ie. 


16.  >  w2  +  27w2-i-14028 

93.     Case  IV.     To  find  the  factors  of       , 

a;2-9a;  +  20. 

Our  object  is  to  find  two  negative  terms  wliope  ]->roduct  is  20 

and  whose  sum  is  -9. 
These  will  clearly  be  -  5  and  -  4, 

.-.  a;2  -  9x  +  20  =  (x  -  5)  (a;  -  4). 


ExfAMPLES.— XX. 
Resolve  into  factors : 


1.  a;2-7a;-fl0. 

2.  a;2-29a;+190. 

3.  2/2 -232/ -1-132. 

4.  2/^  -  30?/ -f- 200. 

5.  «2_43^^4go. 


6.  ri2_57n-f-56. 

7.  a;0-7a;3-f  12. 

8.  a262_27a6  +  26. 

9.  6V-ll/A;3  +  30. 

o.  a;2^22;2_i3^^g^22. 


92.    Case  V.     To  find  the  factors  of 

a;2  +  5a;-84. 
Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  product  is  -  84,  and  Avhose  sum  is  6. 

These  are  clearly  12  and  -  7, 

.'.  jcH  5a;  -  84  =  (a; -t- 12)  (a;  -  7V 
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Examples.— xxi. 

Resolve  into  factors : 

1.  a;2+7a;-60. 

2.  a;2+12x-45. 

3.  a2+lla-12. 

4.  a2+13a-140. 


5.    62^13&-300. 


6.  62^256-150. 

7.  a^  +  3a;*  -  4. 

8.  zhf+'ixij-\bA. 

9.  m^o  +  15mfi- 100. 
10.  »i2+17?i-390. 


94.     Case  VI.     To  find  the  factors  of 


X 


;2-3x-28. 


Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  product  is  -  28,  and  whose  sum  is  -  3. 

These  will  clearly  be  4  and  -  7,  ' 

.-.  x2_3a;_28  =  (a;  +  4)(a;-7). 


EXAMPLES.— XXii. 

Resolve  into  factors  : 


I. 

x^-bx-m. 

6. 

»•- 15^-100. 

2. 

x^-ix-m. 

7- 

a;10_9a;5_10. 

3- 

m2-9m-36. 

8. 

c2(«2-24t(Z-180. 

4- 

n^-Un-QO. 

9- 

mhi^  -  mhi  -  2. 

5- 

1/2 -131/ -14. 

10. 

/2*-V'/-84. 

95.  The  results  of  the  four  preceding  articles  may  be  thus 
stated  in  general  terms  :   a  trinomial  of  one  of  the  forms 

a;2  +  ax  +  6,  x"^ -  ax  i- 6,  x^  +  ax-  6,  a? -ax-  h, 

may  be  resolved  into  two  simple  factors,  when  6  can  be  re- 
solved into  two  factors,  such  that  their  sum,  in  the  first  two 
forms,  or  their  difference,  in  the  last  two  forms,  is  equal  to  a. 

96.  We  shall  now  give  a  set  of  Miscellaneous  Examples  on 
the  rcs^-lutior.  into  factors  of  expressionH  v/hich  corns  iindp.r 
one  or  other  of  the  cases  already  explained. 
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id  one  negative, 


Examples.— xxiii. 

Kesolve  into  factors : 

1.  a;2-15a;  +  36. 

2.  x^  +  4x-  45. 

3.  a262_i6a&-36. 

4.  cc8  -  3ma;*  -  lOm*. 

5.  f  +  y^-90. 

6.  «*-a;2-li0. 

7.  £c3  +  3ax2  +  4a.^. 


8.  x^  +  mx  +  nx  +  mn. 

9.  y«-4^3  +  3. 

10.  xhj-dbx-cxy  +  ahc. 

11.  a;2  +  (a-6)a;-a6. 

12.  03^  -  (c  -  (f)  a;  -  c(?. 

13.  a¥-hd  +  cd~abc. 

14.  4a;2-28x?/  +  48i/2. 


97.  We  have  said,  Art.  45,  that  when  a  number  is  multi- 
plied by  itself  the  result  is  called  the  Square  of  the  number, 
and  that  the  figure  2  placed  over  a  number  on  the  right  Land 
indicates  that  the  number  is  niuUiplied  by  itself. 

Thus        a^  is  called  the  square  of  a, 
(a; - yY  is  called  the  square  oix-y. 

The  Square  Root  of  a  given  number  is  that  number 
whose  square  is  equal  to  the  given  number. 

Thus  the  square  root  of  49  ia  7,  because  the  square  of  7 

is  49. 

So  also  the  square  root  of  d^  is  a,  because  the  square  of  a  is 
a':  and  the  square  root  of  {x-yf  hx-rj,  because  the  square 
of  a;  -  2/  is  (cc  -  y)'K 

The  symbol  V  placed  before  a  number  denotes  that  the 
square  root  of  that  number  is  to  be  taken  :  thus  ^25  is  read 
"  the  square  root  of  25." 

Note.  The  square  root  of  a  positive  quantity  may  be  either 
positive  or  negative.    For 

since  a  multiplied  by  a  gives  as  a  result  a^, 
and  -a  multiplied  by  -a  gives  as  a  result  a^, 
it  follows,  from  our  definition  of  a  Square  Root,  that  either  a 
or  -  a  may  be  regarded  as  the  square  root  of  a\ 

But  throughout  this  chapter  we  shall  take  only  the  positive 
value  of  the  square  root. 


I 
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98.  We  may  now  take  tlie  case  of  Trinomials  wliich  are 
ftrfeci  squares,  which  are  really  included  in  the  cases  dis- 
cussed in  Arts.  91,  92,  but  which,  from  the  importance  they 
assume  in  a  later  part  of  our  subject,  demand  ti  separate  con- 
sideration. 

99.  Case  VII.     To  find  the  factors  of 

a;2+i2a;  +  36. 

Seeking  for  the  factors  according  to  the  hints  given  in  Art. 
91,  we  find  them  to  he  a;  +  6  and  a;  +  G. 

That  is  a2  + 1 2x  +  36 = (a;  +  6)^. 

EXAMPLES. — XXiV. 

Resolve  into  factors  : 

1.  a;2+18a;  +  81. 

2.  a;2  +  26x+169. 

3.  »2  +  34a;  +  289. 

4.  y^^-2y  +  l. 

5.  «H200iK  + 10000. 


6.  a;* +  14x2 +  49. 

7.  a;2+ 10x1/ +  251/2. 

8.  m*+16m2w2  +  64n'». 

9.  x'''.+  24a^+144. 

10.  x22/2-162x(/  +  6561. 


100.     Case  VIII.     To  find  the  factors  of 

x'--12x  +  36. 

Seeking  for  the  factors  according  to  the  hints  given  in  Art. 
92,  we  find  them  to  be  x  -  6  and  x  -  6. 
That  is,  x2  -  12«  +  36  =  (x  -  6)2. 

EXAMPLES.— XXV. 

Resolve  into  factors  : 
1.  x2  -  8x  + 16.  2.  a^-  28x  + 196. 

4.  y2  _  40^  +  400.        5.  ajS  -  IOO2  +  2500, 

7.  a;2_30xi/  +  225t/2. 

9.  a:«- 38x3 +  361. 


3.  x2-36x  +  324. 
6.  X*- 22x2 +  121. 
8.  TO*-32m"V  +  266»*. 
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101  Case  IX.  We  now  proceed  to  the  most  important 
case  ot  Resolution  into  Factors,  namely,  tl.at  in  Nvliich  the  ex- 
l.ress.on  to  he  lesolvred  can  he  put  in  the  iovm  oUwo  squares 
wUk  a  imjahve  sign  betioeeu  them. 


Since 


m^-n^r=(m  +  n)(m~n), 


we  can  express  the  difference  hetween  the  H.piares  of  two 
quMntities  hy  the  product  of  two  ft.ctors,  determined  hy  the 
loilowing  method : 

Take  the  square  root  of  the  first  quantity,  and  the  square 

root  ot  the  second  quantity. 
The  sum  of  the  results  will  form  the  first  factor. 
The  difference  of  the  results  will  form  the  second  factor. 
For  example,  let  «2_  j2 1,^  j.|,g  g^^^^^  expression. 
The  square  root  of  a^  is  a. 
The  square  root  of  b^  is  b. 
The  sum  of  the  results  is  a  + J. 
The  difference  of  the  results  is  a  -  ft. 
The  factors  will  therefore  be  a  +  6  and  a  -  ft 
thatis,  a^-b''=(a  +  b)(a~b).       ' 

102     The  same  method  holds  good  with  respect  to  com- 
pound quantities.  ^ 

Thus,  let  a2  -  (ft  -  c)2  be  the  given  expression. 
The  square  root  of  the  first  term  is  a. 
The  square  root  of  the  second  term  is  ft-c 
The  sum  <  .f  the  results  is  a  +  ft  -  c. 
The  diiference  of  the  results  is  a  -  ft  +  c. 


a^ 


■  (6-c)2=(a  +  ft-c)(a-ft4-c). 


Again,  let  (a  -  by  -  (c  -  d)^^  be  tlie  given  expression. 
The  square  root  of  the  first  term  is  a -ft. 
Tlie  square  root  of  the  second  term  is  c  -  d. 
The  sum  of  the  results  is  a-b  +  c-d. 
The  difference  of  the  results  ina-b-c  +  d. 
■■\<i-hf-{c--d)--{a-b+c-d){a-b-c  +  d) 

[8.A.] 


so 
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103.  The  terms  of  an  expression  may  often  bo  arranged 
80  as  to  fonn  two  squares  with  tlie  negative  sign  between 
them,  and  then  the  expression  can  be  resolved  into  factors. 

Thus        a2  +  52_j.2_(i2^.2a6  +  2c(i 


Ex  AMPLES.— XXVi. 
Resolve  into  two  or  more  factors  : 


i2 


I.  ^^-y 

4.  a*-x*.l 
7.  x^-l. 


2.  a 


;2-9. 


.2. 


5.  X 

8.  m*-16. 


10.  81xV-121a262.    II.  (a_6)2-c2 


3.  4x2-25. 

6.  ^-\. 

9.  36?/ -493*. 

12.   X2_(^_7i)8. 


24.    2xt/-x2-t/2+l. 


25.  a;2  -  27/»  - 1/2  -  a2. 

26.  a2  -  462 -9c2  + 126c. 


13.  (a  +  6)2-(c  +  rf)2. 

14.  {x^yf-{x-'^>f. 

15.    x2_2xt/  +  ?/2-«''. 

16.  (a-  6)2-(m  +  n)2. 

17.  a2  -  2ac  +  c2  -  6'^  -  26t«  -  ^2.      28.  1  -  49(;2. 

18.  26c-62-c2  +  a2. 


27.  a 


- 1662. 


19.  2xy  +  x^  +  y^-z 


29.  a2  +  62_c2-(Z2_2a6-2cd. 

30.  a2-62  +  c2-d2_2ac  +  2M. 


-m2-w2  +  a2  +  62_2ci6.  31.  3a%3_27ax. 


20.  2m7i 

21.  (aa  +  6y)2-l. 

22.  (ax  +  hy)^-{ax-hyy 

23.  l-a2-62  +  2a6. 


32.  a''6*'-c^ 

33.  (5x-2)2-(x-4)2. 

34.  i7x+4yf-{2x+3yf 


35.  (753)2 -(247)2 


104.    Case  X.    Since 


x  +  a 


=  ^2_ 


x2-aa;  +  a 


2 


and 


a^-a^ 


x-a 


=  x^  +  ax+a^    (Art.  83), 


we  know  the  following  important  tacts 
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(1)  The  mm  of  tlie  cuh<^  of  two  numbers  is  divisible  by 
the  mm  of  ths  niiiubei-s  ;  ' 

(2)  The   difference   between   the  cnhes  of  two   niunbers   i» 
divisible  by  the  difference  between  the  numbers. 

Henr-o  we  may  resolve  into  factors  expres.sion.s  in  the  form 
ol  the  sum  or  difference  of  the  cubes  of  two  nunib.us. 
Thus  ^  +  27=a,-3  +  33=(,.  +  ;i)(a;-^_3^  +  t)) 

t/3-64=7/3-43=(y-4)(y-'  +  42/  +  16). 

Examples.— xxvii. 

Express  in  factors  the  following  expressions  : 


3.  tt^-a 

7-  a^-210. 


4.  a;3  +  343. 
8.  at;3  +  27i/. 


I.  a^-vh\  2.  a3_^,3 

5.  63  _  125.  6.  u;3  +  G47/ 

9.  64a3_  1000^3  10.  729.;3  +  512y-'. 

Express  in /our  factors  each  of  the  folh^uino-  expressions  • 
H.  ^-f.        12.  a;6-l.         13.  ae-(J4.         14.  729-3^. 


105.  Before  we  proceed  to  describe  other  processes  in 
Algebra,  we  shall  give  a  series  of  examples  in  illustration  ot 
the  principles  already  laid  down. 

The  student  will  find  it  of  advantage  to  work  every  example 
in  the  following  series,  and  to  accustom  himself  to  read  and  to 
explain  with  facility  those  examples,  in  which  illustrations  are 
given  ot  what  may  be  called  the  short-hand  method  of  expressimj 
Arithmetical  calculations  by  the  symbols  of  Algebra. 


I. 
2. 

3- 

4- 

5- 


Ex  AMPLES.— xxviii. 

Express  the  sum  of  a  and  h. 

Interpret  the  expression  a-h  +  c. 

How  do  you  express  the  double  of  x  ? 

By  how  much  is  a  greater  than  5  ? 

If  X  be  a  whole  number,  what  is  the  number  next 


above  it  ? 
6.    Write  five  numbers  in  order  of  magnitude,  so  that  a? 


shall  be  the  third  of  the  five. 


4 

i 

i  J 


V^  I 


I  1 

I" 


I  I/, 
i   '. 


E     m 
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7.  If  a  be  imilt'vlit'<l  into  zero,  what  is  the  result  1 

8.  If  zero  be  divided  by  a;,  what  is  the  result  \ 

9.  What  is  the  sum  of  a  +  a  +  a  . . .  writteu  d.  times  ] 

10.  If  the  product  be  ac  aii<l  the  multiplier  a,  what  is  the 
multiplicand? 

1 1.  What  number  taken  from  x  gives  y  as  a  reujainder  ? 

12.  ^  is  X  years  old,  and  B  is  y  years  old  ;  how  old  was  A 
when  }i  was  born  1 

13.  A  man  works  every  day  on  week-days  for  x  weeks  in 
the  year,  and  during  the  remaining  weeks  in  the  year  he  does 
not  work  at  all.     During  how  many  days  does  he  rest  ] 

14.  There  are  x  boats  in  a  race.  Five  are  bumped.  How 
many  row  over  the  course  ? 

15.  A  merchant  begins  trading  with  a  capital  of  x  pounds. 
He  gains  a  pounds  each  year.  How  much  capital  has  he  at 
the  end  of  5  years  ? 

16.  A  and  B  sit  down  to  play  at  cards,  A  has  x  shillings 
and  B  y  shillings  at  first.  A  wins  5  shillings.  How  much  has 
each  \rhen  they  cease  to  play  ? 

17.  There  are  5  brothers  in  a  family.  The  age  of  the  "Idest 
is  X  years.  Each  brother  is  2  years  younger  than  the  one  next 
above  him  in  age.     How  old  is  the  youngest  1 

18.  I  travel  x  hours  at  the  rate  of  y  miles  an  hour.  How 
many  miles  do  I  travel  ? 

19.  From  a  rod  12  inches  long  I  cut  off  x  inches,  and  then 
1  cut  off  y  inches  of  the  remainder.  How  many  inches  are 
left? 

20.  If  n  men  can  dig  a  piece  of  ground  in  q  hours,  how 
many  hours  will  one  man  take  to  dig  it  ? 

21.  By  how  much  does  25  exceed  x  ? 

22.  By  how  nmch  does  y  exceed  25  ? 

23.  If  a  product  has  2m  repeated  8  times  as  a  factor,  how 
do  you  express  the  product  ? 

24.  By  how  much  does  a  +  2h  exceed  a  -  2&  ? 

25.  A  girl  is  X  years  of  age,  how  old  was  she  5  years  since  ? 


;iiii 


RESOLVTIOJV  INTO  FACTORS. 


S3 


26.  A  boy  is  1/  yi-aw  of  age,  how  old  will  he  be  7  years 
hence  1 

27.  Express  the  difference  between  the  squares  ot  two 
numbers. 

28.  Express  the  product  arising  from  the  multiplication  of 
the  sum  of  two  numbers  into  the  difference  between  the  same 
numbers. 

29.  What  value  of  x  will  make  805  equal  to  16  ? 

30.  What  value  of  x  will  make  28a;  equal  to  56  ? 

31.  What  value  of  x  will  make  '^  equal  to  4  ? 

32.  What  value  of  x  will  make  £C4  2  equal  to  9  ? 

33.  What  value  of  x  will  make  x-*l  equal  to  16  ? 

34.  What  value  of  x  will  make  a;^  +  9  equal  to  34  ? 

35.  What  value  of  x  will,  make  a;^  -  8  equal  to  92  ? 

Examples.— xxix. 

^  Explain  the  operations  symbolized  in  the  following  expres- 
sions :  .        " 

I.  a +  6.  2.  d?-h\  3.  4a2+53.  4.  A{d^^W), 

5.  a2_2&  +  3c,  6.  a  +  TOx5-c.   7-  (a  +  m)(6-c).    8.   ^x\ 

10.  a  +  2(3-c). 


9.    ^x^^-f. 
a'  +  h'' 


II.  (a  +  2)(3-c). 


12. 


4a6  • 


13. 


x~y 


14.-^^. 


Examples.— XXX. 

If  a  stands  for  6,  6  for  5,  x  for  4,  and  y  for  3,  find  the  value 
of  the  following  expressions  : 

I.  a  +  x-b~y.  2.  a  +  y-b-x.         3.  3a  +  4^-6-2x. 

4.  3(a  +  h)-  2(x  -  y).       5.  (a  +  a;)  (6  - 1/).      6.  2a  +  3(,  +  2/). 


7-  (2a  +  3)(x  +  t/). 


10.  UOX. 


8.  2ft  +  3a;  +  y. 
II.  ah(x  +  y). 


12.  (, 


y(b+xf. 


i1 


if^ 


,,'  ."' 


i  I 
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13.  ah{x-yf. 
16.  (V^2. 

19.    kj^^axy. 


14.   /v/56. 

a2  +  i2+y 


15.  VF. 


20. 


18.   VS&r.  ■  ^ 

22.  \t^-{h-y)\\a-{x-y)\.         24.  3(a  +  6-t/)H4(a  +  x)*. 
-  23.  (a-6-j/)2  +  (a-a;  +  2/)2.  25.  3(a-6)2  4-^4x-i/2)2. 

Examples. — xxxi. 

1.  Find  the  value  of 

3a6c  -  a^  +  6^  +  c^,  when  a  =  3,  ?>  =  2,  c  =  1. 

2.  Find  the  valu'^  of 

x^  +  y^-z^  +  Zxyz,  when  a;  =  3,  ?/  =  2,  a  =  5. 

3.  SubtraA  a^  +  c^  from  ((t  +  c)2. 

4.  Subtract  (a;  -  y)^  from  x^  + 1/^. 

5.  Find  the  coefficient  of  x  in  the  expression 

{a^-hfx-{a-¥hx)K 

6.  Find  the  continued  product  of 

2a;  -  m,  2x  +  n,  x  +  2m,  x-2n. 

7.  Divide 

acr^  +  (6c  +  ad) r'-*  +  (bd  +  ae)r  +  hehy  ar  +  b; 
and  test  your  result  by  putting 

a  =  b=c=d=e~l,  and  r=10. 

8.  Obtain  the  product  of  the  four  factors 

(a  +  b  +  c),  (b  +  c-a),  (c  +  a-b),  (a  +  b-c). 
What  does  this  become  when  c  is  zero  ;  when  b  +  c=a; 
when  a  =  b=c1 

9.  Find  the  value  of 

(a  +  b){h  '.  c)-(c  +  d)(d  +  a)-{a  +  c){b-d), 
where  b  is  en  lal  to  d. 

10.  Find  the  value  of 

3a  +  (?J6-c2)+{c2-(2a  +  36)|  +  |3c-(2a  +  36)|«, 
when  a=0,  6  =  2,  c=4. 


I 
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h-\-c=^o,\ 


I 


:»      If  a  =  l,  6=-2,  c  =  3,  d=4,  fihew  that  the  numerical 
values  ai  i  equal  of 

jrZ-(c_j  +  a){}(rf  +  c)-(6  +  a)|, 
and  of  rf2  _  (,2  +  ft2^  +  a2  +  2  (k  -  a^i). 

1 2.  Bracket  together  the  different  powers  of  x  in  the  follow- 
ing expressions : 

(o)  axH&x^  +  cB  +  f/a;. 

(/3)  ax'  -  W  -  cx2  -  (Za;3  +  2a;2. 

(7)  4x''-ax-3-3a;2-Ja;2-5a;-«B; 

(8)  (a  +  x)2-(6-^)a. 

(f)  (wa;2  +  ga;+l)2-(?jx2  +  ga;+l)«. 

13.  Multiply  the  three  factors  x-a,  a-ft,  x-c  together, 
and  arrange  the  product  according  to  descending  powers  of ,';;. 

14.  Find  the  continued  product  of  (x  +  a)  (x  +  b)  (x  +  c). 

15.  Find  the  cube  of  a  +  h  +  c;  thence  without  further 
multiplication  the  cubes  oi  a  +  b-c;  b  +  c-a;  c  +  a-b;  and 
subtract  the  sum  of  these  three  cubes  from  the  first. 

16.  Find  the  product  of  (3a  +  fib)  {3a  +  2c-  3b).  and  test  the 
result  bv  ^naking  a=l,&  =  c  =  3. 

17.  Find  the  continued  prv  Jluct  of 

a-x,  a  +  x,  a^  +  x^,  a*  +  x*,  a^+afl, 

1 8.  Subtract  (6  -a)(c-  d)  from  (a  -b)(c~  d). 

What  is  the  value  of  the  result  when  a=2&  and  rf=2c? 

19.  Addtogether(6  +  i/)(a+x),x-t/,ax-6i/,anda(x  +  y).    ' 

20.  What  value  of  x  will  make  the  difference  between 
(a;+l)  (x  +  2}  and  (x-  l)(x-2)  equal  ^o  54? 

21.  Add  together  ax-hy,x-y,  x(x - y),  and  (a - x) (6 - y). 

22.  What  value  of  x  will  make  the   difference   between 
(2x  +  4)  (3x  +  4)  and  (3a;  -  2)  (2x  -  8)  equal  to  96  ? 

23.  Add  together 

2mx  -  3ny,  x  +  y,  4(m  +  n)  (x  -  y),  mdmx + ny. 

24.  Prove  that 

(X  +  W  +  £i)2  4- 3:2  ^  ,;2  0.  ,^2  _ /y  _L  . A2  ,   /.,  .  ^sg       /.  vo 
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25.  Find  the  i)ro(luct  of  (2a  +  W)  (2a  4  3c  -  26),  and  test  the 
result  by.  making  a  =  l,6— 4,  c  =  2. 

26.  If  a,  6,  0,  rf,  e ...  denote  9,  7,  5,  3,  1,  find  the  values  of 

^=i^- ;  (6c  -  acZ)  (k/,  -  ce) ;  ^  1^' ;  and  i'  -  C. 


27.  Find  the  value  of 

3a6c  -  a?  +  6^  +  c^  when  a  =  0,  6 = 2,  c = 1. 

28.  Find  the  value  of 


3a2 


2a62 


\ ^,  when  a  =  4,  &=1,  c  =  2. 

c       0- 


29.  Find  the  vaiue  of 

(a_6_c)2  +  (6-a-c)2  +  (c-a-6)2whena  =  l,?<  =  2,  c=3. 

30.  Find  the  value  of 

(a  +  &-c)2  +  (a-6  +  c)-  +  (&  +  c-a)2whena=l,6  =  2,  c=4. 

31.  Find  the  value  of 

(a  +  6)2  +  (6  +  c)2  +  (cha)2  when  a=  -  1,  l  =  'l,  c=  -'>>. 

32.  Shew  that  if  the  sum  of  any  two  numbers  divide  the 
difference  of  their  squares,  the  quotient  is  equp^  to  the  differ- 
ence of  the  two  numbers. 

33.  Shew  that  the  product  of  the  sum  and  difference  of  any 
two  numbers  is  ec^ual  to  the  difference  of  tlieir  squares. 

34.  SL^w  that  the  square  of  the  sum  of  any  two  consecu- 
tive integers,  is  always  greater  by  one  than  four  times  their 
product 

35.  Sliew  that  the  square  of  the  sum  of  any  two  consecutive 
even  whole  numbers  is  four  times  the  square  of  the  odd  number 
between  them. 

36.  If  the  number  2  be  divided  into  any  two  parts,  the 
difference  of  their  squares  ^yill  always  be  equal  to  twice  the 
difference  of  tlie  parts. 

37.  If  the  number  50  be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  50  times  the 
difference  of  the  ^arts. 

38.  If  a  number  n  be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  n  times  the 
difference  of  the  parts. 
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39.  If  two  numbers  difFer  by  a  unit,  their  product,  together 
with  the  sum  of  their  squares,  is  equal  to  the  difference  of  the 
cubes  of  the  numbers. 

40.  Shew  that  tlie  sum  of  the  cubes  of  any  three  consecu- 
tive whole  numbers  is  divisible  by  three  times  the  middle 
number. 


VI.    ON   SIMPLE   EQUATIONS. 

100.  An  Equation  is  a  statement  that  two  expressions 
are  equal. 

107.  An  Identical  Equation  is  a  statement  that  two  ex- 
l)ressions  are  equal  for  all  nun.erical  values  that  can  be  given 
to  the  letters  involved  in  them,  provided  that  the  same  value 
be  given  to  the  same  letter  in  every  part  of  the  equation. 

Tlius,  (a;  +  r }" = x^  +  2aa;  +  a^ 

is  an  Identical  Equation. 

108.  An  Equation  op  Condition  is  a  atatement  that  two 
expressions  are  equal  f^r  some  partimlar  numerical  value  or 
values  that  can  be  given  to  the  letters  involved. 

Thus,  a; +1  =  6 

is  an  Equation  of  Condition,  the  only  number  which  x  can 
represent  consistently  with  this  equation  being  5. 

It  is  of  such  equations  that  wo  have  to  treat. 

109.  The  EooT  of  an  Equation  is  that  number  which,  when 
put  in  the  place  01  the  unknown  quantity,  makes  both  sides  of 
the  equation  identical. 

110.  The  Solution  of  an  Equation  is  the  process  of  find- 
ing what  number  an  unknown  letter  must  stand  for  that  the 
equation  may  be  true  :  in  other  words,  it  is  the  method  of 
f hiding  the  Root, 

The  letters  that  stand  for  unhnown  numbers  are  usually 
X,  y,  z,  but  the  student  must  observe  tliat  any  letter  may 
stand  for  an  unknown  number. 

111.  A  Simple  Equation  is  one  which  contains  the 
Jirst  2mver  only  of  an  unknown  quantity.  This  is  also  called 
an  Equation  of  the  First  Degree. 
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132.     The  following  Axioms  form  the  groundwork  of  the 

solution  of  all  equations. 

'   -.  ', 

Ax.  I.  If  equal  quantities  be  added  to  eqiuil  quantities, 
the  sums  will  be  equal. 

Thus,  if  a  =  6, 

a4-c  =  6  +  c. 

Ax.  II.  If  equal  quanti tics  be  taken  from  equal  quantities, 
the  reniaiiiders  will  be  equal. 

Thus,  if  a^=l/> 

Ax.  III.  If  equal  quantities  ^e  multiplied  by  equal  quan- 
tities, the  products  will  be  equal. 

Thus,  if  a  =  &, 

'iMt  =  mb. 

Ax.  IV.  If  equal  quantities  be  divided  by  equal  quantities, 
the  quotients  will  be  equal. 

Thus,  if  xij=oc%, 

113.  On  Axioms  I.  and  II.  is  founded  a  process  of  great 
utility  in  th.  solution  of  equations,  called  The  Transposition 
OF  Terms  from  one  side  of  the  equation  to  the  other,  which 
may  be  thus  stated  : 

"  Any  term  of  an  eqaation  may  be  transferred  from  one  side 
of  the  equation  to  the  other  if  its  sign  be  changed." 

For  let  x-a=k 

Then,  by  Ax.  I.,  if  we  add  a  to  both  sides,  the  sides  remaiik 
equal : 

therefore  x-a  +  a  =  b  +  a, 

that  is,  x  =  b  +  a. 

Again,  let  x  +  c  =  d. 

Then,  by  Ax.  II.,  if  we  subtract  c  from  each  side,  the  sides 


remain  equal : 

therefore 

x-\-c-c  =  d-c, 

that  is. 

x-d-e. 
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114.  We  may  change  all  the  signs  of  each  side  of  an  equa- 
tion ^vithont  altering  the  equality. 

Thus,  if  a-a;=6-c, 

x~a  =  c-b. 

115.  We  may  change  the  position  of  the  two  sides  of  the 
equation,  leaving  the  signs  unchanged. 

Thus  the  equation  a  -  h=x~c,  may  be  written  thus, 
x-c  =  a-b. 

116.  We  may  now  proceed  to  our  first  rule  for  the  solution 
of  a  Simple  Equation. 

Rule  I.  Transpose  the  known  terms  to  the  right  hand  side 
of  tlie  equation  and  the  unknown  terms  to  the  other,  and  com- 
bine all  the  terms  on  each  side  as  far  as  possible. 

Then  divide  both  sides  of  the  equation  by  the  coefficient  of 
the  unknown  quantity. 

This  rule  we  shall  now  illustrate  oy  examples,  in  which  z 
stands  for  the  unknown  quantity. 

Ex.  1.     To  solve  the  equation^ 

5«-6  =  3a;-f-2. 
Transposing  the  terms,  we  get 

5a;-3x=2-f-6. 
Combining  like  terms,  we  get 

2a;  =  8. 
Dividing  both  sides  of  this  equation  by  2,  we  g(*t 

x=4, 
and  the  value  of  x  is  determined. 

Ex.  2.     To  solve  the  equation, 

7a;  +  4  =  25a;-32. 
Transposing  the  terms,  we  get 

701-250;=  -32-4. 
Combining  like  terms,  we  get 

-18.x=-36. 
Changing  the  signs  on  each  side,  we  ^  -t 

18x'  =  36. 
Dividing  both  sides  by  18,  we  get 

x  =  2, 
le  value  of  x  is  determined. 
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Ex.  3.     To  solve  the  equation, 

2a;  -  3a;+ 120  =  4x  -  6a;'+ 132, 
that  is,  2a;  -  3a;  -  4a;  +  6a;  =  1 32  -  120, 

or,  8a;-7x=12, 

therefore,  a; =12. 

Ex.  4.     To  solve  the  equation, 

3x  +  5-8(13-a;)=0, 
that  is,  3a;  +  5  - 104  +  8a; = 0, 

or,  3a;  +  8x=104-5, 

or,  11a; =99, 

therefore,  f>;  =  9. 

Ex.  5.     To  solve  the  equation, 

Ga;-2(4-3a-)  =  7-3(17-«), 
that  is,  6a;-8  +  6a;=7-5l4-3a;, 

or,  «  6a;+6a;-3a;=7-51+8, 

or,  12;(;-3a;  =  15-51, 

or,  9u;=-36, 

therefore,  x=  -4. 

EXAMPLES.— xxxii. 


1.  7a;  +  5  =  5x  +  ll. 

2.  12a  +  7  =  8x+15. 

3.  236'C  +  425  =  97a;  +  564 

4.  5a;-7  =  3a;  +  7. 

5.  12a;-9  =  8a;-l. 

6.  124;x-f-19  =  ll2a;  +  43. 

7.  18 -2a; -27 -5a;. 

8.  125-7a;=145-12x-. 


9.  26-8a;  =  80-14aJ. 

10.  133-3a;=a;-83. 

11.  13-3:c  =  5a;-3. 

12.  127  +  9x=12a:+100. 
.  13.  15-5.x  =  6-4a;. 

14.  3a; -22  =  7a; +  6. 

15.  8  +  4a;=12i(;-16. 

1 6.  5a;  -  (3a;  -  7)  =  4a;  -  (6a;  -  35) 

17.  6a;  -  2(9  -  4a;)  +  3  (5x  -  7)  ==  10a;  -  (4  +  16x)  +  35. 

18.  9a;-3(5a;-6)  +  30  =  0. 

19.  12x-5(9x  +  3)  +  6(7-8a;)  +  783  =  0. 

20.  a;-/(4a;-ll)  =  14(a;-5)-19(8-a;)-61. 

21.  (a;  +  7)(a;-3)  =  (x-5)(x-15), 
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22.  {x  -  8)(u;  +  12)  =  (« .    1)  (x  -  6). 

23-  (a:-2)(7 -a;)  +  (u;-5)(a;  +  3)- 2(3;- 1)+ 12=0. 

24.  (2a;  -  7)  (x  +  5)  =  (9  -  2a;)  (4  -  x)  +  229. 

25.  (7-6a;)(3-2a;)  =  (4a;-3)(3a;-2). 

26.  14-x-5(x-3)(a;  +  2)  +  (5-a;)(4-5a;)=45a;-76L 

27.  (.^  +  5)2-(4-a;)3=21a;. 

28.  5(a;-2)2+7(a;-3)2=:(3x-7)(4a;~19)  +  42.  ' 

29.  (3,c  -  17)2+  (4a;  -  25)^  -  (5a;  -  29)2=  1^ 

30.  («  +  6)(a;-9)  +  (x+10)(a;-8)  =  (2x  +  3)(a;-7)-113. 


VII.   PROBLEMS   LEADING   TO   SIMPLE 

EQUATIONS. 

117.  When  we  have  a  question  to  resolve  bv  means  of 
Algebra,  we  represent  the  number  sought  >>y  an  unknown 
symbol,  and  then  consider  in  what  manner  the  conditions  of 
tlie  ciuestion  enable  us  to  assert  that  txoo  expressiom  are  equal. 
Thus  we  obtain  an  equation,  and  by  resolving  it  we  determine 
the  value  of  the  number  souglit. 

The  whole  ditiiculty  connected  with  the  solution  of  Al^e- 
brracal  Problems  lies  in  the  determination  from  the  conditio'iis 
ot  the  question  of  two  different  expressions  having  the  same 
numerical  value. 

To  explain  this  let  us  take  the  following  Problem  : 

Find  a  number  such  that  if  15  be  added  to  it,  twice  the  sum 
will  be  equal  to  44. 

Let  X  represent  the  number. 

Then  a;  + 15  will  represent  the  number  increased  by  16, 
and  2  (as  + 15)  will  represent  twice  the  sum. 

But  44  will  represent  twice  the  sum, 
therefore  2(a;+15)=44. 

Hence  2a; +  .30 =44, 

I  that  is,  2a;=14, 


or. 


(5  =  7, 


and  therefore  the  number  sought  is  7. 
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118.  We  slinll  now  give  a  series  of  Easy  Problems,  in 
which  the  conditions  hy  which  {inequality  betwtHii  two  expres- 
sions can  be  asserted  may  be  readily  seen.  The  student  should 
be  thoroughly  familiar  with  the  Examples  in  set  xxviii,  Jieu^c 
of  which  he  will  now  find. 

We  shall  insert  some  notes  to  explain  the  method  of  repre- 
senting quantities  by  algebraic  symbols  in  cases  where  some 
difficulty  may  ari.se. 

EXAMPLES.— xx-iii. 

1.  To  the  double  of  a  certain  number  I  add  14  and  obtain 
as  a  result  154.     What  is  the  number? 

2.  To  four  times  a  certain  number  I  vdd  16  and  obtiiin  as 
a  result  188.    WJiat  is  the  number? 

3.  By  adding  46  to  a  certain  number  I  obtain  ;ih  a  result  a 
number  three  times  as  large  as  the  original  number.  Find  '  c 
original  number. 

4.  One  number  is  threii  times  as  large  as  another.  If  I 
take  the  smaller  from  16  and  the  greater  from  "'0,  the  remain- 
ders are  equal.     What  are  the  numbers? 

5.  Divide  the  number  92  into  four  parts,  such  that  the  first 
is  greater  than  the  second  by  10,  greater  than  the  third  by  18, 
and  greater  than  the  fourth  by  24. 

6.  The  sum  of  two  numbers  is  20,  and  if  three  times  the 
smaller  number  be  added  to  five  times  the  greater,  the  sum  is 
84.    What  are  the  numbers  ? 

7.  The  joint  ages  of  a  father  and  his  son  are  80  years.  It' 
the  age  of  the  son  were  doubled  he  would  be  10  years  older 
than  his  father.     What  is  the  age  of  each  ? 

8.  A  man  has  six  sons,  each  4  years  older  than  the  one 
next  to  him.  The  eldest  is  three  times  as  old  as  the  youngest. 
What  is  the  age  of  each  ? 

9.  Add  £24  to  a  certain  sum,  and  the  amount  will  be  as 
much  above  J80  as  the  sum  is  below  £80.     What  is  the  sum? 

10.  Thirty  yards  of  cloth  and  forty  yards  of  silk  together 
cost  3j\i\}.  aiivL  tii6  siliC  13  twice  as  vaiiiauie  as  tue  CiOtii.  i/iii*-- 
the  cost  of  a  yard  of  each. 
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J  14  and  obtain 


6  and  oLtiiin  as 


of  silk  together 
le  cloth.    Fin*!  S 


II      Find  the  niunber,  the  double  of  which  being  added  to 
^4^ the  result  i.  as  much  above  80  as  the  number  itsdf  is  blw 

12.  The  sum  of  iT,()()  i.  divided  between  A,  B,  C'and  D 
A  and  L  have  together  J280,  A  and  C  £2,0,  A  and  D  £220, 
How  much  does  each  receive '/ 

13.  In  a  company  of  266  persons,  composed  of  men,  women 
and  children,  there  are  twice  as  many  nien  as  there  are  women' 
and   wice  a^  many  women  as  there  are  children.     How  man; 
are  there  ol  each  /  "laiijr 

14.  I^i;;i^^«=^'lfi20  between  ^1,7?  and  C,  so  that  ^  has  £100 
Ics.  than  B,  and  B  £2l0  less  than  G. 

15.  Find  two  numbers,  dilfering  by  8,  such  that  four  times 
the  less  may  exceed  twice  the  greater  by  10. 

16     ^  and  5  be,crHn  to  play  with  equal  sums.     A  won  £b 

mon  v"  wH  TT  ^u  """^"^  ^^'^^  ^^^^^^  '^  ^^^^  time   S 
money.    What  had  each  at  first  ? 

17.  A  is  58  years  older  than  B,  and  ^'s  age  is  as  much 
above  60  as  ^'s  age  is  belo^  50.     Find  the  age  ff  each. 

18.  A  is  34  years  older  than  B,  and  A  is  as  much  above  50 
as  7.  IS  below  40.     Find  the  age  of  each.  -i^ove  ou 

19.  A  man  Ws  his  property,  amounting  to  X7500  to  be 
divjded  between  his  wife,  his  two  sons  and  his^hret  daugh^^^^^^ 
as  follows  :  a  son  is  to  have  twice  as  much  as  a  daughter  and 

tlltfZ"^]  ''-  '''  ''-  '-  ^^^^^-  -^-^-^Vot 
■   ~°'   t  ""^T^  containing  some  water  was  filled  up  bv  nour 

Sas  affi  r  H '  ''"^  ^^'"  *'^"  "^  *^^  vessel^^e?^ 
much  as  at  first.     How  many  gallons  did  the  vessel  hold  ? 

than*^  !td  ^r'"''  ^V-^'  ^\  ^""'  ^^^'  ^  ^-  ^'1«  "^ore 
1ms  each?  ''  ""'"'^  "'  ^  '^^  ^  *^Sether.    How  much 

22     What  two  numbers  are  those  whose  difference  is  14 
unci  their  sum  48 1  » 

J^'  /  T^-^  P^^^  ^^  '=^'^'-  ^  ^^a«  ^72  and  5  has  £52 
when  they  becrin.  Wh^n  t.b^v^-^^oo.  ^i„,..--.„  .,  -^  ^ias  ;toj 
aq  Tniini,  oc  p"    XT  r*7  '"""""  ^^"^'"'oj  '^  "as  mree  limes 

as  much  as  B.    How  much  did  A  win  ? 
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Note  I.  If  we  linve  to  express  al}j;el>';.ticiilly  two  parts  into 
whicli  a  given  nmulier,  suppose  50,  is  divided,  and  we  repre- 
sent one'  of  the  parts  by  x,  the  other  will  be  represented  by 
50 -a;. 

Ex.  Divide  50  into  two  such  parts  that  the  double  of  one 
part  may  be  three  times  as  great  as  the  other  part. 

Let  X  represent  one  of  the  parts. 

Then  50  -  x  will  represent  the  other  part.  ^ 

Now  the  double  of  the  first  part  will  be  represented  by 
2.r,  and  three  times  the  second  part  will  be  represented  by 
3(50-x). 


Hence 


or, 
or. 


2x^3(50-0;), 
2j;-]50-3a^ 
5x=150; 
.-.  a;  =  30. 


Hence  the  parts  are  30  and  20. 

24.  Divide  84  into  two  such  i)arts  that  three  times  one  part 
may  be  equal  to  four  times  the  other. 

25.  Divide  90  into  two  such  pai-ts  that  four  times  one  part 
may  be  equal  to  five  times  the  oth.,r. 

26.  Divide  60  into  two  such  parts  that  one  part  is  greater 
than  the  other  by  24. 

27.  Divide  84  into  two  such  parts  that  one  part  is  less  than 
the  other  by  36. 

28.  Divide  20  into  two  such  parts  that  if  three  times  one 
part  be  added  to  five  times  the  -other  part  the  sum  may  be  84. 

NoTP]  II.  When  we  have  to  compare  the  ages  of  two  per- 
sons at  one  time  and  also  some  years  after  or  before,  we  must 
be  careful  to  remember  that  hoth  will  be  so  many  years  older 
or  younger. 

Thus  if  X  be  the  age  of  A  at  the  present  time,  and  2a;  be 
the  age  of  B  at  the  present  time, 

The  age  of  -4  5  years  hence  will  be  a;  +  5, 
and  the  age  of  5  5  years  hence  will  be  2x  +  5. 


•Ti    » 


if 


mi 


UATJONS. 


me,  and  2a;  be 


only";  thie^Ler oW  ^^  ^j/  ^  yeai:^^;^^ 
^  at  the  present  time  ?  ^^^*  ^''  '^'  ^S^"  «^  ^  ^d 

Let  X  represent  the  age  of  B, 

Then  5ar  will  represent  the  age  of  A. 

and       5x  +  6  will  represent  ^'s  age  5  years  helSe. 


Hence 


or 
or 


5a;  +  5=3(a;  +  5), 
6a; +6  =  3a; +  16, 
2a;=  10; 

35=5. 


Hence  ^  is  25  and  5  is  5  years  old. 


30.    A  father  is  30 ;  his  son  is  6  veara  <^i\      ^    x. 
yea.  win  the  age  of  the  father  he  feee  that'^f  thTalT 

the  .o.„t  ages  of  the  nephewa  wiU  he  e^ilK^^^fth: 


Hg     is  78.     How 

ts.A.] 


many  are  there  of  each  sort  ? 
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66    PROBLEMS  LEADING  TO  SIMPLE  EQUATIONS. 


Let  X  be  the  number  of  fourpenny  piece*, 

Then  4x  is  their  value  in  'pence.  < 

Also  78  — a  is  the  number  of  sixpences. 

And  6  (78 -a;)  is  their  value  in  pence. 

Also  ^1.  16«.  8d.  is  equivalent  to  440  pena. 

Hence  4x  +  6  (78  -  a)  =  440, 

or  4x+ 468 -6a;  =  440, 
from  which  we  find  x=  14. 

Hence  there  are  14  fourpenny  pieces, 
and  64  sixpences. 

34.  A  bill  of  ^100  was  paid  with  guineas  and  half-crowns^ 
and  48  more  half-crowns  than  guineas  were  uaed.  How  many 
of  each  were  paid  ? 

35.  A  person  paid  a  bill  of  £Z.  Us.  with  shillings  an<l 
half-crowns,  and  gave  41  pieces  of  mojiey  altogether.  How 
many  of  each  were  paid  ? 

36.  A  man  has  a  sum  of  money  amounting  to  Xll.  13s.  4rf., 
consisting  only  of  shillings  and  fourpenny  pieces.  He  has  in 
all  300  pieces  of  money.     How  many  has  he  of  each  sort  ? 

37.  A  bill  of  £50  is  paid  with  sovereigns  and  moidores  of 
27  shillings  each,  and  3  more  sovereigns  than  moidores  are 
given.     How  many  of  each  are  used  ? 

/ 

38.  A  sum  of  money  amounting  to  £42.  8«.  is  made  up  of 
shillings  and  half-crowns,  and.  there  are  six  times  as  many 
half-crowns  as  there  are  shillings.  How  many  are  there  of 
each  sort  ? 

39.  I  have  .£5.  Us.  3d.  in  sovereigns,  shillings  and  pence. 
I  have  twice  as  many  shillings  and  three  times  as  many  pence 
as  I  have  sovereigns.    How  many  have  I  of  each  sort  ? 


^UATIONS. 


Vin      ON    THE    METHOD    OF    FINDING 
THE  HIGHEST  COMMON  FACTOR. 

119,    An  expreasion  is  said  to  be  a  Var>^  „f        .1. 
expre3s,„„  when  the  latter  i,  divi«blo  by  thffotef      °"'" 
Tluis  3a  is  a  factor  of  12a, 
^^V of  15a;y. 

Thus  3a  i«  a  common  factor  of  I2a  and  15a 

f" of  15xy  and  airt/, 

of  &,  12s2  and  Iftj^. 

the  former  isXsZ!       ^         '""''"™  ''^  "■■■*  '"'''  »' 
Thus  eaMs  the  Highest  Common  Factor  of  12„.  „„a  ,8< 

of  10a;3t/,  15a;y 

„  and  25a:4t/3. 

Note.    That  which  we  c-^H  tliP  TTmhoof  ri 

-ned  brother,  the  ff™L/(^L^l«^^™™™f-'oHs 

«m««  «««„-.    Our  reasons  for  reie-til  .L  **''"' 

I'e  given  at  the  end  of  the  chapter'        ^     ^  "'™''  **" 

th^.'H.o!'.!"  ""''  ""*'"'  ^°"""°»  ^-«<"  «-  abbreviated 

«acht  b^admlttrft^^thTh-'l'  !"  Arithmetic,  it  will 
<livide'l2,  18, tdSis  r  ^*'"''  "'""''^'  ""=''  ^Ul 

^°*'  12=2x3x2, 

18  =  2x3x3 

30  =  2x3x5.' 


It 
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Having  thus  reduced  the  numbers  to  tlieir  s^'mpleM  fuctore, 
it  appears  that  we  may  determine  the  Highest  Common  Factor 
in  the  I'ollowinfr 


'H  way. 


>ider. 

nher,  in 
,  ber  shall 


Set  down  the  factors  of  one  of  the  numbers  "u  on  j 

Place  beneath  them  the  factors  of  the  sec    ■ 
such  order  that  factors  like  any  of  those  of  th  Jirsi  •  ■ 
stand  under  those  factors. 

Do  tlie  same  for  tlie  third  number. 

Then  the  number  of  vertical  columns  in  which  the  numbers 
are  alike  will  be  the  number  of  factors  in  the  h.c.f.,  and  if 
we  multiply  the  figures  at  the  head  of  those  columns  together 
the  result  Avill  be  the  h.cp.  required. 

Thus  in  the  example  given  above  two  vertical  columns  are 
alike,  and  therefore  there  are  two  factor.!  in  the  h.c.f. 

And  th^  numbers  2  and  3  which  stand  at  the  heads  of 
those  columns  being  multiplied  together  will  give  the  h.o.p. 
of  12,  18,  and  30. 

124.     Ex.  1.     To  find  the  h.cp.  of  a%^x  and  a^i^z^. 

a%'^x=aaa.bb  .x, 
aHh? = aa   .bbb.xx; 
:.  H.C.F.  =aabbx 
=  a%^x.- 

Ex.  2.     To  find  the  h.c.f.  of  34a%<>c*  and  51a%*c*. 
34a%h*  =  2x  17  xaa  .  bbbbbb .  cccc, 


51a3&V  =  3  X  17  xaaa.  6666 
/.  H.c.p.  =  l7aa6666cc 
=  17aW. 


Examples.— xxxiv. 


.cc 


Find  the  Highest  Common  Factor  of 
I.  ^46  and  a^b^.  3.  Uxy  and  24xhj. 

4.  45m2n2jj  and  eOm^np*. 


2.  rn^h  and  x^y^z^. 


ffTGHEST  COMMON  FACTOR. 


5.  ISahhH  and  ZQa'^bcdP, 

6.  aW,  a%^  and  a*h\ 

7.  4aft,  lOac  and  306c. 


8.  l*lpq\  Mpiq  and  Sl^y. 

9.  8a;Va4,  I2x32/V  aiid  20aVi»«. 
10.  30xy,  90x27/3  and  120a;V 

^^^''^in^T^^^  '^  ---^  to  memory  the 

lactors.     Whe  e  a  kZ  1       '"T  T""'  ^''  ^^^^^^^^  into 

factors.  ^'^'  ^'"^  ^""'^'^^  ^'  ^•'^^olved  into  simpler 

a;2+7/= 
*^-y'=(«;-2/)(a;2+a:y  +  7/2) 

a^-2/'=(a;2  +  y2)(a;2-ya^ 
a* +  7/4  = 

x^-2zy  +  y2=.(x-y)a 

a^  +  3x27/  +  3x7/3  +  i/3 = (a;  +  7,)3 

a!3 -3x27/ +  3x^/2 -2/3=  (a;  _y)3 

a^'-l^C^-lXx+l), 

iB2  +  2x-3  =  (x-l)(x  +  3), 
.*.  H.o.F.=a;-l. 

Ex  AMPI.ES.--XXXV. 

I.  a2-52anda3_j3  „    „3.    3      ,, 

o     2    1.9      ,    .  4*  *  +2^  and(a  +  a;)». 

,2      9      ,.  5-  92^-1  and  (3x  + IV. 

.,29/  '      ^-  ^-25a2and(l-5a)«. 

7.  x^~y%  (x  +  yy  and  a;3+ 3x7/ +27/2. 

8.  X2-7/2,  x3-7/  and  x^-7xy  +  6y», 
4—  _     •"  •  i-ri*- ami  a'  +  oa+i 


«'-l=(x+l)(x-l) 

a;2+i  = 

^'-l  =  (a'-l)(a;2  +  x+l) 
a;'+l  =  (x+l)(x2-a;+l) 

a;4  +  l  = 

a;2+2x+l=(x+i)i 
a;2-2x+l=(x_i)3 
a^  +  3x2  +  3x+l  =  (a;+i)» 
a5»-3x2  +  3x-l  =  (a;_i)8 


? 


I     ,'  ■ 


','•'1  i:;; 
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127.  In  large  numbers  the  factors  cannot  often  be  deter- 
mined by  inspection,  and  if  we  have  to  lind  the  h.c.f.  of  two 
such  numbers  we  have  recourse  to  the  following  Arithmetical 
Bule  : 

"  Divide  the  greater  of  the  two  numbers  by  the  less,  and  the 
divisor  by  the  remainder,  repeating  the  process  until  no  re- 
mainder is  left :  the  last  divisor  is  the  h.c.f.  required." 

Thus,  to  find  the  h.c.f.  of  689  and  1573. 
689;  1573(2 
1378 

"195;  689  (3 
585 

104;  195(1 
104 

~9i;  104(1 
'  91 

13;  91  (7     ^ 
91 

.*.  13  is  the  H.C.F.  of  689  and  1573. 


Examples.— xxxvL 


^n:  . 


li 


Find  the  h.c.f.  of 

1.  6906  and  10359. 

2.  1908  and  2736. 

3.  49608  and  169416. 


4.  126025  and  40115. 

5.  1581227  and  16758766. 

6.  35175  and  236845. 


128.  The  Arithmetical  Rule  is  founded  on  the  followinj; 
operation  in  Algobra,  which  is  called  the  Proof  of  the  Rule  for 
finding  the  Highest  Common  Factor  of  two  expressions. 

Let  a  and  6  be  two  expressions,  arranged  according  to  de- 
scending powers  of  some  common  letter,  of  which  a  is  not  of 
lower  dimensions  than  h. 

Let  6  divide  a  with  j?  as  quotient  and  remainder  c, 

c h q  d, 

d ,c r  with  no  remaindey, 


lili 


HIGHEST  COMMON  FACTOR. 


n 


The  form  of  the  operation  m^y  be  shewu  thus : 

h)  a  (p 
pb 

7)b{q 

d)  0  {r 
rd 
Then  we  can  shew 

I.  That  d  is  a  common  factor  of  a  and  6. 

For  (I.)  to  shew  that  rf  is  a  factor  of  a  and  6 : 

=qrd  +  d 

=  {ir+ 1)  d,  and  /.  d  is  a  factor  of  o , 
and  a=ph\-c 

=p{qc+d)-\-o 

=pqc+pd  +  c 

=pqrd+pd  +  rd 

=(pqr+p  +  r)  d,  and  /.  d  is  a  factor  of  a. 

factfof'i*^  '"  '''"'"  '^''  any  common  faccor  of  a  and  6  is  a 

Let  5  be  any  common  factor  of  a  and  6,  such  that 
a=m8  and  b=nd. 


Then  we  can  shew  that  S  is  a  factor  of  i. 
For  d=b-qo 

=^b-q{a-pb) 

==b-qa+pqb 

^nS-qmS+pqnS 

=(n-qm  +pqn)  8,  and  /.  S  is  a  factor  of  d. 
Now  no  expression  higher  than  d  can  be  a  factor  of  d ; 
.-.  d  IS  the  Highest  Common  Factor  of  a  and  b. 


ill 
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129. 

Ex.    To  find  the  h.c.f.  olV + 2a5  + 1  and 

a;3+2a;3-r2«+l. 

«*+ 2a;  + 1^  a^  +  2a;2 -H  2a;  + 1  (a? 
a;3  +  2x8+a; 

a;+i;a;2+2x+l(x+l 
a;2  +  a5 

i 

a;  +  l 
a;+l 

Hence  a;+ 1  being  the  last  divisor  is  the  h.c.f.  required. 

loo.  m  the  algebraical  process  four  devices  are  frequently 
useful.  These  we  shall  now  state,  and  exemplify  each  in  the 
next  Article. 

L  If  the  sign  of  the  first  term  of  a  remainder  be  negative, 
we  may  change  the  signs  of  all  the  terms. 

II.  If  a  remainder  contain  a  factor  which  is  cleany  not  a 
common  factor  of  the  given  expressions  it  may  be 
removed. 

III.  We  may  multiply  or  divide  either  of  the  given  expres- 

sions by  any  number  which  does  not  introduce  or 
remove  a  common  factor. 

IV.  If  the  given  expressions  have  a  common  factor  which 
»  can  be  seen  by  inspection,  we  may  remove  it  from 

both,  and  find  the  Highest  Common  Factor  of  toe 
parts  which  remain.  If  we  multiply  ..Ma  result  by 
the  ejected  factor,  we  shall  obtain  !,he  Highest  Com- 
mon Factor  of  the  given  express^'.  \?,. 

131.     Ex.  I,    To  find  the  h.c.f.  of  2d^-a-l  and 

6a;a-4a;-2. 
2a!a-a;-l}6a;2-l(;    i(3 


ii:  J 
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Change  the  signs  of  the  remainder,  and  it  becomes  «-l. 

«-i;2a;2-a;-l(2xvl 

2a;2-2a; 

a;-l 
The  H.o.F.  required  is  »- 1. 
Ex.  II.    To  find  the  h.c.f.  of  a;«+3x  +  2  and  x^^-bx^^, 

a;2  +  3a;  +  2 
2a;  +  4 
Divide  the  remainder  by  2,  and  it  becomes  «  +  2. 

aJ+2;a;2  +  3a;  +  2(»  +  i 
a;2  +  2a; 

a;+2     • 
a;  +  2 

The  H.C.F.  required  is  a; +2 

Ex.  III.    TofindtheH.o.F.of  12a;2+iB-landl5a;2+8x+l 
Multiply  15x2  +  8a; +1 

by        4 
12a;2  +  a  - 1;  6to2T32a;  +  4(6 
6ac2+  5a; -5 

27aHh9 

Divide  the  remainder  by  9,  .ad  the  result  is  3a;  + 1.  . 
3a;  + 1^  12a;2  +  re  - 1  (4a;  _  1 
i^a;2  +  .^^ 

3»-l 

The  H.C.F.  i&  tlieiefore  3a;  + 1. 

Ex.  IV.    To  find  the  ii.o.F.  of  a;'-  5a;2  +  6a;  and 

a;'-10a^»  +  21a; 


m 


if;, 


I 
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Then  we  have  remaining  x^  _  5^5  +  e  and  as^  -  10a; + 21. 
The  H.,c.F.  of  these  expressions  is  a;-  3.  ^ 

The  H.CF.  of  the  original  expressions  is  therefore  :^-8(fc 

EXAMPLES.— XXXVii. 
Find  the  h.o.f.  of  the  following  expressions ; 

1.  »2  +  7aj^i2a,nda;3  +  9a;  +  20. 

2.  a;2  +  12a;  +  20  and  x^  +  14x  +  40. 

3.  »2  _  17a.  +  7Q  and  a;^  -  13a;  +  42. 

4.  x2  +  5a.  _  34  jjjjd  x2  +  21a;  + 108. 

5.  a;2  +  a;-12anda;2-2a!-3. 

6.  x2  ^  5a.y  ^  gy2  and  x'-*  +  %xy  +  9^^^ 

7.  x2  -  ^xy  +  8i/2  and  x^  -  8xy  +  16y\ 

8.  a;2  -  13aj?/  -  30i/2  and  x^  _  iga^  +  45^8 

9.  x^  —  y^  and  x'^  -  2xy  +  y\ 

10.  a^-^y^  and  x^  +  3^21/  +  ^xy^  +  y^. 

11.  X* - ?/*  and  x2 - 2xt/  + 1/^. 

12.  cc^  +  y^  and  x^  + 1/^. 

13.  X*  - 1/*  and  x2  +  2xy  -+■  t/2. 

14.  tt2-62+26c-c2and  a^  +  2ab  +  b'^-2ae-2hc+A 

1 5.  12x2  +  7xy  +  f  and  28x2  +  3xt/  -  ?/2. 

1 6.  6x2  +  XT/  -  2/2  and  39x2  _  22xt/  +  3i/2. 

1 7.  15x2  _  8a;y  4-  y2  and  40x2  -  2xy  -  y\ 

18.  x^-5x3  +  5x2-l  and  x*  +  x3-'^.  ."  +  ./+ 1, 

19.  x*  +  4x2+16andx^  +  x*-2x3  +  17   ■-lOx  +  20. 

20.  X*  +  x27/2  +  y^  and  x*  +  2x-i/  +  3x2y2  +  2x^/3  +  2/*. 

21.  x«-6xH  9x2-4  and  x«  +  x^-2x*  +  3x2-«-2. 


.^  ;  '■' 
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24.    21x2-83xi/-27x  +  222/-^  +  992/and  12x2-35x2/-6x 


25. 

26. 

27. 

28. 

29. 

30. 

31. 


-33t/2  +  22y. 
3a3  -  12a2  -  a2J  +  lOaft  -  262  and  ea^  - 1 7a26  +  8a62  _  53, 

18a3-  18a2a;  +  Ux^-Q^  and  60a2- 75aa;  +  15x2. 
21a:3_26a;2^83.  jjjj(j  6a.2_a._2. 

6,x4  +  29a2a;2  +  Qa^  and  3^3  -  \hax^  +  ^23;  _  5^3 
a^  +  A^  +  a;2|/  + 1/3  and  a;*  -  ^. 
2x3  +  10x2  +  14x  +  6  and  x3  +  a;2  +  7^;  +  30 
45a3a;  +  3(^2^.2  _  9^^^  ^  ^^  ^^^  ^^^^^  _  ^^^ 


132.  It  is  sometimes  easier  to  find  the  h.c.p.  by  rmrsi«a 
the  order  in  which  the  expressions  are  given.  ^ 

Thus  to  find  the  h.c.f.  of  21x2  +  38x  +  5  and  129x2  +  221x  + 10 
the  easier  course  is  to  reverse  the  expressions,  so  that  thev 
8tand  thus,  5  +  38X  +  21X2  and  10 +  22L4- 129x2,  and  then  to 
proceed  by  the  ordinary  process.  The  h.c.f.  is  3x  +  5  Other 
examples  are  v^mer 

(1)  187x3  -  84x2  +  31x  -  6  and  253x3  -  14x2  +  29x  - 12, 

(2)  37l2/V267/2-5%  +  3  and  469^/3 +  757/2 -1037, -21, 
of  wliich  the  H.C.F.  are  respectively  1  Ix  -  3  and  ^y  +  3. 

133.  If  the  Highest  Common  Factor  of  three  expressions 
«,  6,  c  be  required,  lind  first  the  h.c.f.  of  a  and  6.     lilCZ 

of  a,Vc.  '  '  '""  '''  """•  ''  '  •^"'  '  ^'''  ^^  ^^'  ---^ 

134.  Ex.    To  find  the  H.C.F.  of 

x3  +  7x2-x-7,x3  +  5x2-x-5,andx2-2x  +  l. 

toL^XY''^''''^''"''"''"^"'-''"'--^-'^^"^^^-^^^^ 
^_The  mc.F.  of  x2-l  and  x2-2x+l  will  be  found  to  be 
Hence  x- 1  is  the  h.c.f.  of  the  three  expressions, 


!il 


11 


■m 
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FRACTIONS. 


Examples.— xxxviii.  ^ 

Find  the  Highest  Common  Factor  of 

1.  a;2  +  5x  +  6,  »2  +  7a5+io,  and  a;2+12a;  +  20. 

2.  a3  +  4a;2_5^  jg3_3a5  4.2^  and  x^  +  4x2  _  8»  +  3. 

3.  2a;2  +  a;-l,  a;2  +  5a;  +  4,  and  cc'  +  l. 

4-    2/3-2/''-i|+l,  3^2_2t^_i^and7/-/  +  i/-l. 

5.    a;3-4a;2+9a;-10,c63  +  2a;2_3a;  +  20,  and 

a;3  +  5a;2-9a;  +  35. 
^  -  1x^  +  16x  - 12,  3x3  _  14x2  +  i6x,  and 

5x3- 10x2+ 7x- 14. 


6. 

7. 


2^3  _  5y2  ^  X 1^/ - 15, 1/3  -  7/2  +  32/ +  5,  and 

2t/3-77/2+16i/-15. 


Note.  We  use  the  name  Highest  Common  Factor  instead 
of  Greatest  Common  Measure  or  Highest  Common  Divisor  for  the 
following  reasons  : 

(1)  We  have  used  the  word  "  Measure  "  in  Art.  33  in  a 
different  sense,  that  is,  to  denote  the  number  of  times  any 
quantity  contains  the  unit  of  measurement. 

(2)  Divisor  does  not  necessarily  imply  a  quantity  which 
is  contained  in  another  an  exact  number  of  times.  Thus  in 
performing  the  operation  of  dividing  333  by  13,  we  call  13 
divisor,  but  we  do  not  mean  that  333  contains  13  an  exact 
number  of  times. 


S  V    rt 
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135.    A  QUANTITY  a  is  called  an  Exact  Divisor  of  a  quan- 
tity 6,  when  6  contains  a  an  exact  number  of  times, 

A  quantity  a  is  called  f  Multiple  of  a  quantity  b,  when  a 
contains  h  an  exact  number  of  times.  * 
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136.  Hitherto  we  have  treated  of  quantities  whicli  contain 
the  unit  of  measurement  in  each  case  an  exact  number  of 
times. 

We  have  now  to  treat  of  quantities  which  contam  some  exact 
divisor  of  a  primary  unit  an  exact  number  of  times. 

We  said  in  Art.  33  that  to  measure  any  quantity  we  take  a 
known  standard  or  unit  of  the  same  kind.  Our  choice  as  to 
the  quantity  to  be  taken  as  the  unit  is  at  first  unrestricted,  but 
when  once  made  we  must  adhere  to  it,  or  at  least  we  must 
give  distinct  notice  of  any  change  which  we  make  with  respect 
to  it.     To  such  a  unit  we  give  the  name  of  Primary  Unit. 

138.  Next  to  explain  what  we  mean  by  an  exact  divisor  of 
a  primary  unit.  •' 

Keeping  our  Primary  Unit  as  our  main  standard  of  moa- 
Burement,  we  may  conceive  it  to  be  divided  into  a  number  of 

z:iZu::!r^'  ^-^  ^-^  -'  -''-''  -  -^  *^^^  -- 

Thus  we  may  take  a  pound  as  the  unit  by  which  we  mea 
sure  sums  of  money,  and  retaining  this  steadily  as  the  primary 
urn  ,  we  may  s  ill  conceive  it  to  be  subdivided  into  2Vequal 
par  s.  We  call  each  of  the  subordinate  units  in  this  case  a 
shilling  and  we  say  that  one  of  these  equal  suhordinate  ^Zl  il 
one-twentiethpart  of  the  primary  unit,  that  is,  of  a  pound 

These  subordinate  units,  then,  a.     exact  divisors  of  the 
primary  unit.  ^    ^"^ 

139.     Keeping  the  primary  unit  still  clearly  in  view   wp 
represent  one  of  the  subordinate  units  by  the  following  note! 

We  agree  to  represent  the  words  one-third,  one-fifth,  and 

one-twentieth  bv  the  svmbols  1^1         j 

uy         sjmoois  -,    -,    —    and  we  say  that  if 

the  Primary  Unit  be  divided  into  three  equal  parts,  ^  will 
represent  one  of  these  parts.  ■  '  ^ 


• 


m^-' 


■ 
-t 
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!.;    ..mil 


^!!!^' 


'*  1i, 


?1 


78 


FRACTIONS. 


If  we  have  to  represent  two  of  these  subordinate  units,  we 

2  3 

do  so  by  the  symbol  ^  ;  if  three,  by  the  symbol  ^  ;  if  four,  by 

o  0 

4 
the  symbol  ~,  and  so  on.     And,  generally,  if  the  Primary  Unit 

be  divided  into  6  equal  parts,  we  represent  a  of  those  parts  by 

the  symbol  t. 

140.  The  symbol  ^  we  call  the  Fraction  Symbol,  or,  more 

briefly,  a  Fraction.  The  number  helow  the  line  is  called  tbe 
Denominator,  because  it  denominates  the  number  of  equal 
parts  into  which  the  Primary  Unit  is  divided.  The  number 
ahome  the  line  is  called  the  Numerator,  because  it  enumerates 
how  many  of  these  equal  parts,  or  Subordinate  Units,  are 
taken. 

141.  The  term  vtimber  maybe  correctly  applied  to  Frac- 
tions, since  they  are  measured  by  units,  but  we  must  be 
careful  to  observe  the  following  distinction  : 

An  Integer  or  Whole  Number  is  a  multiple  of  the  Primary 

Unit. 

A  Fractional  Number  is  a  multiple  of  the  Subordinate 
Unit. 

142.  The  Denominator  of  a  Fraction  shews  what  multiple 
the  Primary  Unit  is  of  the  Subordinate  Unit. 

The  Numerator  of  a  Fraction  shews  what  multiple  the 
Fraction  is  of  the  Subordinate  Unit. 

143.  The  Numerator  and  Denominator  of  a  fraction  are 
called  the  Terms  of  the  Fraction. 

144.  Having  thus  explained  the  nature  of  Fractions,  we 
next  proceed  to  treat  of  the  operations  to  which  they  are  sub- 
jected in  Algebra. 

145.  Def.  If  the  quantity  x  be  divided  into  h  equal  parts, 
and  a  of  those  parts  be  taken,  the  result  is  said  to  be  the 

fraction  r  of  x. 
0 


If  X  be  the  unit,  this  is  called  the  fraction 


a 
b' 


•       V 
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146.    If  the  unit  be  divided  into  h  equal  parts,  ~~ 

J  wiU  represent  one  of  the  parts. 

S 

I <^wo 

8 

■g three  „„ 

And  generally, 

J  will  represent  a  of  the  parts. 

147     Next  let  us  suppose  that  each  of  the  h  parts  is  mh 
«  into  c  equal  parts:  then  the  un;t  has  b^en  d^lild 
into  he  equal  parts,  and  fli^ded 

-^  will  represent  one  of  the  subdivisions. 

2 

U  <^ow 

And  generally, 
a 
he  »    

148.     To  shew  that  ?'  =  * 
he     h 

Let  the  unit  be  divided  into  h  equal  parts. 

Then  ^  will  represent  a  of  these  parts /^v 

part''  '"'  "'"^  "^  ''''  *  P"'^  '^^  ^"^^^-i'l^'l  ^'^to  c  equal 
Then  tne  pnmary  unit  has  been  divided  into  6c  equal  parts, 

and  ^  will  represent  ac  of  these  suhcUvisions (g). 

^Now  one  of  the  parts  in  (1)  is  equal  to  c  of  the  subdivisions 

.*.  a  parts  are  e  lual  to  ac  subdivisions ; 

.  (i,_ac 
0     he 


p|  i. 
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FRACTIONS. 


Cor.    We  draw  from  this  proof  two  inferences  : 

I.  If  the  numerator  and  denominator  of  a  fraction  be 
multiplied  by  the  same  number,  the  value  of  the  frac- 
tion is  not  altered. 

II.  If  the  numerator  and  denominator  of  a  fraction  be 
divided  by  tlie  same  number,  the  value  of  the  fraction 
is  not  altered. 

149.    To  make  the  important  Theorem  established  in  the 
preceding  Article  more  clear,  we  shall  give  the  following  proof 

that  -=  --,  by  taking  a  straight  line  as  the  unit  of  length. 
5    20 


II 


D 


F 


B 


0 


Let  the  line  ^0  be  divided  into  5  equal  parts. 
Then,  if  B  be  the  point  of  division  nearest  to  G, 


AB  is  i:  of  AG. 
o 


(!)• 


Next,  let  each  of  the  parts  be  subdivided  int(v  4  equal  parts. 


Then 
ftnd 


AG  contains  20  of  these  subdivisions, 
AB  16 


ABis^ofAG 


(2). 


Comparing  (1)  and  (2),  we  conclude  that 

4^16 
5    20* 

150.  From  the  Theorem  established  in-  Art.  148  we  derive 
the  following  rule  for  reducing  a  fraction  to  its  lowest  terms  : 

Find  the  Highest  Gommon  Factor  of  the  numerator  and  denomi- 
nator and  divide  both  by  it.  The  resulting  fraction  will  be 
one  equivalent  to  the  original  fraction  expressed  in  the  simplest 
terms. 


FRACTIONS. 
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161.  When  the  numerator  and  denominator  each  consist  of 
a  single  term  the  h.c.p.  may  be  deteiruined  by  inspection,  oi 
we  may  proceed  as  in  the  following  Example : 

To  reduce  the  fraction  j-^^a  ^^  i^s  lowest  terms, 

lOg^feV^  2  X  5  X  aaabbcccc 
UaWc'^^  2x6 xaabbbcc' 
We  may  then  remove  factors  common  to  the  numerator  and 
denominaiur,  and  we  ahall  have  remaining  ^-^i^. 

.-.  the  required  result  will  be  ^J? 

152.    Two  cases  are  especially  to  be  noticed. 

(I)  If  every  one  of  the  factors  of  the  numerator  be  removed, 
the  number  1  (being  always  a  factor  of  every  algebraical 
expression)  will  still  remain  to  form  a  numerator. 

3a2c  Saac  1 


Thus 


12a3c2    3  X  4  X  aaacc     4ac 


(2)  If  every  one  of  the  factors  of  the  denominator  be  removed, 
the  result  will  be  a  whole  number. 


Thus 


12a^c2    3  X  4  X  aaacc 


Sah 


3xaac 


=4ac. 


This  is,  in  fact,  a  case  of  exact  division,  such  as  we  have 
explained  in  Art.  74. 


Examples.— xxxix. 

Eeduce  to  equivalent  fractions  in  their  sim^'^  M  terms  the 


following  fractions 


I. 


4a2 
12a3' 

^'    45xYz^' 

blay^z 
''    34a2^a* 
[8.A.] 


2. 

5- 

8. 


8a^ 
36x2- 

7aW 
aiaSftV 

15a6V 
\2a%\^ 


24a36a- 


^     4aan/ 
9- 


3a&c* 


Gx^y^z 


i8«3' 


^ 

*?^^.. 


S>J<*.'^< 
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FJ?  ACTIONS. 


lo. 


13- 


210mhi^p 
42m^n^' 

3xy^-  5xh/z' 


II. 

14. 

17. 


a» 


12. 


15- 


18. 


I4mhi 


21m^j?  -  7njx' 
abc  +  bay' 


19. 


20. 


21. 


22. 


23. 


5!B*  +  5a;V 
lOa-lOy 

7aV-76^ 

6a6  +  8cd 
27a262a;_48oSd»B' 

2as!  -  ^aa^* 


a^  +  a6' 

4ttx  +  2a^ 
8aa^^:^^2x2" 

12a62-6a6  

862c-2c  •         '"•vc2  +  4ac+4a?» 

*Ja¥7?  -  7a6^y' 
14a^6cx*  -  14a36c2/2* 

5g»  +  45diBg 
10c«9  +  90ci!B«' 

10a2+.20a&+10y 

4a;^-8!cy  +  4y^ 
48(«-y)a    • 

i 

imx  +  bna? 
^my  +  bnacy' 


24. 

35. 

26. 

27. 
28. 


153.  We  shall  now  gire  a  set  of  Examples,  some  of  which 
may  be  worked  by  Kesolution  into  Factors.  In  others  the 
H.c.F.  of  the  numerator  and  denominator  must  be  found  by 
the  usual  process.  As  an  example  of  the  latter  sort  let  us 
take  the  following : 

a^  _  4a;2  — .  xSjc — 14 
To  reduce  the  fraction  „  ._,  i_2u.  4.21  ^^  *^  lo^^t  terms. 

Proceeding  by  the  usual  rule  for  finding  the  H.O.F.  of  the 
numerator  and  denominator  we  find  it  to  be  a?  -  7. 

Now  if  we  divide  ct?—4x^-19x-14:  by  x—7,  the  result  is 
062+305  +  2,  and  if  we  divide  2!»'-9x2-38a;  +  21  by  a;-7,  the 
result  is  2a;2  +  6x  -  3. 

Hence  the  fraction  -^  -  _„  is  equivalent  to  the  proposed 
fraction  and  in  in  its  lowest  terras. 


I. 


(Ma  +  10 
a2'+5a+6* 


EXAMPLES.—Xli 

a;2-9x  +  20 


2. 


a;«-2aj-3 


a;2-7x  +  i2*  3-    a2_ioa.  +  2r 


'iilt 


■21m^p-7mz 
a^c  +  bcy' 
-  c^  +  Aac  +  4a^ 

5a26      • 
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0^ 
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,  some  of  which 

In  others  the 

ist  be  fouud  by 

».tter  sort  let  us 


',U  lowest  terms. 

the  H.O.F.  of  the 
-7. 

-  7,  the  result  is 
21  by  a; -7,  the 

to  the  proposed 


a;^-2g--3 


8. 


9-    -^ 


a;^-4a;'^  +  9a;-10 
ic'+2a;2_3a;+20* 

3^-5x^+llx- 16. 

a3-8a;2+21a;-18 


x'  +  x  +  r 


gfi-y9 


lO. 


II. 


12. 


13- 


21. 


24. 


25. 


3!K3_16a;2  +  21a;  • 

x"-7a^+16x-12 
•6a^-14x^+16x~' 

xl^  —  a^y—xy^—y*' 
a^  +  4a2-5 

63  +  462-56 
63-66  +  5  • 

3a;2  +  2a;-l 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


m3+3m2-4m 
m^-lm  +  Q  ' 

a»  +  2a2+2a  +  r 

3aa;2-13aa  +  14a 
7«3_i7a;2  +  6«"' 

14ay»-34x+12 
9aa;2- 39003  + 42a* 

IQq- 24^2  +  14^8 
15--24«  +  3a2  +  6a*' 

2a63  +  a62-8a6  +  5ff 
76^-1262  +  56     • 

a3-3a2  +  3a-2 


x^+x^-x-l 


22. 


a2-a-20 
a2  +  a-12* 


23- 


26. 


27. 


28. 


29. 


30. 


31- 


32. 


(a;  +  y+g)2  +  (g-y)2 +^ -2)2+^^3 

x^  +  y^  +  z^  ~' 

2aj*-a^-9a;2+13a;-5 

7x«-19a;2+l7a;-5  '       33- 
16a;*-53»2  +  45a;  +  6 


a^-3a;2+4a;-2 
a53-K2_2a;  +  2' 


15o2  +  a6-2y 
9a2  +  3a6-26«' 

a;2-7»  +  10 


8a^-30a;3  +  31aj2-l2'        34-     2«2_a;-6 


4a:2-12aa;  +  9o2 
8a3-27a3     * 
6g3-23a;a  +  i6a;-3 
6x3-17a;2+llx-2* 
g^-6g2  +  iia;_6 
a;3-2x2_a;  +  2  * 

m^  +  m^  +  m-3 
m3  +  3m2  +  5m  +  3' 
a^  +  5j;^-g2_5a. 

a^  +  3x3_a._3- 

o2-62-26c-c2 
o2  +  2a6+ 62-08' 


35- 
36. 


a;3  +  3!B2  +  4a;+12 
a;3  +  4a32  +  4a;  +  3* 
x^-x^-2x  +  2 


2x3  _ 


a!-l 


38. 


39- 


40. 


a;3-2a;2-15g  +  36 
3a;2-4a;-16     * 

3a;3  +  a;2-5a;4.2i 
6«3  +  29»2  +  26a;-2r 
v^  —  a?-  4x2  —  a;  + 1 
4a;3-3a;2-8a;-l* 

a3-7a2+16a-ia 
3a8-14a2+16a  * 


■ 


•1    I 


:4 
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FRACTIONS. 


a 


154.    The  fraction  t  is  said  to  be  a  proper  fraction,  when  a 
is  less  than  b.  < 


a 


The  fraction  v  is  said  to  be  an  improper  fraction,  when  a  h 
greater  than  b. 

155.  A  whole  number  x  may  be  written  as  a  fractional 
number  by  writing  1  beneath  it  as  a  denominator,  thus  =-. 

156.  To  prove  that  r  of  j=t^. 


Divide  the  unit  into  bd  parts. 

Then  j-  of  j  =  i  of  rr 
b      a    b      bd 


\ 


a 


=T  oibc  of  these  parts 


ac 


=-T-  of  6c  of  these  parts 
=  oc  of  these  parts 


(Art.  148) 

(Art.  147) 

(Art.  148) 
(Art.  147). 


Bat 


ac 


■j-^=ac  oi  these  parts  j 

a   c  c    ao 

•  _  of  — = . 

'  b      d    bd' 


This  is  an  important  Theorem,  for  from  it  is  derived  the 
Bule  for  what  is  called  Multiplication  of  Fractions.    We 

ill        /* 

extend  the  meaning  of  the  sign    x   and  define  ^x-,  (which 

according  to  our  definition  in  Art.  36  has  no  nxeaning)  to  mean 

J-  of  -3,  and  we  conclude  that  r  ^  j=  ij>  which  in  words  gives 

lis  this  rule — "  Take  the  product  of  the  numerators  to  form 
the  numerator  of  the  resulting  fraction,  and  the  product  of  the 
denominators  to  form  the  denominator." 

The  same  rule  holds  good  for  the  multiplication  of  three  or 
more  fractions. 
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as  a  fractional 
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167.     To  fhtw  iUi%~-^=^. 
0    a     he 


The  quotient,  x,  of  ^  divided  by  ^  is  such  a  number  that  « 

multiplied  by  the  divisor  ^  will  give  as  a  result  the  dividend  - 

"'  .  b 

•  ?^_* 
"  d~b'' 


.  d    .xc    d    .a 
•  • -of-j-  =  -of  I-; 
each* 

•  ^<^^  _^d  ^ 

cd  ~ be* 

,     _ad 

•  *~¥* 

Hence  we  obtain  a  rule  for  what  is  called  Division  of 

Fractions. 

n.       a     c    ad 


a 


^ _a    d 

b  '  d~b    e' 


Hence  we  reduce  the  process  of  division  to  that  of  multipli- 
cation by  inverting  the  divisor. 


on  of  three  or 


158.    The  following  are  examples  of  the  Multiplication  and 
Division  of  Fractions. 

T      ^s,Q„_2a;     3a    6ax    2x 


,     ^  "ir,-^^  .3a_3a;^  1      3x 


3> 
4- 
5. 


X 


4a2    3c^3x4xa^c    gg 
9c2^2a    2x9xa(i^~3c' 


27?/2-9y    271/2  ^Tx    7T27^2-3j^ 

—  -^  6c  _  2ffl  X  9b  X  6c   3 
36  ^  10c  ^  4a~ 36  x  10c  x  4a^Z' 


(«.  i" 


^  ■ '»    '*i 


,4  ■< 


."I"  ■ 

H;:l 


III 

■P  fi.} 
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FRACTIONS, 


,a!8+7«2''  «-4 


^     as^-4a;    g;^  +  7g     g(g-4)     a(x  +  7) 

_g(a;-4)a:(a;  +  7)    , 
x2(»  +  7)(a;-4)~^* 


o'-y      ,4(a2-a6)         ^2-62  aS  +  a^ 


(a  +  6)(a-6)     0(0  +  6) 
*(o  +  6)(o  +  6)^4a(^6) 
^(o  +  6)(o-6)o(o  +  5)     1 
"(a+6)(a+ 6)40(0-6)°' 4* 

Examples.— xU. 


Simplify  the  following  expressions : 


I. 


4y  "^  9^-' 
8o263     ISigy* 


45a;2i/    24a362* 

3x2t/    5i/2isj     I2x» 
4aw2     6x1/     20an^2* 


9wi2n2    5p2g    24x2j^' 
Sp'j'      2£CT/     90m»i* 


3a    26 
^'    46''3^' 

^H\     20086*6 


5. 


10o262c     \%xfz 


4a^    3g 
3-    9y2^2y 

^     2a    46     5c 
''    56^3c''6o- 


7a^    20c3(j2     4^g 

^'     5r,2#^42^^36(Z' 

25A;Sm2     70ra3g     ^wi 
'°*     14n222^7^a^^^ 


Examples.— xlil. 


Eeduce  to  simple  fractions  in  their  lowest  terms : 

5- 


0-6         o2-62 

a2  +  a6    d^-ah' 

a;2  +  4a;    4z2  -  12a; 
^    a;2-3a;^3a;2  +  l2» 

g2  +  3a;  +  2    x^-*Jx-\-l'2 
3-    a2-5»+6^      x^  +  x     ' 


a;2  +  a5-2    x2-13x+42 
X 


x^-lx 


a;2  +  2x 


a;2-iiK+30    x'^-Zx 


a;2-6»  +  9      x'^-bx 

g        g2-4       052-26 

PT5x^a;2  +  2a;' 


o2-4a  +  3  o2-9o  +  20  o2-7o 
^'  a^-ba  +  i^ a^-lOa  +  21^ a^-5d 
^    62-76  +  6    62  +  106  +  24    ¥-6b^ 
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lo. 


II. 


12. 


13. 


^-y'     ^<^-2y\.x^-xy 


x^-3xy  +  2y^     x^  +  xy     {x-yf 

a«-(6-c)2^c2-(a  +  6)2' 
(g-m)2-wg    a;2-(ro-m)« 

(a  +  6)g-(c  +  d)2    (a-6)2-(d-c)» 
(a  +  c)2  -  (6  +  rfp  ^  (a  -  c)2  -  (d -6)a* 

a;^-2a^  +  y2-g^    x  +  y-z 
Ji'  +  Zxy  +  y^-z^^x-y+z 


a;2-13x+42 


EXAMPLES.— Xlili; 

Simplify  the  following  expressions  : 

I5y  .  52/2 


2a.  3& 
a;     6c 

4.    — -r3a&. 
7.    y^2.       8. 


2. 


1;. 


14»  *  73 


3p     .    2p 


2p-2  >-r 
1         1 


3- 
6. 


^^  _j_  Sir" 
16^3  :  3(j^. 

'  5x' 


x'^-3x  +  2'  x~l'        ^'  a!2-17a;  +  30    x-l6' 


158.    We  are  now  able  to  justify  the  use  of  the  Fraction 
Symbol  as  one  of  the  Division  Symbols  in  Art.  73,  that  ia^ 

we  can  shew  that  ^  is  a  proper  representation  of  the  quotient 

resulting  from  the  division  of  a  by  6. 

For  let  X  be  this  quotient. 

Then,  by  the  definition  of  a  quotient,  Art.  72, 

hxx=a. 

Bat,  from  the  nature  of  fractions, , 

.  « 


,  ^  -•■ 


^  • . 


lii' 


ll 


It!   )■ 


te  i   . 


lii 
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TJ/£  LOWEST  COMMON  MULTIPLE. 


159.     Here  we  may  state  an  important  Theorem,  which  we 
shall  require  in  the  next  chapter. 

If  ad=hc,  to  shew  that  ?«4 
Since  ad=hCf 


ad 

be 

W 

-bd' 

.« 

e 

-r 

'5- 

X.  THE  LOWEST  COMMON  MULTIPLE. 

160.  An  expression  is  a  Common  Multiple  of  two  or 
more  other  exjpressions  when  the  former  is  exactly  divisible  bv 
each  of  the  latter.  ^ 

Thus  24a^  is  a  common  multiple  of  6,  83?  and  120". 

161.  The  Lowest  Common  Multiple  of  two  or  more 
expressions  is  the  expression  of  lowest  dimensions  which  is 
exactly  divisible  by  each  of  them. 

Thus  ISjb*  is  the  Lowest  Common  Multiple  of  6«*  Qa^ 
and  3a;.  x-  ,    *, 

The  words  Lowest  Comrar  1  Multiple  are  abbreviated 
into  L.c.M. 

162.  Two  numbers  are  said  to  be  prime  to  each  other 
which  have  no  common  factor  but  unity. 

Thus  2  and  3  are  prime  to  each  other. 

163.  If  a  and  6  be  prime  to  each  other  the  fraction  - 
la  in  its  lowest  terms. 

Hence  if  a  and  b  be  prime  to  each  other,  and  -=-  and 
if  w  be  the  h.o.f.  of  c  and  d, 

a=--  and  6= — ,. 
m  m 


wo  or  more 
ms  which  is 
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164.    In  finding  the  Lowest  Common  U^^\c,  nf  f«,« 
more  expressions,  each  consisting  of  ninT^ll      '""^  ^' 
proceed  as  in  Arithmetic,  thus  :  ^        ™'  "^^  "^^ 

(1)  To  find  the  L.O.M.  of  ^^  and  ISax*, 


2 
a 


4a'jj,  18aaj» 


Sa*!;,    9aa3 


2a2a;,    9»8 


^<i\    9a;a 

L.O.M.  =  2xaxa;x2a2x  9ar2=36a*r» 
(2)  To  find  the  l.c.m.  of  ah,  ac,  he. 


a 
b 
e 


«^  ac,  be 
b,  c,  be 
1,    e,    e 


I    1,    1,   1 

ifcCM. =ax  6  xc=a5c.  # 

<3)  To  find  the  l.o.m.  of  12a2c,  146c2  and  36a5«, 
2  jj2a2c,  145^2,  36aj2 
6 
a 
h 
e 


6a\ 

7bc% 

18a62 

a\ 

76c2, 

3a6a 

ac, 

76c2, 

362 

ac, 

7c2, 

36 

I       a,      7c,       36 
L.o.M.=2x6xax6xcxax7cx36=252a2JV. 


Find  the  l.o.m.  of 

1-  4ah  and  6a2iB2. 

2-  3cc2y  and  12xyK 

3-  4a36  and  8a262. 

4-  aa;,  a^x  and  a2ic«. 
5*    2aa;,  4ax^  and  {b*.  ' 


Examples.— xliv. 


6. 

7. 

8. 

9- 
lo. 


ah,  a^c  and  JZc*. 
a2a;,  a^y  and  a;2?/2. 
61a2a;2,  34ax3  and  oar*. 
5^)2?,  10j2r  and  20pqr. 
18a«2,  72a2/2  and  ]2a:y. 


T  ■ 
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i 
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166.    The  method  of  finding  the  L.O.M.,  given  in  the  pre- 
ceding nrtifcle,  may  be  extended   to  the  case  of  compound 
xprensions,  when  one  or  more  of  their  factors  can  be  readily 
letennined.    Thus  we  may  take  the  following  Examples  : 

(1)  To  find  the  l.o.m.  of  a-*,  c^-^^  and  o'+oas, 


a+x 


a-oj,  a^-a;',  a^  +  oa; 


1,      ffl+o;,  a'+oaj 


1,        1,         a 

L.O.M.  =  (a  -  »)  (a  +  «)  a = (a^  -  a2)a  =^  o?  -  aa^. 

(2)  To  find  the  l.c.m.  of  x^-\,v^-\,  and  4x«-4a^, 


aj»-l 


k2_i,  X* -1,4358 -4x* 


1,     x2+i^      4a4 
L.C.M.  :p  (x2  - 1)  (a;2  + 1)  4a;*  =  (x*  - 1)  4x« = 4x8  -  4aj«. 

166.  The  student  who  is  familiar  with  the  methods  of 
resolving  simple  expressions  into  factors,  especially  those  given 
in  Art.  125,  may  obtain  the  l.o.m.  of  such  expressions  by  a 
process  which  may  be  best  explained  by  the  following  Ex- 
amples : 

Ex.  1 .    To  find  the  L.O.M.  ofa^-o?  and  a}  -  a?. 

a?  -  y?=ifl - x)  (a*  +  ox +»*) 

Now  the  L.O.M.  must  contain  in  itself  each  of  the  factors  in 
each  of  chese  products,  and  no  others. 

/.  L.C.M.  is  (a  -  x)  (a  +  x)  (a^ + ax  +  %% 
the  factor  a-x  occurring  once  in  each  product,  and  therefore 
once  only  in  the  l.c.m. 

Ex.  2.    To  find  the  l.c.m.  of 

a2  -  h\  a2  -  2a&  +  h\  and  a^  +  2a6  +  6». 
a2- 62= (a +  6)  (a -6;, 
a2-2a&  +  62=(a-6)(a-6), 
a2+2a6  +  62=(a+6)(a+6); 

1,.0.M.  is  (a  +  5)  (a  -  6)  (a  -  6)  (a  +  6), 


\E, 
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+  00^ 


«-4a!*. 

1  methods  of 
y  those  given 
ressions  by  a 
ollowing  El- 
s'. 

the  factors  in 
and  therefore 


the  factor  a-h  occurring  twice  in  one  of  tli.'.  i)rodiicts,  and  a  +  6 
occurnng  t'wicc  in  another  of  the  prn.lucts,  and  therefore  each 
of  these  factors  must  occur  twice  in  the  l.o.m. 


1.  aj^and  a£c->rx\ 

2.  x^-1  and  a;2-aj. 

3.  aa -62  and  a2-ha6. 
4-  2x-l  and  4x2-1. 

5.  a  +  b  and  a^+h^. 

6.  «+ 1,05-1  andx2_i. 


Examples.— xlv. 

Find  the  l.c.m.  of  the  following  expiessions : 

10.  a;2-l,x2  +  ianda:*-l. 

11.  a;2-!c,  a^-1  andrc3  +  l. 

12.  x'^-l,x^-x&udx^-l. 
13-  i{a  +  l,  4a2-land8a3+l. 

14.  x  +  y  and  2x^  +  2a^. 

15.  (a  +  i)2anda2-62. 

7.  a;  +  l,«3-landa;2-i-a:+l.  16.  a  +  6,  a-6  and  a2-62. 

8.  a;  +  l,a;2+ianda,^  +  l.        17.  4(l+a;),4(l-a;)and2(l-a^. 

9.  a;-l,a;2-landtc3-l.        18.  x-l,x^+x  +  l  mdse'-l, 

19.  (a -b)(a- c)  and  (a - c) (6 - c). 

20.  (a;  + 1)  (a;  +  2),  (a;  +  2)  (x  +  3)  and  (a;  + 1)  (a? + 3). 

-  -  y\  {x  +  yf  and  (a;  -  yf. 

3)(«+ 1),  (a  +  3)(a- 1)  and  a2-l. 
y),  a;(a;2-'y2)anda;  +  2/. 
(a;  +  3),  (a; +  2) (a; +3) (a; +  4)  and  (a;+l)(a;+2). 

25.  a;--j^^,  3(a;-y)2  and  12  {v?  +  y% 

26.  6(a;2+a;2/),  8(a;y-2/2)  and  10(x2-y2j. 

167.  The  chief  use  of  the  rule  for  finding  the  l.c.m.  is  for 
the  reduction  of  fractions  to  common  denominr^ors,  and  in  the 
simple  examples,  ^vhich  we  shall  have  to  put  before  the  student 
m  a  subsequent  chapter,  the  rules  which  we  have  already  given 
will  be  found  generally  sufficient.  But  as  we  may  have  to  find 
the  L.C.M.  of  two  01'  more  expressions  in  which  the  elementary 
factors  cannot  be  determined  by  inspection,  we  must  now  pro- 
ceed to  discuss  a  Rule  for  finding  the  l.c.m.  of  two  expressions 
which  is  applicable  to  every  case. 
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1 68.    The  rule  for  finding  the  L.C.M.  of  two  expressions  a 

and  h  is  thik 

Find  d  the  highest  common  factor  of  a  and  h, 

a 
Then  the  l.o.m.  of  a  and  6  =  j  ^  6, 

5 


or. 


;xa. 


In  words,  the  l-CM.  of  two  expressions  is  found  by  the  fol- 
lowing process : 

Divide  one  of  the  expressions  by  the  h.O.f.  at  '  multiply  the 
quotient  by  the  other  expression.     The  result  is  the  L.O.M. 

The  proof  of  this  rule  we  shall  now  give. 

169.    To  |uid  the  l.o.m.  of  two  algebraical  expressi^  /A 
Let  a  and  &  be  the  two  algebraical  expressions. 
Let  d  be  their  h.o.f., 
X  the  required  L.O.M. 

Now  since  x  is  a  multiple  of  a  and  5,  we  may  say  that 

x='ma,    x=rib; 
:.  ma=nb; 

.•.^=^    (Art.  159). 
n    a    ^  ' 

Now  since  as  is  the  Lowest  Common  Multiple  of  a  and  b, 
m  and  n  can  have  no  common  factor ; 

.'.  the  fraction  —  mast  be  in  its  lowest  terms  ; 
n 


and    w=|    (Art  163). 


Hence,  since 
Alio,  since 


x=ma, 
h 

x=nb, 
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cpressiuns  a 


i  by  the  fol- 

multiply  the 

CM. 


essir  fifli 


lay  that 


f  a  and  b. 


•ma ; 


170.     Ex.     FindtL  L.,..Aofx«-13x  +  42andx«-19x  +  84. 
First  we  find  the  h.  .p.  of  the  two  expressicna  to  be  x-?. 

Then      L.o.i.  =  (^'ri35_+J2)  x  (^a  -  19a;  +  84) 

3J  —  7  * 

^^Now^each  of  the  factorri  composing  the  nui-^^mtor  is  divisible 

I>ivide  x2_i3a,  +  42  by  x-7,  and  the  quotient  is  x~6 
Hence  L.o.M.  =  (a;-.6)(xa-19x  +  84)=«3_25«2+i98a;-604. 

Examples,  —xlv*. 

Find  the  L.O.M.  of  the  f<ilIowing  expressions :     * 
35^  +  5x  +  6  and  x2  +  6a:  +  8. 
a'^-  a  -  20  and  a^  +  a-  12. 
i;2  +  3a!  +  2  and  a;2  +  4a;  +  3. 
a;2+r,    .  Wamla;''»+12a;  +  35. 
a;2-9    -22  and  x2- 13a; +  22. 
2a;2  +  3x+l  anda;2-x-2. 
^  +  a^'^y  +  xy  +  y''' and  ai^-y*. 

8.  a;2-8a;+15andx2  +  2a;-15. 

9.  21  x2  -  26a;  +  8  and  7a;3  -  4a;2  -  21a;  + 12. 

10.  a^  +  xhf  +  xy^+y^audci^-xh/  +  xy^-y8, 

11.  a3  +  2a^b  -a¥-  2b^  and  a^  -  2a%  -  a¥  +  253. 

171.    To  find  the  l.o.m.  of  three  expressions,  denoted  by 
a,  be,  we  find  m  the  l.o.m.  of  a  and  6,  and  then  find  M  the 
L.c.M.ofmandc.    ilf  is  the  l.o.m.  of  a,  6  and  c. 
The  proof  of  this  rule  may  be  thus  stated  : 
Every  common  multiple  of  a  and  b  is  a  multiple  of  m, 
and  every  multiple  of  m  is  a  multiple  of  a  and  6, 
therefore  every  common  multiple  of  m  and  c  is  a  common 
multiple  of  a,  b  and  c, 

and  every  common  multiple  of  a,  6  and  c  is  a  common 
multiple  of  m  and  c, 

and  therefore  the  l.c.m.  of  m  and  e  is  the  l.c.m.  of  a  6 
and  c.  ' 


I. 
2, 

3- 

4. 

5. 
6. 
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EXAMPLES.— Xlvii. 

Find  the  l.c.m.  of  the  following  expressions  : 

1.  a2_3a;4.2,  a;2-4x  +  3anda;2-5x  +  4. 

2.  c2  +  5x  +  4,  x2  +  4x  +  3andx2  +  7x+12. 

3.  x2  _  9a;  4-  20,  a;2  -  12x  +  35  and  x^  -  11a  +  28. 

4.  6x2  -  X  -  2,  21x2  _  iVa;  +  2  and  14x2  +  5^  - 1. 

5.  x2-l,  x2  +  2x-3and6x2-x-2. 

6.  x3_27,  x2-15x  +  36audx3-3x2-2x  +  6. 


XI.  ON  ADDITION  AND  SUBTRACTION 
»  OF  FRACTIONS. 

172.  Having  established  the  Kules  for  finding  the  Lowest 
Common  Multiple  of  ^xven  expressions,  we  may  now  proceed 
to  treat  of  the  method  by  which  Fractions  are  combined  by 
the  processes  of  Aedition  and  Subtraction. 

173.  Two  Fractions  may  be  replaced  by  two  equivalent 
fractions  with  a  Common  Denominator  by  the  following 
rule  : 

Find  the  L.O.M.  of  the  denominators  of  the  given  fractions. 

Divide  the  l.c.m.  by  the  Denominator  of  each  fraction. 

Multiply  the  first  Numerator  by  the  first  Quotient. 

Multiply  the  second  Numerator  by  the  second  Quotient. 

The  two  Products  will  be  the  Numerators  of  the  equivalent 
fractions  whose  common  denominator  ia  the  L-CM.  of  the 
original  denominators. 

The  same  rule  holds  for  three,  four,  or  more  fractions. 

174.  Ex.  1.  Eeduce  to  equivalent  fractions  with  the 
lowest  common  denominator, 

2x4-5      ,  4x- 7 
— - — ana  — :: — . 


ON 


OF  FRACTIONS. 


9S 


58. 
1. 


LACTION 


ttg  the  Lowest 

y  now  proceed 

combined  by 

wo  equivalent 
the  following 

en  fractions. 

fraction, 

tient. 

I  Quotient. 

the  equivalent 
I1.C.M.  of  the 

ractions. 
ions  with  the 


Denommators  3,  4. 

Lowest  Common  Multiple  12. 

Quotients  4,  3. 

New  Numerators  8a;  +  20,  1 2a;  -  21. 

Equivalent  Fractions --±^    12x-21 

12    '       12     • 

Ex.  2.    Reduce  to  equivalent  fractions  with  the  loweat 
common  denominator,  . 

•         5ft -f4c    6tt-2c    3a -56 
oh    '      ao    *      be  '' 
Denominators  ab,  ac,  be. 
Lowest  Common  Multiple  abe. 
Quotients  c,  b,  a. 
New  Numerators  56c  +  4c2,  6a6  -  26c,  3a^  -  5a6. 

Equivalent  Fiact'ons  ^^^i±!   6a6^-26c   3a^-5ah 

abc    *      abc     *      06c    "' 


Examples.— xlviii. 


3a;      ,  4a; 
I.    -7-  and  --• 
4  5 


2. 

4. 
5- 


^*~'^or.^  4a;-9 

?^and??^' 
^  +  ^^o«^  3a-46 

^-^"and^^-^" 


6.    tlA  and  """"^ 
^35- and —p-. 


7. 

8. 


5ac 


II. 


iZ. 


12a3c  • 
1 


and 

l+a?         l-z 

, s  and  = 5. 


and 


(a-6)(6-c)"^^(^i:6)(ar^- 

1  1 

a6  (a  -  6)  (a  -  c)         oc  (a-c)  (6^^)' 
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176.    To  shew  that  -r  +  j  =  — r  j— . 

Suppose  the  unit  to  be  divided  into  5(2  equal  paita. 

Then  ^  will  represent  ai  of  these  parts, 

he 
and  T-T  will  represent  &c  oi  tnese  parts. 

Now  r=o>  l^y  -AJ*'  I'iSj 

Hence  t  +  t  will  represent  a<i  +  6c  of  the  parts. 


But 


6(2 


will  represent  a<2 + ic  of  the  parts. 


_,       -     (a     e    acZ  +  6c 
Therefore  r  +  j= ~TJ~* 

By  a  similar  process  it  may  be  shewn  that 
a,    c  _ad  —  he 
b'd"    U    ' 

■.m^     o«       »  .  c     ad-i-ho      • 
176.    Since  g;+5=-j^, 

our  Rule  for  Addition  of  Fractions  will  run  thus  : 
'  "  Reduce  the  fractions  to  equivalent  fractions  having  the 
Lowest  Common  Denominator.  Then  add  the  Numerators  of 
the  equivalent  fractions  and  place  tlje  result  as  the  Numerator 
of  a  fraction,  whose  Denominator  is  the  Common  Denominator 
of  the  equivalent  fractions. 

The  fraction  will  be  equal  to  the  sum  of  the  original  frac- 
tions." 

The  beginner  should,  however,  ^^nerally  take  two  fractions 
at  a  time,  and  then  combine  a  third  with  the  resulting  fraction, 
as  will  be  shewn  in  subsequent  Examples. 

,,        .       a    6    ad  — be 
Also,smce^-^ g^-, 

♦T»f»  TJiilfi  ■ffji"  f!'}ihtTf!.c,tiiin  Qiis  frsLction  frotti  another  will  bs 
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Reduce  the  fractions  to  equivalent  fractions  having  the 
Lowest  Common  Denominator.  Then  suUract  the  Numerator 
of  the  second  of  the  equivalent  fractions  from  the  Numerator 
ot  the  first  of  the  equivalent  fractions,  and  place  the  result  as 
the  Numerator  of  a  fraction,  whose  Denominator  is  the  Common 
Denommator  of  the  equivalent  fractions.  This  fraction  will  be 
equal  to  the  difference  of  the  original  fractions." 

of  dffficuk^^'  "^^  '^"^^^  '^'''*''***  ^^  examples  of  various  degrees 

Note.  When  a  negative  sign  precedes  a  fraction,  it  is  best 
to  place  the  numerator  of  that  fraction  in  a  bracke.,  before 
combining  it  with  the  numerators  of  other  fractions. 

177.     Ex.  1.  To  simplify 

7      ■*■     14        ~2l~  +  ~4r"- 
Lowest  Common  Multiple  of  denominators  is  42. 
Multiplying  the  numerators  by  6,  3,  2,  1  respectively, 
?^^::A^4.?£l21y     l0a;-4«     9a;  +  2v 
42       "—42  42~  +  -42 

_24a;-18y  +  9a;  +  21y-(10a;-4y)  +  9a.^2^ 

42     ~ 

_  24a;  -  18y  +  9a; + 21y -I0a;+ 41/ +  9a;  4- 27/ 

42  ■ ^ 

32a;  +  9y 
"      42    '• 


Ex.2.  TosimpUfvB?+^ 


3a; 


4a;  +  2    1 

5a;    '*'7' 


Lowest  Common  Multiple  of  denominator  is  105a!.    ' 
Multiplying  the  numerators  by  35,  21,  i5a;,  respectively, 
70a! +  35    84a; +  42     15a; 
105a;  105a;    "^los* 

_  70z  +  35  -  (84a;  +  42)  +  15g 
"  105^ 

70a;  +  .^5  -  842  -  -dQ  -l  i  k~     -     »» 

105a;  ~T05»* 

[8.A.] 


'',i 


' 


i'i  . 


iii  vj 


•i' 


i  ii.r>; 


V  II 

iipi 


1 

' 

II 

I'I 
11' 

1 

11'' 
1  i ' 

1 

■ 

■  I 

J 

1 1 
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Examples.— xlix. 


4a5  +  '7    3a;-4 


& 


15 


3a-46     2a-6  +  c    13a-4c 


3 


12 


jg~_%  .  ^'g+'^y     5a! -2j/    9a;  +  2y 


14 


21 


+ 


42 


3a;-2y    5a;- 7y  .  8a;  +  2y 


5a; 


lOx 


25 


^2-7^2    3g-8y    5-2y 


3a;'' 


6x 


12 


4a2+562    3a  +  2&     7-2(i 


262 


56 


9 


4«  +  5     3x-7       9 


3  5a;    ^12x^' 

5a  +  26     4c- 36     6a6-76c 


3c 


2a 


14ac 


2a  +  5c     4ac-3c2    5ac-2c" 


a^c 


oc* 


r2/.2 


a^c 


lO. 


II. 


3xy-4  _  5i/g  +  7  _  6«2  - 11 


a-b    4a -56    3a- 76 
a36  "^    a26c    '*'~1%*~* 


178.    Ex.    To  simplify 

a  +  6    a-6* 
L.C.M.  of  denominators  is  a^  -  6^.  ' 

Multiplying  the  numerators  by  a  -  6  and  a  +  6  respectively, 
we  get  N 

o2-2a6+^2    a2  +  2a5  +  68 

a2-62     "^      a^-W~ 

_a'-2a6  +  62-{-ag+2a5  +  62 


a2-62 


2a2+26« 
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Examples.— 1. 


..  -L+ » 


x-Q    a  +  5* 


2. 


35-7      JC  -  3* 


l-«~l-a;2' 


X 


x+y    x-y 
2     .      3a 


^    aj  +  a    (a;  +  a)2* 
179.     Ex.  1.    To  simplify 


8. 


lo. 


1  +  a;    1—x 

g     a  _  (ad  -  be)  x 
c{c-\-(ix)' 

X 


x-y     (x-yf 

A       .       1 


2a{a  +  x)    2a{a-xy 


6 


1+y    1-y    T+^' 
Taking  the  first  two  fractions 

l+y     1-y 


i-r     1-y' 

.8  +  2^, 

we  can  now  combine  with  this  result  the  t 
fractions,  and  we  have 

^trf? 

* 

3          5           6 

l+y      1-y      l+y2 

^8  +  2y        6 

^6  +  2y  +  8y^+2y^    6- 
i-y*            1- 

-y* 

1-^4 

^2y^+Uy^  +  2y  +  2 
l-«4       — » 

loo  ON  ADDITION  AND  SUBT/f  ACTION 


Ex.  2.     To  simplify 


2 


L — v+: 


2 


2 


L.C.M.  of  first  two  denominatoi-s  being  (a  -h)  {b-  c)  (e-a) 

. _2c  -2a 26 -2c  2 

(a - 6)  (6-  c)  (c  -  a)    (a-  b)  (b - c)  (f-a)  "^  {b-cjic-a) 
'^  26  -  2a  2 

"(a  -  6)  (6  -  c)  (c  -  a)  ■•■  (6^(c^a)' 

L.C.M.  of  the  two  denominators  being  (a -6)  (6-c)  {c-^a) 

2h~2a  +  2a-2b  0 


(a  -  6)  (6  -  c)  (c  -  a)    (a  -  6)  (6  -  c)  (c  -  a) 


=0. 


i\  i 


it^j  i 


'■■|i 


Si:t 


I. 


2. 


,  Examples.— li. 

JL  +  __t_._2^  .     _1 1_       26         45» 

1+a    1-a     l-a2'         '*•   a-6    a  +  6~a2  +  62    ^Tfji* 


1  1  2x 


1-x    l»+a;    l+a:2- 


«^  y 


x^ 


3. 

7- 
8. 

9- 

lo. 

II. 

12. 
14. 


«  iC'' 


a 


l-a    l-a;2^1+x2' 

tc-l     a;-2    03-3 
«-2'''a;-3'*"a^' 

5a2 


2/    a  +  y    a;2+a5y* 
6.   ^  +  3    ^^-4    a;  +  5 


3  4a 


ic-a    (ai-a)!*     (x-^^' 
1  1 


o 
u 


a-l     a:  +  2    (a;+l)(x  +  2y 

1 3 

{x+l)(x  +  2)    (a;+l)(a;  +  2)(a;  +  3)' 

X^  X  x 


X^-1      X-1  '  x+1' 


(a  +  c)  (a  +  d)    (a  +  c)  (a  +  e)' 


a-h  h-c  c-a 

'  "1"  ^ — : — \~i i^  + 


{b+c){c  +  a)    (c  +  a)(a  +  6)    (a  +  6)  (ft  +  c)' 
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X-i 


14.  -^^^-:±^^JflLZ^f__ 

x-b     x-a    (x-a){x-by 
y        x  +  y^y(x^^yy 


16. 


a  +  b       ^       6+c 


c  +  a 


(b-c){c-a)    (c-a)(a-65+(^i:^y(Jr^. 
a-6     b-c     c~a         {a-b){Jb:~d)(^:~p-, 


18. 


20. 


21. 


a  +  b    d^b-b^' 
1  1 


c^  -ab 


{a  +  b){ai.c)''  (6  +  a)(6  +  c)  +  (7T6K^T^ 


180.    Since 


a& 


~ab 


j=a,  and  --^= a,  Art.  77, 
06 _  -aft 


From  this  we  learn  that  we  may  change  the  eiLm  of  fhp 
clenonunator  of  a  fraction  if  we  als'o  chan'ge  the  In  of  the 


inunerator. 


Hence  if  tlie  numerator  or  denominator,  or  both  be  exnres 
sions  with  more  than  one  term,  we  may  change  the  sTano; 
every  term  in  the  denominator  if  we  als^  change  the  S  of 
every  term  in  the  numerator  *"  ^    °* 


^or 


^  -a  +  6 
-c  +  rf  ' 


:~5 1:*^ r-  "'  '"^  "'-  •■-"-  -  «'^'  *e  pc«ave 


terms  may  stand  first, 


b  —  a 


loa 
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181. 


Ex.     To  simplify  i^«J--^LMr^'. 


a-x 


x-a 


Changing  the  signs  of  the  numerator  and  denominator  of  the 
second  fraction, 

x(a  +  x)     — SoKc  +  o* 
i  a-x  a—x 

^aa:+x*-(-5ax  +  x^    ax  +  x^  +  5ax-x'^_  6aT. 
a  —  x  a—x  ~  a-x 

182.    Again,  since  —ah—  the  product  of  -a  and  6, 
and       ah  =  the  product  of  +  «  and  6, 

the  sign  of  a  product  will  be  changed  by  changing  the  signs  of 
one  of  the  factors  composing  the  product. 

Hence  (a\-  h)  (b  -  c)  will  give  a  set  of  terms, 

and  (6  -  a)  (6  -  c)  will  give  the  same  set  of  terms  with  dif- 
ferent signs 

This  may  be  seen  by  actual  multiplication 

(a  -  6)  (6  -  c)  =  a6  -  rtc  -  &2  +  6c, 
(6-a)  (6-c)=  -ab  +  ac  +  l^- 

Consequently  if  we  have  a  fraction 

1 

{a-b){b-cy 

and  we  change  the  factor  a-b  into  6 -a,  we  shall  in  effect 
change  the  sign  of  every  term  of  the  expression  which  would 
result  from  the  multiplication  of  (a  -  b)  into  (b  -  c). 

Now  we  may  change  the  signs  of  the  denominator  if  we  also 
change  the  signs  of  the  numerator  (Art.  180) ; 

"(a-b){b-c)     {b-a){b-cy 

If  we  change  the  signs  of  two  factors  in  a  denominator,  the 
sign  of  the  numerator  will  remain  unaltered,  thus 

■1  1 

X  1 


(a-6)(6-c)     {b-a){c-by 
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niuator  of  the 


ic3 


183.     Ex.    Simplify 

1 +    _1 l__ 

{a-h){h-c)    (b-a)(a^    (c-a)(c-by 

First  change  the  signs  of  the  factor  (h-a)  in  the  second 
fraction,  changing  also  the  sign  of  the  numerator  ;  and  change 
tlie  signs  of  the  factor  (c-a)  in  the  third  fraction,  changing 
also  the  sign  of  the  numerator, 

1  .  -1  -1 


the  result  is 


{a-b){b-c)     (a-b)(a-c)    la-c){c-b)' 


Next,  change  the  signs  of  the  factor  (c-6)  in  the  third 
changing  also  the  sign  of  the  numerator,  ' 

the  result  is  , i—i r  + ^^^^^ ^ 

{a-b){b-c)     {a-b){a-c)     {a-c){b-c)' 

L.C.M.  of  the  three  denominators  is  (a  -b){b-  c)  (a  -  c) 
= ^Zl .  -h  +  6  a-b* 

{a  -  6)  (6 -  c)  (a  -c)     (a -  b)  (a  -  c)  (b-c)~  {^VU^cUb^) 
_a-c-b  +  c-(a-b)  _  0 


ator  if  we  also 


Examples.— lii. 


I.  JL.+^-y 


3  +  2z    2-3a;     ^Hx-x* 


X X  JB* 


5    1_ . 2 1 

(m-2)(m-3)'*'(w-l)(3-m)  +  (m-l)(w-2)- 

6.    ^--i +  1  -     g'^  +  fe^      2a68       2a2ft 

^ct-6)(a;  +  6)     (6-a)(a;  +  a)*       7-    p3p-^3Zj3+^:fj8- 


8.      T 


^       +:      1 


10. 


(l+a)    4(a;-l)'^2(l+a;2)- 

1  1  1 

(a;-y)  (y-«)+  (y-a;)  (x-a)  ■*" {z-x)  (z-y)' 
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K  I 


.  184.     Ex.    To  simplify 

a;»-llx  +  30    a?»-12x4-36' 

Here  the  denominators  may  be  expressed  in  factore,  and  lie 
have 

(a:-5)(a;-6)'*'(a;-5)(a;-7)* 

The  L.O.M.  of  the  denominators  is  (a; -5)  («_6)(x-7),  and 
we  have 

«-7 a;-6  

J^){x-  6)  («;  -  7)  ■*"  (x  -  5)  (x  -  6)  (^37) 

2a;- 13 


(x-5)(a;-6)(a:-7/ 


I?        4 


)k 


Examples.— liil. 


I. 


-»-  ::.r 


a!*+9x  +  20    x2+12a;  +  35* 


a;a-13a;  +  42'^a;2_i5a.  +  54« 


'jti  ■ 


*>• 


*  a;2  +  7a;-44^»3-2a;-143' 

1  ,        2» 

,  +  ■ 


m      2m         2mn 


6. 

7. 
8. 


M     TO  +  w     (m  +  w)2*       •   • 
l+x  1-x  2 


5  2_^     7x  7x 


3(1 -x)     1+x    3x2  +  3    3x2-3* 


8 (X- 1)"^4 (3-x) ^8 (x-5)^(l-x) (x-3)  (a-S/ 

a     1-X+X2_jp3^^^ ^ 


I'll' 

ll'l 


XII.  ON  FRACTIONAL  EQUATIONS. 


186.  We  shall  explain  in  this  Chixpter  the  method  of 
Bolving,  first,  Equations  in  which  fractional  terms  occur,  and 
secondly,  Problems  leading  to  such  Equatioi  ». 

186.  An  Equation  involving  fractional  torms  may  be 
reduced  to  an  equivalent  Equation  without  fractions  by  mul- 
tiplying every  term  of  the  equation  by  the  Lowest  Comvion 
Multiple  of  the  denominators  of  the  fractional  terms. 

This  process  is  in  accordance  with  the  principle  laid  down 
in  Ax.  III.  page  58 ;  for  if  both  sides  of  an  equation  be  multi- 
plied by  the  same  expression,  the  resulting  products  will,  by 
that  Axiom,  be  equal  to  each  other. 

187.  The  following  examples  will  illustrate  the  process  of 
clearing  an  Equation  of  Fractions. 

Ex.  1.    1  +  ^=8. 

The  L.c.M.  of  the  denominators  is  6. 
Multiplying  both  sides  by  6,  we  get 

^  +  -^-^=48 
2       6         ' 


or, 

or. 


3a3  +  x=48, 
4x=48j 

.  •  X'^  Is* 


iLX.  d,.  2  +  — y-  -=a;-2. 

The  L.C.M.  of  the  denominators  is  14. 

Multiplying  both  sides  by  14,  we  get 

14a;     14x4-14 


2 


1   J 

=  i'ax 


-Ss» 


io6 
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or, 
or, 


7x  +  2a;  +  2=14x-28, 
7«  +  2x-14x=-  -28-2, 
-6x=»  -30. 


'lyi 


Changing  the  signs  of  hoth  sides,  we  get 

6a;=30; 
I  .*.  x=6. 

188.  The  process  may  be  shortened  from  the  following 
considerations,  li'  we  have  to  multiply  a  fraction  by  a  multiple 
of  its  denominator,  we  may  tirst  divide  the  multiplier  by  tlie 
denominator,  and  then  imiltiply  the  numerator  by  the  quotient. 
Th'i  result  will  be  a  whole  number. 


»!.' 


Thus, 


X 


-X.  12=ax4  =  4a, 
o 

~-x66=.(aB-l)x8=8a;-a 


Ex.  1.    1  +  1  +  4=39. 

The  L.c.M.  of  the  denominators  being  12,  if  we  multiply  the 
numerators  of  the  fractions  by  6,  4,  and  3  respectively,  and  the 
other  side  of  the  equation  by  12,  we  get 

6a  +  4x  +  3a;=468, 

or,  13a; =468; 

.-.  aj=36. 


Ex.2.   ^-^-^  +  1=^1 
'    X    2x     '3x     12' 


fill"'!' 

!  t  ^' 


i' 


The  L.c.M.  of  the  denominatois  is  12a;.     Hence,  if  we  mul- 
tiply the  numerators  by  12,  6,  4,  and  x  respectively,  we  get 

96-90  +  28=l7x, 


or, 
or. 


34= 17a;, 
17x=34; 


ON  FRACTIONAL  EQUATIONS. 


\yi 


the  following 
I  by  a  multiple 
iltiplier  by  tlie 
y  the  quotient. 


,.  |.a 


Examples.— liv. 
a.  -^»9. 


3.   3  +  g-8. 


^  ^    ?    '^ 

4-  4    7="  . 

-  2y     .     7aj    - 

7.  -3  +4= -  +  9. 

9.  ^  f5=-  +  2. 
7x    -     9x     _ 

II  ^*     ft-74     '^'^ 

II.  --^--8-74-^2-. 


5.   36-^  =  8. 


^     2a;     176 -4« 


.^    a;  +  2  .  x-1    x-i 
17'   -6-  +  -7-=-2-- 

'«•    2-^3  =  »4-4- 

x  +  9     2x    3x-6    „ 

^^     17-3X     29-llx    28X+14 
20.    -^--  =  _-_.+  _^__. 

2X-10     ^ 

21.      — y— =  0. 


ice,  if  we  mul- 
ely,  we  get 


,2.   1-4=24-? 
,3.   66-f =48-|. 
,4.   _^  +  ]«L-:8?=29. 


4 

-     3x     ,, 
15.    ^-11 


6 


x-8 
''    2    • 


'^-   2  +  3  +  4=12* 


3u;  +  4     4X-51     ^ 

22.  -y^+-         — 0. 

23.  --3  =  1-1. 


24. 


X  X 

12+x 

X 


5=5. 

X 


25.  l«=+ro^+2Tf='*^- 

26.    2lx+^=3|x-43|. 


27    2?-?-l-?25 
^*     4    x~x     100* 

oR     qI^IS-x     ,1,1,  3-2x    2 

X    X    5x     ,^     ,2 
'9-    3  +  4-T-^2  =  ¥-^«- 


ork 


7x-f  2 


lO 


3x    3x+13     1,« 


ii^i 


M  « 


I'liir' 


4*      5 


loS 


OJ\r  FA' A  CTIONAL  EQ UA  7 lO.VS. 


189.  It  must  next  be  observed  that  in  clearing  an  equation 
effractions,  whenever  a  fraction  is  preceded  by  a  negative  sign, 
we  must  place  the  result  obtained  by  multiplying  that  nume- 
rator in  a  bracket,  after  the  removal  of  the  denominator. 

For  example,  we  ought  to  proceed  thus : — 

Ex.1.    ^±2^x-2_x-l 
5  2  7    • 

Multiply  by  70,  the  l.c.m.  of  the  denominators,  and  we  get 
14'r  +  28  =  35x-70-(10x-10), 
or        14a;  +  28  =  35x-70-10a;+10, 
from  which  we  shall  find  a; =8. 

Ex.2.    llzi^_i^2_ 
5x  3x    ~  ' 

Multiplying  by  15a;,  the  l.c.m.  of  the  denominators,  we  get 
,     61 -6a; -(20a; +  10)  =  15a;, 
or        5 1  -  6a;  -  20a;  -10  =  15a;, 
from  which  we  shall  find  a;=l. 

Note.  It  is  from  want  of  attention  to  this  way  of  treating 
fractions  preceded  l)y  a  negative  sign  that  beginners  make  so 
many  mistakes  in  the  solution  of  equations. 

Examples.— iv. 

1.    6a;_5±^  =  7i.  ,     5a;    5a;    9    3-x 


^    ^    3-a;     .2 

3.    _— +  2=a; ~. 


^2      4     '4       2~' 
5.    2x-5^=7     '-^"^ 


d 


^    a;  +  2     14    3  +  5aj 
""•   ~2~=  9" 4-- 


7    5^+3    3 -4a;    a;    31     9 -5a; 
''8  3     '*'2~2         6~' 


8. 


a;  +  5  a;-2_a;  +  9 

7  5      ir* 

a;+l  a;-4_a;-H4 

3  7         5~' 


lo.   a;-3- 


a;  +  2    aa 


8       3 


.fllf'; 
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X    x-\ 


^5- 


«-:  1     x-%    a;  +  30 


2 


13   • 


a;  +  2    a;-2    aj-1 
"7~- 


'3-   -5-=    2 


,^    2a;    a;  +  3    „ 

y — 5-=3a;-21. 


14    ?±?_?^-6_o    2a; 
^      4       ~5~~'*"y 


17. 


i2a;  +  7    9a;-8    a;-ll 


11 


2 


18. 


2£:i^  _  8±i55_  7«  -  8 
4  26  22~* 


10    §£zl5_llizi_T^  +  2 

^'3        7    ~n[3~- 


20. 


7a;  +  9    3a;+l     9a;- 13    249-9a; 


8 


14 


10  2^5^40         7  4" 


190.  Literal  equations  are  those  in  which  known  quantitiea 
are  represented  by  UtUrs,  usually  the  first  in  the  alphabet. 
The  following  are  examples  : — 

Ex.  1.     To  soke  the  equation 

ax+bc=bx  +  ac, 
*^**'  i8>  ax~bx=ac-  be, 

^l>  ia-b)x={a-b)e, 

therefore,  a;=c. 

Ex.  2.     To  solve  the  equation 

ah:  +  bx~c  =  Iy^x  +  cx-df 
that  is,  a^x+bx-b^x-cx=c-d, 

(a^+b-b^-c)x=c-d,  • 


or 


therefore, 


X-- 


c-d 
''a^  +  b-W^e 


Examples.— ivi. 


1.  aa;+6x=:c. 

2.  2a-     =3c-5ba;. 

Z'   ic  +  ax~d=a%-fx. 


4.  dm  -6x  —  be-  ax. 

5.  abc-a^x=ax—a-b, 

6.  iiacx-6bcd=12c(1ji(i  +  ab€. 


?:  < 


is  'I 


if""- 


1 1 


ifil 


1 


if ;  f 


r-i.'f 


i 


!«  :      1 


n .  'I 


fi: 


l\' 


1 1> " 


11 '  •■; 

B '  "''''''  f  1 

iiiiii 

!'  pi" 

no 

^    7. 
8. 

9- 
lo. 

II. 

12. 
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-  Otf^  +  J2c  +  ahcx = abc  +  cmx  -  ac^x  +  b^c — me. 
(a  +  x  +  b)(a  +  b-x)  =  (a  +  x){b-x)-db. 
(a-x){a  +  x)==2a^  +  2ax-x^. 

(a^-x)(a^  +  x)  =  a*  +  2ax-x^. 


ax-b 


13 

14.    ax  — 

16. 


+  a= 


a  +  ac 


2a -bx     1 


6a 


4aa:  -  2b 


■=x. 


17. 


18. 


19. 


m(p2a;  +  z3)  ww;« 


px 


=mqx-{ — 


x. 


X 

a 


x^-a    a-x     2x    a 


bx 


b     X 


ax 


_bx+l  _a(x^-l) 


X 


X 


20.   -- 


3    ab-x^    4x- 


ae 


bx 


ex 


21. 


22. 


ab  +  x    ^^-x    x-b    ab- 


X 


b''         a% 


a" 


62 


Box- 26     ax- a    ax    2 


36 


26    ~  6     3* 


ax     X 


m 


2a'63 hh_      3a^c^3acx  _  Jfl-Zalhi 

(a  +  b)    a{a  +  b)    a  +  6""    6  (a  +  6)  * 


ax^ 


6- 


ca; 


ax     ^ 
+  a  +  — =0, 


23.  am-6-^-  +  ~=0 

24. 

25. 

26. 

29.  (a  +  x)(6  +  x,-a(6  +  c)  =  ^%x2 

^^  ace    (a+6)2.x    , 

30'  ^j — bx  =  ae~3bx. 


ab     y       ,    X 

27.    —  =  bc  +  d+-, 


X 


X 


a 


(d^+x^)         .  ax 


dx 


=ac  + 


d 


28.   c—a-\- 


m 


(g-g;) 


3a  +  a; 


a 


191.  In  the  examples  already  given  the  l.c.m.  of  the 
denominators  can  generally  be  determined  by  inspection. 
When  compoxind  expressions  appear  in  the  denominators  it 
' .!..,.., „?,,v  xj^  vviicct  wic  iiuciions  into  two,  one 
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on  each  side  of  the  equation.  When  this  lias  been  done,  we 
can  clear  the  equation  of  fractions  by  multiplying  the  nu- 
merator on  the  Ujl  by  tlTe  denominator  on  the  right,  and  the 
numerator  on  the  rigU  by  the  denominator  on  the  UJL  and 
making  the  products  equal. 

* 

For,  if  ^=^,  it  is  evident  that  arf=6c. 


Ex. 


4^  +  5 
4a;  +  5 


13a;  -  6 
7a  +  4  ' 
2x-3 


2x-3 
~     5      » 

13jr  -^ . 

"7a; +T* 


whence  we  find 


10  5 

4a;  +  5-(4a;-6)  ^  1 3a;  -6 
10  7a; +T' 

"    10     '7x  +  4  ' 

ll(7a5  +  4)  =  10(13x-6); 
_104 
*~'53'- 


Examples.— ivii. 


I. 


2. 


2te  +  7_3a;  +  5 
4x+5' 

a;  +  6 


"4a; +  3' 


12. 


2x  +  5 

2a;  +  7 
a;  +  2  ' 

5x-l 

2a;  +  3' 
1 


2a; -5* 
4a;- 1 


2a; -r 
5a; -3 


2a; -3' 

2 


3a;- 2     4i» 


^  =  0. 


6. 

7- 
8. 


l-5a 
1 

X- 

4x+_3 
9 


l-2x 
1 


\^XA.\ 


=0. 
3 


a;2-r 

ja;+19     7a; -29 
~  5a;  - 12' 


9-   5- 


lo. 


3a; 

3a;  +  2 


18 

a^-5a;_2 
3' 


7 

2a; -4 


a;-l      a;  +  2 


=  5. 


II.   \{^^'S)-\{\\-x)^\{x-^)-^(^x-7^). 


(g  +  l)(2a;  +  2) 
(a;-3)(a;  +  6) 


-2=0. 


,      (2a; +  3)  a;      1  _ 

"^'   "  2a;  +  l    "^ac~^^^- 


14. 


15. 


21 
3 


0+1 
X-V 

8 


a;+l 

2_ 
l-a:"^l+»Tl-"aa* 


l-x"" 
45 


!i::|l! 


0 


1  '1 
/I'  "i 

"I 

J  if 


v»-.i "     ' 


m 


ii    :./'■■•' 


iSi^' 


ir 
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,       4  3,5 


a-8     2x-16       24    3»-24*     , 
X*- (4x2 -20a; +  24) 

2x4  + 2x3- 9x2+12 


1 8. 


2x2-4x-3. 


«2  +  3x-4 

K       /'ol    2\     1       3x-(4-5g) 
2o.    5-x(32--)  =  2^ ^4 . 

192.  Equations  into  which  Decimal  Fractions  enter  do  not 
present  any  perious  difficulty,  as  may  be  seen  from  the  follow- 
ing Examples : — 

£lx.  1.     To  solve  the  equation 

'  •5x='03x  +  l'41. 

Turning  the  decimals  into  the  form  of  Vulgar  Fractions^ 
we  get 

5x_  3x     141 
10~100    100" 

Then  multiplying  both  sides  by  100,  we  get 

50x=3x+141; 
therefore  47x=141  ; 

therefore  a; =3. 

Ex.2.    l-2x-l^^^^  =  -4x+8-9. 

First  clear  the  fraction  of  decimals  by  multiplying  ita 
numerator  and  denominator  by  100,  and  we  get 

18X-5 


I-2x- 


60 


■=-4x  +  8-9; 


therefore 
therefore 

therefore 


12z    18x-5_4x    89^ 
10         60     "10^10' 
eOx  -  18x  +  5  =  20x  +  445 ; 
22x=44Q; 
x=20. 


3- 
4- 
5- 
6. 


13- 


14. 


I'    ft 
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Examples.— Iviii. 

1.  •6a;-2  =  -25a;  +  -2a;-l. 

2.  3-25a;-5-l+a;--75a;  =  3-9  +  '5x. 

3.  •125a;+-01a;=13-'2a;+-4. 

4.  -Sx  +  l-3{)5:c  +  -50;  =  2295 - -lOSx. 

5.  •2x-'01x+ -0053;=  11-7. 

.  „.       •36a;- -05      „ 

6.  2-4a; =-8x  +  8'9l 


7.    2-4cc- 10-75  =  -25x. 
4-05 

10.   2*5a; 


8.    •5x  +  2--75x=-4x-lL 


+  3-875  =  4-025. 
2  +  a;/l 


r(l-) 


-5- 


5aj  +  3 


8-5     -2      .]     l--lx 
II.    -X =4, . 

2      X       4       .x 


12. 


^|?-?-V^=im 


2-3x      5x 

13.     -^-:r-4 


1-25       9    ~  1-8  "^"a* 


14. 


1-5 

?^  +  -.-04(x+-9)  =  241-2. 


_    ,  •45X--75     1-2     •3x-'6 
15.    .5x  +  — ,^--  =  ~— -^. 

.      _     3-5x     24 -3x      .„, 

'^-  ■^"^:r2  —  s— =-'i75x. 


17.    •15x  + 


•135X--225     -36     -09x--18 


•6 


-2 


•9 


193.     To  shew  that  a  simple  equation  can  only  have  one  root. 

Let  x=a  be  the  equation,  a  form  to  which  all  equations  of 
the  first  degree  may  be  reduced. 

Now  suppose  a  and  ^  to  be  two  roots  of  the  equation. 
Then,  by  Art.  109, 

a=a, 
and  y8=:a, 

therefore  ^=l^\ 

in  other  words,  the  two  supposed  roots  are  identicaL 

[S.A.]  B 


'%' 


I 

I 


„. 


I 


3  '? 


s\       ( 


i  % 
4 
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XIII.    PROBLEMS   IN    FRACTIONAL 
EQUATIONS. 

194.     We  shall  now  give  a  series  of  Easy  Problems  resulting 
lor  the  most  part  in  Fractional  Equations. 

Take  the  following  as  an  example  of  the /orw  in  which  such 
Problems  should  be  set  out  by  a  beginner. 

"  Find  a  number  such  that  the  sum  of  its  third  and  fourth 
parts  shall  be  equal  to  7." 

Suppose  X  to  represent  the  number. 

Then  -  will  represent  the  third  part  of  the  number, 

and  2  will  represent  the  fourth  part  of  the  number. 

Hence  ^  +  ;r  will  represent  the  sum  of  the  two  parts. 


But  7  will  represent  the  sum  of  the  two  parts. 
Therefore 


Hence  4a;  +  3x  =  84, 

that  is,  7a;  =  84, 

that  is,  £c=12, 

and  therefore  the  number  sought  is  12, 

EXAMPLES.— liX. 

1.  What  is  the  number  of  which  the  half,  the  fourth,  and 
the  fifth  parts  added  together  g^ve  as  a  result  95 1 

2.  What  is  the  number  of  which  the  twelfth,  twentieth, 
and  fortieth  parts  added  together  give  as  a  result  38  ? 

3.  What  is  the  number  of  which  the  fourth  part  exceeds 

♦Kq  fiftli  T)art  W  4  1 


m^ 
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4.  Whiit  is  tiie  number  of  which  the  twenty-fifth  part 
exceeds  the  tliirty- fifth  part  by  8  i 

5.  Divide  60  into  two  such  parts  that  a  seventh  part  of  one 
may  be  equal  to  an  eighth  part  of  the  other. 

6.  Divide  50  into  two  such  parts  that  one-fourth  of  one 
part  being  added  to  five-sixths  of  tlie  other  part  tiie  sum  may 
be  40.  ^ 

7.  Divide  100  into  two  such  parts  that  if  a  third  part  of  the 
one  be  subtracted  from  a  fourth  part  of  the  other  the  remainder 
may  l>e  11. 

8.  What  is  tae  number  which  is  greater  than  the  sum  of  its 
third,  tenth,  and  twelfth  parts  by  58  ? 

9.  When  I  have  taken  away  from  33  the  fourth,  fifth,  and 
tenth  parts  of  a  certain  number,  the  remainder  is  zero.  What 
is  the  number  ] 

10.  What  is  the  number  of  which  the  fourth,  fifth,  and 
sixth  parts  added  together  exceed  the  half  of  the  number 
by  112? 

11.  If  to  the  sum  of  the  half,  the  third,  the  fourth,  and  the 
twelfth  parts  of  a  certain  number  I  add  30,  the  sum  is  twice  as 
large  as  the  original  number.     Find  the  number. 

,  12.  The  difference  between  two  numbers  is  8,  and  the 
quotient  resulting  from  tlie  division  of  the  greater  by  the  less 
is  3.    "What  are  the  numbers  ? 

13.  The  seventh  part  of  a  man's  property  is  equal  to  his 
whole  property  diminished  by  £1626.     What  is  his  property  ? 

14.  The  difference  between  two  numbers  is  504,  and  the 
quotient  resulting  from  the  division  of  the  greater  by  the  less 
is  15.    What  are  the  numbers  ? 

15.  The  sum  of  two  numbers  is  5760,  and  their  difference 
is  equal  to  one-third  of  the  greater.     What  are  the  numbers  ? 

16.  To  a  certain  number  I  add  its  half,  and  the  result  is  as 
much  above  60  as  the  number  itself  is  below  65.  Find  tlie 
number. 


1,1  <  i 


1 

4-, 

•> 

■ 

1^': 

t-  ■'■■ 

' 

'"',   ■  ' 

1    , 


i 

f. 

1^  ■' 

■1 

« t  \  ■ 

K     '  '>  . 
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17.  The  difference  between  two  nunibere  is  20,  and  one- 
seventli  of  the  one  is  etjual  to  onc-thircl  of  the  other.  What 
aie  the  nunibera  ] 

18.  The  sum  of  two  numbers  is  31207.  On  dividing  one 
by  the  other  the  quotient  is  found  to  be  15  and  the  remainder 
1335.     Whiit  are  the  numbers  ? 

19.  The  ages  of  two  brothers  amount  to  27  years.  On 
dividing  the  age  of  the  elder  by  that  of  the  younger  the  quo- 
tient is  3J.     What  is  the  age  of  each  % 

20.  Divide  237  into  two  such  parts  that  one  is  four-fifths  of 
the  other. 

21.  Divide  ,£'1800  between  A  and  i>,  so  that  £'s  share  may 
be  two-sevenths  of  ^'s  sliare. 

22.  Divide  46  into  two  such  parts  that  the  sum  of  the 
quotients  obtained  by  dividing  one  part  by  7  and  the  other  by 

3  may  be  equal  to  10.        • 

23.  Divide  the  number  a  into  two  such  parts  that  the  sum 
of  the  quotients  obtained  by  dividing  one  part  by  m  and  the 
other  by  n  may  be  equal  to  h. 

24.  The  sum  of  two  numbers  is  a,  and  their  difference  is  6. 
Find  the  numbers. 

25.  On  multiplying  a  certain  number  by  4  and  dividing 
the  product  by  3, 1  obtain  24.     Wliat  is  the  number  ? 

26.  Divide  .£864  between  -4,  5,  and  C,  so  that  A  gets  — 

of  what  B  gets,  and  C's  share  is  equal  to  the  sum  of  the  shares 
of  A  and  B. 

27.  A  man  leaves  the  half  of  his  property  to  his  wife,  a 
sixth  part  to  each  of  his  two  children,  a  twelfth  part  to  his 
brother,  and  the  rest,  amounting  to  .£600,  to  charitable  uses. 
What  was  the  amount  of  his  property  ? 

28.  Find  two  numbers,  of  which  the  suui  is  70,  such  that 
the  first  divided  by  the  second  gives  2  as  a  quotient  and  1  as 
a  remainder. 

29.  Find  two  num.bers  of  which  the  difference  is  25,  such 
that  the  second  divided  by  the  first  gives  4  as  a  quotient  and 

4  as  a  remainder. 


jf^fi;: 
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iference  is  6. 


md  dividing: 


3f  the  shares 


30.  Divide  the  numher  208  into  two  parts  such  that  the 
sum  of  the  fourth  of  the  greater  and  the  third  of  the  less  ,^ 
less  by  4  than  four  times  the  difference  between  the  two  parts. 

31.  There  are  thirteen  days  between  division  of  term  and 
the  end  of  the  first  two-thirds  of  the  term.  How  many  davs 
are  there  in  the  term  ? 

32.  Out  of  a  cask  of  wine  of  which  a  fifth  part  had  leaked 
away  10  gallons  were  drawn,  and  then  the  cask  was  two-thirds 
f nil.     How  much  did  it  hold  ? 

33.  The  sum  of  the  af,'es  of  a  father  and  .  a  is  half  wha*  it 
wi  1  be  m  25  years  :  the  difference  is  one-third  what  the  sum 
will  be  m  20  years.     Find  the  respective  ages. 

34-  A  mother  is  70  years  old,  her  daughter  is  exactly  half 
that  age.  How  many  years  have  passed  since  the  mother  was 
.%  times  the  age  of  the  daughter  ? 

35-  ^  is  72,  and  B  is  two-thirds  of  that  age.  How  long  is 
It  since  A  was  5  times  as  old  as  j5  ? 

Note  I.  If  a  man  can  do  a  piece  of  work  in  x  hours,  the 
part  ot  the  work  which  he  can  do  in  one  hour  will  be  repre- 
sented by  -. 

Thus  if  A  can  reap  a  field  in  12  hours,  he  will  reap  in  one 
hour  —  of  the  field. 

Ex.  A  can  do  a  piece  of  work  in  5  days,  and  B  can  do  it 
m  12  days.  How  long  will  A  and  B  working  together  take  to 
no  the  work  % 

Let  X  represent  the  number  of  days  A  and  B  will  take. 
Then  -  will  represent  the  part  of  the  work  they  dp  daily. 
Now  -  reprt.   nw.  ihe  part  A  does  daily, 


and  —  represents  the  part  B  does  daily. 


'•ll 
"J 

'X 


I 


If.!  i 


{.  1  [  " 

i|ti||  V, 


I-.^*' 


'    f'Jt 
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Hence  ^  +  ■  .,  will  represent  the  part  A  and  B  d«,  daily. 
5     12 


Consequently  r  +  rs  =  "• 


Hence 


or 


I2x  +  5x=60, 
17x  =  G0; 
60 
'17* 
9 


X- 


That  is,  they  will  do  the  work  in  3^=  days. 

36.  A  can  do  a  piece  of  work  in  2  days.  B  can  do  it  in  3 
dayp.     In  what  time  will  they  do  it  ii"  Ihoy  work  together] 

37.  ^  can  do  a  piece  of  work  in  50  da;  ,5  in  60  days, 
and  G  in  75  days.  In  what  time  will  they  do  it  all  working 
together?  ' 

38.  yl  and  jB  together  finish  a  work  in  12  days  ;  ^  and  (7 
in  15  days  ;  B  and  G  in  20  days.  In  what  time  will  they 
finish  it  all  working  together  1 

39.  A  and  B  can  do  a  piece  of  work  in  4  hours  ;  A  and  G 

3  1 

in  3-  hours  ;  B  and  G  in  5=  hours.     In  what  time  can  A  do 
5  7 

it  alone  ? 

1  .      1 

40.  A.  can  do  a  piece  of  work  in  2^  days,  B  in  3;^  days, 

3 

and  G  in  3^  days.    In  what  time  will  they  do  it  all  working 

together  ] 

3 

41.  A  does  ^  of  a  piece  of  work  in  10  days,     de  then  calls 

in  £,  and  they  finish  the  work  in  3  days.     How  long  would  B 
take  to  do  one-third  of  the  work  by  himself  ? 

Note  II.  If  a  tap  can  fill  a  vessel  in  x  hours,  the  part  of 
the  vessel  filled  by  it  in  one  hour  will  be  represented  by  -. 

Ex.  Three  taps  running  separately  will  fill  a  vessel  in  20, 
30,  anu  10  minutes  respectively.  In  w'liat  time  win  msy  liii  u- 
when  they  all  run  at  the  same  time  % 


can  do  it  in  3 


B  in  60  days, 


irs,  the  part  of 


a  vessel  in  20, 
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Let  X  represent  t'ne  number  of  minutes  they  will  take. 

Then  -  will  represent  the  part  of  the  vessel  filled  in  1 
minute. 


Now  2^  represents  the  part  filled  by  the  first  tap  in  1  minute, 

second 

third 


30 

J_ 

40 


Hence 


1_      1       1  _ 
20     30  "^46     «* 


•  •  %C-"- ' 


or,  multiplying  both  sides  by  120x, 

6x  +  4a;  +  3x=120, 

thatia,  13x=120; 

120 
13* 

n 

Hence  they  will  take  9^^-  minutes  to  fill  the  vessel 

42.  A  vessel  can  be  filled  by  two  pipes,  running  separately, 
in  3  hours  and  4  hours  respectively.  In  what  time  will  it  be 
filled  when  both  run  at  the  same  time  ? 

43-  A  vessel  may  be  filled  by  three  different  pipes :  by  the 

first  in  1-  hours,  by  the  second  in  3^  hours,  and  by  the  third 

in  5  hours.     In  what  time  will  the  vessel  be  filled  when  all 
three  pipes  are  opened  at  once  ? 

44-  A  bath  is  filled  by  a  pipe  in  40  minutes.  It  is  emptied 
by  a  waste-pipe  in  an  hour.  In  what  time  will  t'le  bath  be 
full  if  both  pipes  are  opened  at  once  ? 

45-  If  three  pipes  fill  a  vessel  in  a,  &,  c  minutes  running 
separately,  ia  what  time  will  tlie  vessel  be  filled  when  all  three 
are  opened  at  once  ? 


I  !( ii  "i 


."  Ill ' 


H  ■    'i 


lir 


1' .  *  - 

H-'  i 

t    -■■■■ 

\'      *     '■■■■    * 
t     \'     .      '■ 
♦'             •     » 
■^      1      .       '. 
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46.  A  Vfflsel  coTitaining  755  ^  gallons  can  be  filled  by  three 
pipes.     The  first  lets  in  i2  gallons  in  3  .  minutes,  the  second 

15^  gallons  in  2    minutes,  the  third  17  gallons  in  3  minutes  : 

in  what  time  will  tho  vessel  be  filled  by  the  three  pipe's  all 
running  together? 

47.  A  vessel  can  be  filled  in  15  minutes  by  three  pipes, 
one  of  which  lets  in  lOgalhti.s  move  and  the  other  4  gallons 
less  than  the  third  each  minute.  The  cisteni  holds  2400  gallons. 
How  much  comes  through  each  pipe  in  a  minute  \ 

Note  III.  In  questions  involving  distance  travelled  over  in 
a  certain  time  at  a  certain  rate,  it  is  to  be  observed  that 

Distance 
\ 


=.-Time. 


Rate 

That  is,  if  I  travel  20  miles  at  tbe  rate  of  5  miles  an  hour, 

20 
5' 


numi)er  of  hours  I  take: 


Ex.  A  and  B  set  out,  one  from  Newmarket  and  the  other 
from  Cambridge,  at  the  same  time.  The  distance  between  the 
towns  is  13  miles.  A  walks  4  miles  an  hour,  and  B  3  miles  an 
hour.     Where  will  they  meet  ? 

Let  X  represent  their  distance  from  Cambridge  when  they 
meet. 

Then  13 -a:  will  represent  their  distance  from  Newmarket. 
Then  ;j  =  time  in  hours  that  B  has  been  walking. 


A 


L  £.         E     li^    i. 


ilii  '. 


13-a;_ 

4     ~ 

And  since  both  have  been  walking  the  same  time, 

a;_13-a: 
3"~r~' 
or    4a;  — 39-3r, 
or    7x=39; 
39 
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That  is,  they  meet  at  a  distance  of  5^  nules  from  Cam- 
bridge. 

48.  A  person  starts  from  Ely  to  walk  to  Cambridge  (which 

is  distant  16  miles)  at  the  rate  of  4-  miles  an  hour,  at  the 

same  time  tliat  another  i)ersou  leaves,  Cambridge  for  Ely 
walking  at  the  rate  of  a  mile  in  18  minutes.  Where  will  they 
meet  % 

49.  A  person  walked  to  tlie  top  of  a  moiinti'in  at  the  rate 
of  2-  miles  an  hour,  and  down  the  same  way  at  the  rate  of 

o-  miles  an  hour,  and  was  out  .5  hours.     How  far  did  he  walk 

altogether  1 

50.  A  man  walks  a  miles  i.i  :  hours.    Write  down 

(1)  The  number  of  miles  he  will  walk  in  c  hours. 

(2)  The  number  of  hours  he  will  be  walking  d  miles. 

51.  A  steamer  which  started  from  a  certain  place  is  fol- 
lowed after  2  days  by  another  steamer  on  the  same  line.  The 
first  goes  244  miles  a  day,  and  the  second  286  miles  a  day.  In 
how  many  days  will  the  second  overtake  the  first  ? 

52.  A  messenger  wlio  goes  3l|  miles  in  5  hours  is  followed 

after  8  hours  by  another  who  goes  22-  miles  in  3  hours.    When 
will  the  -^  ond  overtake  the  first  ? 

53.  Two  men  set  out  to  walk,  one  from  Cambridge  to 
London,  the  other  from  London  to  Cambridge,  a  distance  of 
60  miles.     The  former  walks  at  the  rate  of  4  miles,  the  latter 

at  the  rate  of  3-  miles  an  hour.     At  what  distance  from  Cam- 
bridge will  they  meet  ? 

54.  A  sets  out  and  travels  at  the  rate  of  7  miles  in  5  hours. 
Eight  hours  afterwards  B  sets  out  from  the  same  place,  and 
travels  along  the  same  road  at  the  rate  of  .5  miles  in  3  hours 
After  what  time  will  B  overtake  A  % 


Hi 

1' 

•^ 
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Note  IV.  In  problems  relating  to  clocks  the  chief  point  to 
be  notice^  is  that  the  minute-hand  moves  12  times  as  fast  as 
the  hour-hand. 

The  following  examples  should  be  carefully  studied. 

Find  the  time  between  3  and  4  o'clock  when  the  hands  of  a 
dock  are 

(1)  Opposite  to  each  other. 

(2)  At  right  angles  to  each  other, 

(3)  Coincident. 


^1^2 


r  1^3 


(1)    Let  ON  represent  the  position  of  the  minute-hand  in 
Fig.  I. 

OD  represents  the  position  of  the  hour-hand  in  Fig.  L 
M  marks  t'.ie  12  o'clock  point. 
T 3  o'clock 

The  lines  OM,  OT  represent  the  position  of  the  hands  at 
3  o'clock. 

Now  suppose  the  time  to  be  x  minutes  past  3. 

Then  the  minute-hand  has  since  3  o'clock  moved  over  the 
arc  MDN. 

And  the  hour-hand  has  since  3  o'clock  moved  over  the 
arc  TD. 

Honce  arc  MBN=  twelve  times  arc  TD, 

If  then  we  represent  MDN  by  x, 

or 
we  shall  represent  TD  by  — . 


12" 


Also  we  shall  renresent  MT  hv  1  .'>. 
and  DN  by  30. 
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he  hands  at 


Now 
that  is. 


Ml)N=MT+TD-\rDN, 

«=15  +  ^  +  30, 

or     12a;=180  +  a;  +  360, 
or      105=540; 
540 


;.  x= 


11 


Hence  the  time  is  49—  minutes  past  h. 

(2)  In  Fig.  ir,  the  description  given  of  the  state  of  the 
clock  in  Fig.  I.  applies,  except  that  I)N  will  be  represented  by 
15  instead  of  30. 

Now  suppose  the  time  to  be  x  minutes  past  3. 

Then  since 

MnN=  MT+TD  +  DN, 


from  which  we  get 


x=15  +  ~  +  15. 


_360 


that  is,  the  time  is  32--  minutes  past 


(3)    In  Fig.  III.  the  hands  are  both  in  the  position  ON. 
Now  suppose  the  time  to  be  x  minutes  past  3. 
Then  since 

MN=MT+TN, 

X=15-rj2. 
or     12a;=180  +  a;, 


180 
or    x=~-, 


that  is,  the  time  is  16  -  minutes  past  3, 

55.     At  what  time  are  the  hands  of  a  watch  opposite  to 
each  other, 

(1)  Between  1  and  2, 
(^)  Between  4  and  5, 
(3)    Between  8  and  9  ? 


•si      .     i 
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I  .4  ■.    .1' 
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56.  At  what  time  are  the  hands  of  a  watch  at  right  augJea 
to  each  otlier, 

(1)  Between  2  and  3. 

(2)  Between  4  and  5, 

(3)  Between  7  and  8  ] 

57.  At  what  time  are  the  liands  01  a  watch  togethei', 

(1)  Between  3  and  4, 

(2)  Between  6  and  7, 

(3)  Between  9  and  10  ? 

58.  A  person  buys  a  certain  number  of  apples  at  the  rate 
of  five  for  twopence.  He  sells  half  of  them  at  two  a  penny, 
and  tlie  remaining  half  at  three  a  penny,  and  clears  a  penny 
by  the  transaction.     How  many  does  he  buy  ] 

59.  A  man  gives  away  half  a  sovereign  more  than  half  as 
many  sovereigns  as  he  has :  and  again  half  a  sovereign  more 
than  half  the  sovereigns  then  remaining  to  him,  and  now  has 
nothing  left.     How  much  had  he  at  first  ] 


60.    What  must  be  the  value  of  n  in  order  that 


may  be  equal  to  --  when  a  is  -  ? 


2a-r?i 
3+ 69a 


61.  A  body  of  troops  retreating  before  the  enemy,  from 
which  it  is  at  a  certain  time  25  miles  distant,  marches  18  miles 
a  day.  Tlie  enemy  pursues  it  at  the  rate  of  23  miles  a  day, 
but  is  first  a  day  later  in  starting,  then  after  2  days  is  forced 
to  halt  for  one  day  to  repair  a  bridge,  and  this  they  have  to  do 
again  after  two  days'  more  marching.  After  how  many  days 
from  the  beginning  of  the  retreat  will  the  retreating  force  be 
overtaken  1 

62.  A  person,  after  paying  rm  income-tax  of  sixpence  in  the 
pound,  gave  away  one-thirteenth  of  his  remaining  income,  and 
had  .£540  left.     What  was  his  original  inconie  ? 

63.  From  a  sum  of  money  I  take  away  £50  more  than  the 
half,  then  from  the  remainder  £-?>0  more  tlian  the  fifth,  then 
from  tlie  second  remainder  £20  more  than  the  fourth  part : 
and  at  last  only  £10  remains.     Wjiat  was  the  original  sum  ? 
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64.  I  boii  Jit  a  certain  njimber  of  eggs  at  2  a  penny,  and 
the  same  number  at  3  a  penny.    T  sold  them  at  5  for  twopence 
and  lost  a  penny.     How  many  eggs  did  I  buy  \  ' 

65.  A  cistern,  holding  1200  gallons,  is  filled  by  3  pipes 
A,  B,  G  in  24  minutes.  The  pipe  A  reciuires  30  minutes  more 
tlian  G  to  fill  the  cistern,  and  10  gallons  less  run  through  G  per 
minute  than  through  A  and  B  together.  What  time  would 
each  pipe  take  to  fill  the  cistern  by  itself? 

66.  A,  B,  and  G  drink  a  barrel  of  beer  in  24  days.  A  and 
B  drink  ^rds  of  what  G  does,  and  B  drinks  twice  as  nmch  as  A. 
In  what  time  would  each  separately  drink  the  cask  i 

67.  A  and  B  shoot  by  turns  at  a  target.  A  puts  7  bullets 
out  of  12  into  the  centre,  and  inputs  in  9  out  of  12.  Between 
them  they  put  in  32  bullets.     How  many  shots  did  each  fire? 

68  A  farmer  sold  at  market  100  head  of  stock,  Injrses, 
oxen,  and  sheep,  selling  two  oxen  for  every  hor  e.  He  obtained 
on  the  sale  £2,  7s.  a  head.  If  he  sold  the  ]  irses,  oxen,  and 
sheep  at  the  respective  prices  ^"22,  ^12, 10s.,  and  .£1, 10s.,'how 
many  horses,  oxen,  and  sheep  respectively  did  he  sell  I 

69.  In  a  Euclid  paper  A  gets  160  marks,  and  B  just  passes. 
A  gets  full  marks  for  book-work,  and  twice  as  many  marks 
for  riders  as  B  gets  altogether.  Also  B,  sending  answers 
to  all  the  questions,  gets  no  marks  for  riders  and  half  marks 
for  book-work.     Supposing  it  necessary  to  get  ~  of  full  marks 

in  order  to  pass,  find  the  number  of  marks  which  the  paper 
carries. 

70.  It  is  between  2  and  3  o'clock,  but  a  person  looking  at 
the  clock  and  mistaking  the  hour-hand  for  the  minute-hand, 
fancies  that  the  time  of  day  is  55  minutes  earlier  than  the 
reality.     What  is  the  true  time  I 

71.  An  army  in  a  defeat  loses  one-sixth  of  its  number  in 
killed  and  wounded,  and  4000  prisoners.  It  is  reinforced  by 
3000  men,  but  retreats,  losing  a  fourth  of  its  number  in  doin^^ 
BO.    There  remain  18000  men.     What  was  the  original  forced 

72-  The  national  debt  of  a  country  was  increased  b'--  o'le- 
iburth  in  a  time  of  wai-.    Duiiuij  twenty  years  of  peace  which 
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followed  £25,000,000  was  paid  off,  and  at  tlie  end  of  that  time 
the  interest  was  reduced  from  4^  to  4  per  cent.  It  was  then 
found  that  the  interest  was  the  aame  in  amount  as  before  the 
war.     What  was  the  amount  of  the  debt  before  the  war  ? 

73.  An  artesian  well  supplies  a  brewery.  The  consump- 
tion of  water  goes  on  each  week-day  from  3  a.m.  to  6  p.m.  at 
double  the  rate  at  which  the  water  flows  into  the  well.  If 
the  well  contained  2250  gallons  when  the  consumption  began 
on  Monday  morning,  and  it  was  just  emptied  when  the  con- 
sumption ceased  in  the  evening  of  the  next  Thursday  but  one, 
what  is  the  rate  of  the  influx  of  water  into  the  well  in  gallons 
per  hour? 


.XIV.    ON    MISCELLANEOUS   FRACTIONS. 

195.  In  this  Chapter  we  shall  treat  of  various  matters  con- 
nected with  Fractions,  so  as  to  exhibit  the  mode  of  applying 
the  elementary  rules  to  the  simplification  of  expressions  of  a 
more  complicated  kind  than  those  which  have  hitherto  been 
discussed. 


!d  ■'! 


196.  The  attention  of  the  student  must  first  be  directed 
to  a  point  in  which  the  notation  of  Algebra  differs  from  that  of 
Arithmetic,  namely  when  a  whole  nvmber  and  a  fraction  stand 
side  by  side  with  no  sign  between  them. 

3  3 

Thus  in  Arithmetic  2=  stands  for  the  sum  of  2  and  =. 

But  in  Algebra  x-  stands  for  the  product  of  cc  and  -. 

So  in  Algebra  3 stands  for  the  product  of  3  and ; 


tuat  is,  u 


a  +  h    3tt  +  36 
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lay 


ACTIONS. 


Examples.— ix. 

Simplify  ttie  following  fractions : 


I.    a  +  a;4-3-. 

X 


2. 


a^  +  ax      x-a 
—  2 ^ 


X' 


X 


3.    ^--I  +  2-X.. 
a;         x-y 

^       rt-6     V  +  62- 


197.    A  fraction  of  which  the  Numerator  or  Denominator 
is  Itself  a  fraction,  is  called  a  Complex  Fraction. 


y 


x 


'^^"^  a'  2  ^^^  m  ^^^  complex  fractions. 
\b  n 

A  Fraction  whose  terms  are  whole  numbers  is  called  a 
Simple  Fraction. 

All  Complex  Fractions  may  be  reduced  to  Simple  Fractions 
by  the  processes  already  described.  We  may  take  the  follow- 
ing Examples : 

a 

(1)  —  =  --i.!!^=:*  n  _an 
'rn  b  '  n~b^m~bm 
n 

a     c 

(2)  1 ^  =  (^-i\^{^_'P\_fK^~bc  ,mq-np 

m_p    \b     dZ-Kn     q^~~bd~~~~n^ 


n     q 


^ad-bc  ^      nq     ^  nq(ad  -  be) 
bd       mq-np    bd(mq~-n^y 


(3) 


7n=(i-)-(i-D=a-H^ 


1+- 

X 


1         X  +  1'      l+X 


=* 


i'  \ 


l^i 


" 

'  ■ 

r'-i. 

ij  *• 

1  : 

• 

it, 
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_1  J_ 

^'       -  1        Vl-a     l  +  aj/'Vl-xl+x/ 


a; 


l~aj     l+jr- 


1  +x-  1+a;  .  .^  +  a;^  +  1  -  SB 

X 


(6) 


3  3 


1  + 


1  + 


1  + 


\-x 


3  i.3(l-j;)  3-3a 

i-x  +  3"  l-x  +  3        "^  4-aj 


3 


\ 


^     3(4-u;)     ^12-3» 

'4-g;  +  3-3'g~4-a;  +  3-3x     7-4aj* 
4  — a; 


Examples.— Ixi. 

Simplify  the  following  expressions : 


X  +  1 


I. 


^23 


2. 


2/ 


X 


0-iy 


5+X  + 


x^ 


2-X  + 


1* 


6. 


a--2 
a 


8. 


»^ 


X  X 


l-x» 


x+   „ 

x^ 

as 


2x 


x^  + 


l-rX2 


II. 


a:-!/  I  a;  +  y 
x  +  1/  x-y 
X  - 1/     X  +  y* 


5". 


-J 


3 


1  + 


'3-3x 
4-x 


-i^c/o  r'/z^i 

L.HUNS. 

lag 

12. 

1+05+0^ 

14. 

2m-3+  ^ 
m 

13. 

1+-'+',- 

X     X- 

a+b       b 

b    ''  a  +  b 

iJm-l  ^ 
m 

1  +  1^1 

a6    ac     be 
a'-{h  +  cf' 

1 

a    b 

198.    Any  fraction  may  be  split  up  into  a  number  of  frac 
tions  equal  to  the  number  of  terms  in  its  numerator.     Thus 


aM-a;2+a;+i    ^    x^  ,  x      \ 


^  x*'^x^'^x*'^X^ 


'I^i-U' 


X     X' 


l-x» 


-r 

"^+i. 

1+1' 

X 

2a5 

1 

^"^1-..^ 

x  +  y 

x^^ 

x  +  y 

x-y 

Examples.— ixii. 

iSlILTi"!!"" ''""""'-  '^"^ '" "» '--'  '^™».  the 

^     9a3-12a2  +  6a-3 
2.    ^^^ab^d  +  abc^  +  hccP 


following  fractions 
I     **+^a3  +  2a^  +  5a 


abed 


5- 


108 


3p2?v 


3.    ^!::3^^^  +  3^^2_^3  1(^3-25.2  +  750.-125 

r^£i}i£  V«         "         — „ 


x^y^ 


1000 


J?-^'    ^P^l?  ?^*.'"*  °^*''"'''^  ^^  ^^^'^^^"&'  the  unit  bv  any 
fraction  of  that  unit  is  called  The  Eeciprocal  of  that  fraction 

Thus  .,  that  is,  ^,  is  the  Reciprocal  of  ^. 


^  200.    We  have  shewn  in  Art.  158,  that  the  fraction  sym.bol^ 
I  18  a  proper  representative  of  the  Division  of  a  by  6.    In 

fs.A.l 
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Chapter  IV.  we  treated  of  co^es  of  division  in  which  tlie  divisor 
is  contained  an  exact  nuinoer  of  times  in  the  dividend.  We 
now  proceed  to  treat  of  casr-s  in  which  tlie  divisor  is  not  con- 
tained exactly  in  the  dividend,  and  to  shew  the  proper  method 
of  representing  the  Quotient  in  such  cases. 

Suppose  we  have  to  divide  1  by  1  -  a.    We  may  at  once 

represent  the  result  by  the   fraction      ]—.       But   we  may 

actually  perform  the  operation  of  division  in  tlie  following 
way. 

1-a 


a 
a 


■a- 


a 


2-a3 


a-' 


The  Quotient  in  this  case  is  interminable.  We  may  cnrry 
on  the  operation  to  any  extent,  but  an  exact  and  terminable 
Quotient  we  shall  never  find.  It  is  clear,  however,  that  the 
terms  of  the  Quotient  are  formed  by  a  certain  law,  and  such 
a  succession  of  terms  is  called  a  Series.  If,  as  in  the  case 
before  us,  the  series  may  be  indefinitely  extended,  it  is  called 
an  Infinite  Series. 

If  we  wish  to  express  in  a  concise  form  the  result  of  the 
operation,  we  may  stop  at  any  term  of  the  quotient  and  write 
the  result  in  the  following  way. 

_JL_  _  1        * 

1        ,  a2 

1-a  1-a' 


1 


a^ 


I -a  1-a' 


1 


=  1  +  a  +  a^  +  a^  + 


l-a* 
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nlways  bu-n^r  careful  t.  attach  to  that  term  of  tl.e  uuotient  at 
winch  we  intend  to  stop,  tho  re..avnd.r  at  that  pdnt  0    'the 


Examples ixiu. 


quSri™  ""'  "'  "•'  '■"""-^"■8  ''•™"'-  to  5  terms  in  the 

2.  m  by  m  +  2.         •  q      i  ,     1 

3.  a-&bya  +  6.  l+ftbyl-26. 

•^         *•  10.    a;-*-63by  a;  +  *. 

5.    a.bya-x.  „.    ^^by^.j. 

^;/^^ya  +  ..  ,,.    a^by(a^.)a 

13.  If  the  divisor  be  a; -a,  the  quotient  x^-^az  and  fha 
remainder  4^3,  ^hat  is  the  dividend  ?  '  *^^ 

14.  If  the  divisor  be  m  -  5,  the  quotient  m?  +  Sm^  + 15^  ,.  o. 
and  the  remainder  75,  what  is  the  dividend  ?  ^^' 

201.    If  we  are  required  to  multiply  such  an  expression  as 

^  +  3+4^^2-3' 

Edition  and  subt.ctit\Tf:::iX^^^^^^^^^^^^       "^^'^'^  ^^ 

2  ^3^4 
a_l 
2    3 


a;2    a; 


6     9~12 


£  ^_ 


_1^ 
72    IS 
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X  -il 


Or  we  nioy  first  reduce  the  inulliplicand  and  tlie  multiplier 
to  single  fractions  and  proceed  in  the  following  way  : 


/x'-'    X     1\     (x     \\ 


^6a;2  +  4a;  +  3    3x-2     ISa-'^  +  g-g 
12     ^^     6     ""        72 

72   '•'72 "72  '  4  "^72"  12' 
This  latter  process  will  be  found  the  Bimpler  by  a  beginner. 


m-.^ 


mm. 


!/'■: 


Examples.— ixiv. 


Multiply 

^     a;   ,1  ,     35    1 
'•     3-  +  2-^5^y3  +  4' 

d^     a     1  ,     a    1 
^-     6-6  +  3^^4-5- 

7.    1  +  -+   .j- 


4.  asS-l  +  l-  bya;2  +  l+A 


■  + 


by 


5-    „a-^^2    "J  a^^P"- 

o.   -  -  -  +  -  by  -  +  r-  +  - 
a    h    c     ^  a    be 


by  1-    +--. 


1 


8.    1+l^f^-^byl-ix  +  ^.V^M 

5^     3     7        _2^_1_1 
9*    2x'^^x'  3  ^x'^     «    2' 


10. 


a2     6'^ 


a^ 


62 


+  ;;^  +  2by.,^--^-2. 


62  ^a2 


a' 


202.     If  we  have  t »  divide  such  an  expression  as 


a;3  +  3,r  +  -  +  ;^ 


by  «  +  -,  we  may  proceed  as  in  the  division  of  whole  numbers, 

JO  ' 

carefully  observing  that  the  order  of  descending  powers  of  x 


s. 

lie  multiplier 

ay: 


a  beginner. 


1,1     1 

-  +  J-  +  - 
a    0     c 
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Any  isolated  digits,  as  1,  2,  3  ...  w-U  stand  between 


and  -. 

X 


Thus  the  expression 


^ 


rranged  according  to  descending  powers  of  «,  will  stand  thus, 


a;    a'*    a;"^ 


0,.  tt:  !;"r/:j  tr-*'""'^'"  ""^  "'= ^^^^  ^ '"-  ^•'"'^'» 


Ex. 


^ 


2a;  +  ? 


2x  + 


2 

X 


X    a? 


>le  numbers, 
powers  ol"  x 


ur  we  may  proceed  in  the  following  way,  which  will  h^ 
found  simpler  by  the  beginner.  ^'  '^^  ^ 


,3 X 


X 


x"" 


x'+l 


wm 


"34 


^     '■ 


I 


II.J<i 

wM  ' ' 

,  SIs-^ ' 

'   PI  •'*" 

■  1 

j/   I 

\> 

1  "* 

i\ 

3^*' 

'                  1 

« 


IS' 


I 


.» 


i'8i 
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Divide : 

,      all  1 

a:^   -^        as 

•ill  1 

3-    '^^'r^^\^ymv\ 


EXAMPLES.— IXV. 


-     -5     1  u  1 

4.    c»-;,,byc--i. 


5.    -,1  ^2  !-•'.,  by- +  si. 


y    » 


1 


1       1 


^'  -;?<"'7,m''n^y  ^'i-:.i.^vi: 


'^^a%^^h^^^  d'~ah'''W 


7.    ^-?^3-3?4-3ny?-I^. 
'     y^    X-*      y      X    ''  y    X 


o     3a^     .  .  ,  77  ,    43  ,    33      „.        ai» 


9'  Is + — 1  i^y  T + -• 


t«       1  u.  1  a.  1         3,111 


203.  Ill  dealing  with  expressions  involving  Decimal  Frac- 
tions two  methods  may  be  adopted,  as  will  be  seen  from  the 
following  example. 

Multiply  -la;-  -2^  by  '02x  +  '4y. 

We  may  proceed  thus,  applying  the  Rules  for  Multiplication, 
Addition,  and  Subtraction  of  Decimals. 

'\x  —  '2y 
•03x  +  •4y 


•OOdx'^-VOGxy 

+  -04  xy  -  -OSy* 

'063x^+  '034xy-  -OSt/^* 

Or  thus, 

\  JJ\  .u    Vio    10/ \  100    10/ 

x-2i/     3^  4-  AOy 

■^   10    ^"~i6()~ 

^3x2  +  34xt/-80?/ 

"  1000 

=  -003x2  +  -0340^7  -  -OSy". 

The  latter  method  will  he  found  the  simpler  for  ^,  beginner. 
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Examples.— ixvi. 


Multiply  : 
I.    -laj-'abySaj+O?, 
3.    -Sx-  ^»/by  -Jx  +  'Ty, 
5      Find  the  value  of 


2.     -OSx  +  .  by  '2x  -  3, 

4.     4'3x  +  5-22/  by  ()4x  -  (Kii/. 


(t '  -  ¥  +  <;■'  +  3«6c  when  a  =  -03,  6  =  -1 ,  and  c  =  -07. 
6.     Find  the  value  of 

x^  -  3aa;2  +  Sa'^'cc  -  a?,      en  x  =  -7  and  a  =  03. 
:i()4.    When  any  expression      is  put  in  a  form  of  which  /is 


a  factor,  tlien  -.-  is  the  other  factor. 


/ 


Thus 


a-vb 


So 


ah-Vdc-vhc  —  abc 


=  abc 


and 


x^  +  2xy  +  y 


'  =  a;^( 


ab  +  ac-\-  be 
abc 


x^ 


=^-('^?-0 


EXAMPLES.— Ixvii. 

1.  Write  in  factors,  one  of  whic>^  is  a^x,  the  series 

a^x  +  a^x'  +  ttsx^ + a^x'*  +  . . . 

2.  Write  in  factors,  one  of  which  is  xyz,  the  expression 

xy  -xz  +  yz. 

3.  Write  in  factors,  one  of  which  is  x^,  the  expression 

x^  +  xy  +  y\ 

4.  Write  in  factors,  one  of  which  is  a  +  6,  the  expression 

(a  +  bf-c(a  +  b)^-d(a  +  b)  +  e. 


"  !    '         I    lie 


\T.\  '. 


;■  * 


u        t  '  • 


/if-'  '  ): 


^5f 


,    I* 


(Elf  .1    t  *'   *' 
\m\lU 


0  *'Si 


V 


1, 


*"( 
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205.  We  shall  now  give  twc  examples  of  a  process  by 
which,  when  certain  fractions  are  known  to  be  equal,  other 
relations  between  the  quantities  involved  in  them  may  be 
determined. 

This  process  will  be  found  of  great  use  in  a  later  part  of 
the  subject,  and  the  student  is  advised  to  pay  particular 
attention  to  it. 


a    c 


(1)    If  r=^,  shew 


that 


Let 
Then 


Now 
and 


a—h~c—S 

.*.  a=\&, 

and       c  =  \d. 
a  +  h  ^  \b  +  b  _b(X  +  l)_  X  +  1 
a-b     \b-b~  b{\-l)  ~\-l* 
c  +  d  _ \d  +  d_d(\  +  l)_\  +  l 


a  +  h 


c  +  d 


X  +  1 


^^^^^  ^TT^  ^^^  ^"5  ^eing  each  equal  to  ~-^  are  equal  to 
one  another, 
m 


(2)    If 
Le. 


a-b     b 


—  =  --— ,  shew  that  m  +  »  +  r = 0. 
'  c      c  —  ct 

m    _ 


•II 


=x, 

-X, 


then 


«fc+»+r«=\a 


b-c 

r 

c-a 

m = Xrt  -  "SOf 

n='Kb-Xc, 

r=:\c->a  ; 

6  +  X^ 


Xc  +  Xc-XaasOt 


IS. 

I  process  by 

equal,  other 

lem  may  be 

later  part  of 
y  particular 
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m 


are  equal  to 


0. 


I 


.a    c 


Exam  PLES.—lxviii. 

I.    I'  X  —  J  prove  the  following  relations : 

8a+6      8c+rf 


a 


c 


2)  — r— — i. 
^^^  4a-5b     4c-6d: 


(4) 


02-62-c2_d2- 


(5) 
(6) 
(7) 
(8) 


4a+.'7b     4c  +  7(f 

c^-d"~  cd' 

lla  +  6     13«  +  6 
llc  +  rf~l3cT^* 

a^-ab-\-W^c^-cd-\-d:^ 
a2+a6  +  62-c2  +  crf  +  i«' 


2.     If 


3-  "  r— j  =  -7j  prove  that  7-= ,-; ; ^ 

0    d    f^  b    Ib  +  md  +  nf 

.     T,.  a  +  6    h-\-c    c  +  a 

4-  "— ^—=-^=—-,  prove  that  a=6=c 

5.    If  ^-'  =  ^«  =  ^,  shew  that  ?i  =  1^+  3?  +  4«> 

6'   rf'  /  *^®  "^  aescendmg  order  of  magnitude,  shew 
^^^^  b~+d+f^^  ^^^^  *^*^"  ^  *^**  greater  than  |. 

7.  If^=^^  shew  that  |^JL±^i=l^^?'^. 

8.  It'?=5,sbewthat^^=«*-^ 

^     re  a     c    ,        .,    ^   7a  +  h      ^^j-d 
>■•    ^^  h  -  li  snew  tiiat  „  -^^  =    "    ^ 
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10.  If  ^  be  a  'proper  fraction,  shew  that  |-—  is  greater 
than  r,  c  being  a  positive  quantity.  * 

11.  If  r  be  an  improper  fraction,  shew  that  ?^  is  less 

"  o  +  c 

than  r,  c  being  a  positive  quantity. 


206.  We  shall  now  give  a  series  of  examples  in  the  working 
of  which  most  of  the  processes  cok  .cted  with  fractions  will 
be  introduced. 


I  1  r'  ifii 


EXAMPLES.—lxiX. 


I.    Find  the  value  of  3a^  + 


2a62 


p  when 


a=4,  6  =  ~,  c=L 
and 


7a;2-.12a;  +  5     '^^^  a' +  4a -46 


Simplify 

Simplify  (^i+^-'-iZ^Uf^ti^  +  ^-J^ 


V 


-p     a+p/  '  \a-p    a+p/' 


4.     Add  together 


a;2    y2    ^2  y2    ^i      2         ^2     3.2    ^2 


4      6  '  8'  4      6     8 


4     6     8' 


and  subtract  z^~x^  +  -^^  from  the  result. 


5.     Find  the  value  of 


when 


a=4,  6=-,  c=l. 


6.     Multiply  -a;2  +  Sax  -  lu^  by  2x2  -ax--. 


¥ 


362 


7.     Shew  that  ^     ,,.,  =  a  +  26  -t-  — - 
(rt-o)-'  a  — 


:, « 


IS  greater 


the  working 
ractions  will 


ON  MISCELLANEOUS  FRACTIONS, 
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8.     Simplify  -^U^  +  JiL  + 1  Z^t 

*    She.  that  «2±liZ^Z^l  =  12.-25+  *9 


5a;^  +  9a;-2 

10.  Simplify  ^-^■^'  +  7x'  +  9u;- 8 

11.  Simplify -^^+    1 


a:+2' 


l-x ^— 


12.  Simplify  a  +  a6  +  fts ^^  +  ^^j  ^  t-f-— Y 

^  1—6/ 

13.  Multiply  together  (z  + 1)  (z2  +  j.  ^  ^^  _  1\ 

14.  Add  together -Ij,  .^-1-,  _L.,  ^nd  shew  that  if  their 


sum  be  equal  to  1,  then  a6c  =  a  +  6  +  c  +  2. 
15.     Divide^-l-^-4  +  ^  +  _^lb__^ 
o>  h  G 


16.    Siraolily  J £ 1_,  a„a  shew  that  it  is  equal 


.s(s-a)  +  (s-b)(s-c).,, 

~ 6c        -^f2s=a  +  6+c. 


i  7.    Shew  that L —  +  _i 


4a* 


l  +  -^-'l— L'l+--1_.     «*-^* 


a-r-a; 


18.  Simplify  «±-J  +  ^^- _^^  _  ^-^ 

^     ^  a-b^a  +  b      a^  +  W 

19.  Simplify -^--^tA+_^±^ 


til 


Simplify  — 


a^~ab  +  b'^  a^-Jfi 


a^-'3ab(a-b)-b^    a^+W 


:  ■■:  .!'■. 


's:-.*! 


1:- 


i/:, 


t    ;,; 


li 


i 


i 
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21.     Simplify  (^2|:iy2-2^2_4^^2-r--^- 

,3.    Simplify  (^1  - 1  -rll)  ^  (n^-^) 


X 


03 


24.     Find  the  val"e  of  I ^  I ; -.,  when  x = ——. 


•a-26' 


2 


^.    Si.p.if/^W^l 
27     Simplify  (^'-^>^'''-^> 

28.  Simplify  4-  +  4  -  i  -  /-o^-To  +  ^"^ ? -« 

29.  Divide -„--  + ^  by . 

a^    a    X    x^    ''  a    X 


30.  Simplify  r^±^-4zi^+262_|a-j^ 

,1  Simplify  ^^  +  ^  +  ^)'  +  <^  -  ^)'  +  <^  -  ^)'  +  (^  -  ^)' 

-,-,  rp.lr^       1-X-2X^  14-3x2+2x3 

3^'  ^^'  0-.2x-1x-f  ^^-^"^  (33^rwy 

33.  Simplify  (^'?.!.3l:)-^(^t^-^n 

34.  Simplify(^-l)(-£— l)  +  (^^-i)(_^^_lY 


5$.    Simplify 

a^-ah    a^  +  ab  +  b^    /  2^8         \  /  2ab      \ 
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36.     Simplify 


2  (a:- 1)2     4(a;-l)'^4(fl;  +  l)     \x-\)H^vi)* 


37.    Prove  that 


ahx     a(a-b)(x-a)    b  (b  -  a)'{x  - 1))    x{x-a){:c-b)' 

38.  If  s = a  4  6  +  c  +  . . .  to  71  terms,  sliew  that 
«-a     S-&     js-c  /111         \ 

39.  Multiply(-^,--^^'    Uy--i?!z^)L_ 


40.    Simplify 


a  +  X  .  ft^  4  ga 

1     ^  ~  ^  *  I     «^  -  a;"'** 
a  +  aj       "~ 


41.  Divide  a;3  +  i3-3(i^-a;2)  +  4(a;  +  l)  by  «+l. 

42.  If  s = rt  +  6  +  c  +  . , .  to  w  terms,  shew  that 

s-a     8-b     s-c 
~ — I — : — I \-  ...  =  n  —  \. 


43.    Divide  (-^~-  — 1  -  )  by  (-^t^+jyL.\ 


y     x  +  y. 
2xy 


44.     Simplify —li^^ 
l+-2^   * 

._      ■ri?^  +  &       c  +  d  ,      a  +  h  +  c  +  d 

a'^b'^c'^d 
46.     Simplify 

p*jf4/g  +  6^252^4;,  j-t  ^  ^4  ^  PI±M1±^^  ^  f 

p*  -  4:fq  +  GpY  -  4pV  +  ^4  •  _p3  _  3j52^  ^  Spg^-Tp* 


47.    Reduce 


i-2sc 


i  1 


MI 
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48.     Simplify 


1 


a;  +  ^_     a;  +  i     2/(*F  +  a=+»y 


1 


y 


\ 1  X  y 


49.  Simplify  ^-^  ^-y  ^^-^>'  ^^"-y^". 

(a-i/)(a-x)'^  ~  {a-yf  (a~-x) 
6c     ca    ah 


a  +  - 


1  +  6 


51.    Simplify -^(a^-lP), 

a 


1-1 


■  1  '■.)  I  ( 


■!.'■  '6  ■  ^ 


!,^J 


Si  'f.i 


XV.    SIMULTANEOUS   EQUATIONS   OF 
THE   FIRST    DEGREE. 

207.  To  determine  several  unknown  quantities  we  must 
have  as  many  independent  equations  as  there  are  unknown 
qiiantities. 

Thus  if  we  had  this  equation  given, 

x  +  y=6, 
we  could  determine  no  definite  values  of  x  and  y,  for 

or  other  value'^  might  he  given  to  x  and  y,  consistently  with 
the  enuation.  In  fact  we  can  find  p.p.  m.ir)"  pairs  o^  '-'"lues  ~f 
X  and  y  as  we  phase,  which  will  satisfy  the  equation. 


tv 


OF  THE  FIRST  DEGIiA^. 


»4.1 


We  must  have  a  second  equation  iiKlei)endeiit  of  the  first, 
and  then  we  may  find  a  pair  of  values  of  a;  and  y  wliith  will 
satisfy  both  eiiuations. 

Thus,  if  besides  the  equation  x  +  y  =  6,  we  had  another 
equation  x-y  =  2,  it  is  evident  that  the  values  of  x  and  y 
V  hich  will  satisfy  both  equations  are 

x  =  4) 

since  4  +  2  =  6,  and  4-2  =  2. 

Also,  of  all  the  pairs  of  values  of  x  and  y  which  will  satisfy 
one  of  the  equations,  there  is  but  one  pair  which  will  satisfy 
the  other  equation. 

We  proceed  to  shew  how  this  pair  of  values  may  be  found. 
208.     Let  the  proposed  equations  be 

2x  +  7y  =  M 

5x  +  Qy  =  6l. 

Multiply  the  first  equation  by  5  and  the  second  equation  by 
2,  we  then  get 

10a;  +  35i/=170 
10^+ 18?/=  102. 
The  coefficients  of  a;  are  thus  made  alike  in  both  equations. 

If  we  now  subtract  each  member  of  the  second  eipiation 
h-om  the  corresponding  member  of  the  first  equation,  we  shall 
get  (Ax.  II.  page  58) 

35^-18^=170-102, 
0^  17?/ =  68; 

■••  ^  =  4. 
We  have  thus  obtained  the  value  of  one  of  the  unknown 
symbols.     The  value  of  the  other  may  be  found  thus  : 

Take  one  of  the  original  equations,  thus 
2x  +  7y  =  M. 

Tow,  since  y  =  4,7y  =  28; 

:.  2a;  +  28  =  34; 
.-.  a;  =  3. 

Hence  the  pair  of  values  of  x  and  y  which  satisfy  the 
e<iuations  is  3  and  4. 


1  K 
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'■  ,w 


Subtracting, 
and  tlieretbre 

Now,  since 


Note.  The  process  of  thus  obtaining'  from  two  or  more 
equations  an  equation,  from  which  one  of  the  unknown  quanti- 
ties has  disappeared,  is  called  Elimination. 

209.  We  worked  out  the  steps  fully  in  the  example  given 
in  the  last  article.  We  shall  now  work  an  example  in  the  form 
in  which  the  process  is  usually  given. 

Ex.     To  solve  the  equations 

bx  +  4y  =  bS. 
Multiplying  the  first  equation  by  5  and  the  second  by  3, 

15a; +  35// =  335 
15x+12i/-l74. 

23i/=lGl, 
l/  =  7. 

3x+7i/  =  67, 
3»  +  49  =  67, 
,-.  33;  =  18, 
.'.  x  =  6. 

Hence  a; = 6  and  1/= 7  are  the  values  required. 

210.  In  the  examples  given  in  the  two  preceding  articleP 
we  made  the  coefficients  of  x  alike.  Sometimes  it  is  more  con- 
venient to  make  the  coefficients  of  y  alike.     Thus  if"  we  have 

to  solve  the  equations 

29a;  +  2y  =  64 

13x+  i/  =  29, 
we  leave  the  first  equation  as.  it  stands,  and  multiply  the 
second  equation  by  2,  thus 

29a5  +  2t/  =  64 

26x  +  22/  =  58. 

Subtracting,  3a;  =  6, 

and  therefore  x=2. 

Now,  since  13x  +  ^  =  29, 

26  +  ^j  =  29, 
.-.  2/ =  3. 

Hence  a;  =  2  and  y  =  Z  are  the  values  required. 


OF  THE  FIRST  DEGREE. 


MS 


I.   2a;  +  72/  =  41 

3x  +  4y  =  42. 

4.    14,c  +  92/  =  156 

7a; +  27/ =  58. 

7.   60;+   4?/ =  236 
3u;+15?/  =  573. 


Examples  —  ixx. 

2.   5a;  +  8«/  =  101 
9a; +  2?/ =  95. 

5.     a; +15?/ =  49 
3a;  +   7?/ =  71, 

8.   39x  +  27y=l()5 
52x  +  29?/  =  133. 


3.   13a;+172/-=i89 

2a;  +     y  =  21. 

6.    15.c+19v/=132 
35x  +  17i/  =  226 

9.    72a; +  14?/ =  330 
63a;  +   7?/ -273. 


211.  We  sliall  now  give  some  examples  in  which  negative 
signs  occur  attached  to  the  coefficient  of  y  in  one  or  both  of 
the  equations. 

Ex.     To  solve  the  equations: 

6a;  +  35i/=l77 
Hx~2ly=  33. 

Multiply  the  first  equation  by  4  and  the  second  by  3. 

24a; +140?/ =  708 
24a;-   63?/=  99. 


Subtracting, 
and  therefore 


2032/ =  609, 
The  value  of  re  may  then  be  found. 


I.  2x  +  7?/  =  52 
3a; -5?/ =16. 

4.  4,c+   9?/ =  79 
7a; -17?/ =  40. 


Examples.— ixxi. 


2.      7x-    4?/ =  55 
16a;- 13?/=  109. 

5.     x+l9y  =  97 
7a; -53?/=  121. 


3.   a;  +  ?/  =  96 

x-y  =  2. 

6.    29a;- 14?/ =  175 
87a; -56?/ =  497. 


7.   171a;- 213?/  =  642     8.   43a;+   2?/  =  2fi6     9,     5a;  +  9?/ =^.  l S8 
114a;-326w  =  244.         12a; -17^  =  4.        "    13a; -2?/ =  57 
[s.A.j  j^ 


Hi       ■ 


^•.  h 


;ii 
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212.  We  have  hitherto  taken  examphis  in  which  the 
coeiticien,t8  of  x  are  both  positive.  Let  us  now  take  the  loUow- 
ing  equations : 

5x-7y=6 

9y-2x=lO. 

Change  all  the  signs  of  the  secorid  equation,  so  that  we  get 

(  5x-7y  =  6 

2x-92/=-10. 

Multiplying  by  2  and  5, 

10a;-i4i/  =  12 
I0x-4by=-b0. 

Subtracting, 

-142/ +  452/ =12 +  50, 
or,    311/ =  62, 
'  or,    y=2. 

The  value  of  x  may  then  be  found. 


f   % 


1.    4a;-7t/=22 
7i/-3a;=l. 

4.    72/  +  3x=78 
l%-7x=136. 

7.    5i/-2r=21 
13^-4^/  =  120. 


EXAMPLES.— IXXil. 

3- 


2.     9x-5?/  =  52 
8y-'3x=8. 


5. 


5a;-Si/=4 
127/-7a;  =  10. 

8.    92/-7x  =  13 
15x-72/  =  9. 


17a;+3i/=57 
162/ -3a; =23. 

6.    3a;  +  2y=39 
32/-2x=13. 

9.    12a;  +  72/=  176 
32/ -19a; =3. 

213.  In  the  preceding  examples  the  values  of  x  and  y  have 
been  positive.  We  shall  now  give  some  equations  in  which  x 
or  2/  or  both  have  negative  values. 

Ex.    To  solve  the  equations: 

2a;-92/  =  ll 
3a; -42/ =  7. 

Multiplying  the  equations  by  3  and  2  respectively,  we  get 
6a; -272/ =  33 
Gx—   by  =  14. 


■  It 
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»<7 


Subtracting, 

-19y=19, 
or,     19y/=_i9, 

Now  since  9^/=  -9, 

2a;  -  9?/  will  be  equivalent  to  2j;  -  (  -  9)  or  2x  +  9. 

Hence,  from  the  first  equation, 

2x  +  9  =  n, 


Examples.— ixxiif.. 


I.  2x  +  3y=8 

3.0+72/ =  7. 

4.  7i/-3x=139 
2a; +  5// =  91. 

7.  17a;+12y  =  59 
19a;-   4?/=  153. 


2.     5a;-2//  =  51 
19a; -37/ =180. 

5.  4a;  +   9?/ =106 
8a;+172/=198. 

8.     8a;  +  3v/  =  3 
12a; +  97/ =  3. 


3.  3a;-57/=51 

2a;  +  77/=3. 

6.  2a;-72/  =  8 
47/-9x=19. 

9.  69// -17a;  =103 
14a;- 137/= -,41. 


214.    AVe  shall  now  take  the  case  of  Fractwnal  Equations 
involving  two  unknown  quantities. 

Ex.     To  solve  the  equations, 

o 

First,  clearing  the  equations  of  fractions,  we  get 

10a;-2/  +  3  =  20 

92/  =  27-a;  +  2, 
from  which  we  obtain, 

10a;-7/=17 
/g  4.  Oil  =  29 

and  hence  we  muy  find  a;=2, 2/  =  3, 


VV.ii  ., 


M 


■ '  *>. 


hJH 


ll^   I! 


18 

If! 
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SIMULTANEOUS  EQUATIONS 


Examples.— Ixxiv. 


*   y   •• 

^      y      a 

3  +  2-"- 
4.    2^tl  +  5=10 

8.  |. 8  =  1- 12 


y 


2.    10x  +  f,  =  2lO        3.    ^  +  7i/=25l 
•J  7 


x 


10t/-2  =  290. 


?/ 


+  7a;  =  299. 


5.    7x  +  '^=413        6.    ^±=^^=16-1 
39x  =  14y  -  1  COO        fc—  =  ?|  +  1 . 

10.    ~^-  +  8i/=31 

o  > 

4 


X 


5        3        4 


II.   — ^  ''+3x=2y-6 
^t'  +  ^:^  =  2x-8. 

5  D 


3a;-52/  2a;4-2/ 

a;-2y    x    7/ 
8        4~"~2  +  3' 


12. 


a;-2     10^a;_j/-10 
"5~    ~"3~~~~4~ 
2y  +  4_4x  +  t/+13, 
3  8        * 


13- 


5a;  — 6?/ 
~l3~ 


+  3x=4y-^ 


6x  +  6y     3'-2y_ 


14. 


6  4 

5a;- 3     3a;- 19 


22/ -2. 


:4-^T± 


2  2*3 

2a;  +  y    9a;-7_3?/ f9    4a;  +  5jf 
2  8     ~~4  Hi    * 


4a;  +  5ii/ 
~46~ 
2a;  — y 


15.    -40-=^-?^ 


^-21/=5. 


:1'^  i 
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216     Wo  have  now  to  explain  the  method  of  solvin-  Lit^al 
E4nations  involving  tv/o  unknown  q'oantities. 

Ex.     To  solve  the  equations, 


ax  +  by=c 
px  +  qy=ir. 


got 


Multiplying  the  first  equation  by  ^>  and  the  second  by  a,  we 


Subtracting, 


nr. 


apx  +  bpy  =  cp 
<vpx  +  aqi>  =  ar. 

bpy-aqy-     ,: 
OT,(bp-aq)y  =  cp-ar; 

..  y  —  Y , 

op-aq 

We  might  H,on  fin.l  x  by  ,ul«tituti„,.  tl,i«  val„e  of  y  in  one 
of  the  ong,„al  e,i„at„„„,  ',.  ,  u»„allj.  th.  .afest  co,„L  i,  t^ 
he,.,,,  afresh  and  ,„alc..  the  cocl^.ient,,  oUjaUke  in  th   „*  ,„^ 

:',;;:  Hir"""""^'"^'  '"^  "-^-^  -^-  ^  -'o  «■»  -«-'  ^  »I 

aqx  +  hqyr=cq 
bpx  +  bqy==br. 

aqx-bpx  =  cq-hr, 

or,  (^7-Jp)a;=rcg,-tr; 

aq-bp 


Subtracting, 


I.    mx  +  ny=e, 

px  +  qy=f, 

4.    ex     =dy 
x+y=:e. 

7-    ax  +  by=:c 
dx4-fy  =  cK 


Examples.— ixxv. 

2.    a.c  +  by  =  c 
dx-ey=f. 

S'    mx-ny  —  r 
m/x  +  n'y=r'. 

8.     ahx  +  cdy  =  2 
d-b 


ax- Cry = 


bd 


3.    ax-'by=m 
cx  +  ey  =  n. 

6.     x  +  y  =  a 
x~y  =  b. 

9.     A  =  -A_ 

6  +  2/     3a  +  « 

ax  +  '-2by=zd. 


m  u 


a  'ii  «•■ 


(■ 


I  ^ 


f 


!  fr 
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10.  6cx  +  26-ci/=^0 


6c  c 


II.  (6  +  c)(a;  +  «-6)  +  «(?/  +  a)=2a« 
(6  -  c)  cc        a=* 


^      (86-2w)6m 

l%g. _  ^££L 4- . 0  +  c  +  m^my^m^x  +  (6  +  2m)6m. 
6  +  7>^ 

216.  We  now  proceed  to  ilie  solution  of  a  particular  class 
of  Siimiltaneous  Eciuations  in  which  the  unknown  symhola 
appear'  as  the  denominatovs  of  fractions,  of  u  ch  the  following 
are  examples. 

ElX.  1.     I'o  solve  the  equations, 

a    6 

-  +  -=c 
«  X    y 

=d. 

a;    y 

Multiplying  the  first  by  m  and  the  second  by  a,  we  get 

am    hm 
—  +  —  =  cm 
X      y 

am    an_    , 


Subtracting 


6> 


or. 


X       y 

bm    an  , 

—  H — =cm-aa, 

y     y 

hm  +  an 

"~y~' 


■■  cw.  -  ad, 


or,  hm  +  an  — {cm- a3)y, 
bm  +  an 

•'•  y— —  ~j' 

"     cm -ad 

Then  the  value  of  x  may  be  found  by  substituting  this  value 
of  y  in  one  of  the  ori.irinal  e'luations,  or  by  making  the  terms 
ftnntAinhiw  «  alike,  as  in  the  examnle  given  in  Art.  215. 


■  2a^ 


a' 


ticular  class 
wn  symbols 
he  following 


we  get 
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Ex.  2.     To  solve  the  equations . 


2_  5  _  4 
X    3y~27 

4x^y    72* 


Multiplying  the  second  eqnat: 


;ion  hy  8,  we  get 


X    3y    27 
2    8^11 

y    9- 


X 


Subtracting, 
Changing  signs, 


5     8 


U 


or. 


Sy    y    27     6' 

_5     8^U     4 
32/    y     9  "'2?' 

5^+24^33-4 
3y         27""' 

y=9, 


whence  we  find 

in  one  ot  the  original  equations.  >^     ''^  V 


ng  this  value 
ig  the  terraa 
t.  215. 


EXAMPLES.—lxxvi. 


1    2 

^^- 

;;  +  -  =  ?» 

X     y 

a    b 

-~~=n. 
X    y 


7-    «i^  +  ^=^ 
ax     by~ 


1     2 
2.    -  +  -=a 

«    y 

3     4     ^ 

-  +  -  =  &. 
X    y     "• 


«-?=7 
ay* 


8. 


w 


^   y 


3x^ -'---' 


07/ 

1 


6a;     lOt/ 


=3. 


w 
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217.  There  are  two  otker  inctliods  of  solving  Siinultiineoua 
Kiluation8.of  which  we  have  hitlierto  made  no  ineution,  because 
they  are  not  generally  so  convenient  and  simple  as  the  method 
whicli  we  have  explained.     Tliey  are 

I.  The  method  of  Substitution. 
If  we  have  to  solve  the  equations 

03  +  3?/=  7 
2a; +  4?/  =  12 

we  may  find  tlie  value  of  «  in  terms  of  y  from  the  first  equa- 
tion, thus 

«  =  7-3y, 
and  Buhsixtuie  this  value  for  x  in  the  second  equation,  thus 

2(7-31/) +  41/ =  12, 
from  which  Hve  find 

We  maj'  then  find  the  value  of  x  from  one  of  the  original 
equations. 

II.  The  method  of  Comparison. 
If  we  have  to  solve  the  equations 

5x  +  2i/=16 
7u;-3//=   5 

we  may  find  the  values  of  x  in  terms  of  y  from  each  equation, 

thus 

16-2;/ 
a:= — ^    ' ,  Irom  the  first  equation. 

X— — ^*  -,  from  the  cjecoud  equation. 

Hence,  equating  these  values  of  x,  we  get 

16-2jr_5  +  3i/ 

5"  '"'  r  ' 

an  equation  involving  only  one  unknown  symbol,  from  which 
we  obtain 

and  then  the  value  of  x  may  be  found  ironi  one  of  the  original 
equations. 


■3 
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5a;-6i/4-4;3=:15 

Mu.t.plyi„g  the  fi.t  by  7  „„d  tl.  .econd  by  6,  „e  ^, 
Snbt.«c«„g  35.H-20,-,o,v  =  95. 

.      .  -62i/  +  43«;=l() (.s 

Again,  multiplyhicr  the  first  of  -  .      •  '•'",' ^'' 

and  the  third  by  5,  ;^e  get  ^^^'"^^  "'l""''*^"^  ^'^  2 

Q  .  .  10«  +  52/  +  3a?  =  230. 

^•nbtractmj?  it.,    o-, 

m,        ,.      *'  -1^2/ -22^  =-200 /ox 

Then,  irom  (1)  and  (2)  we  have  ^^^' 

62*/ -43^= -10 

f.  ,  .  ,  17?/  +  22^  =  200 

f»n.wb,chwecu„ii„U;,  =  4«,„uJe. 


t'  tlie  original 


I. 


2. 


EXAMPLES.- 


8a;  +  3?/+     s  =  17 
«- 4?/+ 10.1  =  23. 
5x  +  37/-6;j!  =  4 
Sa;-    :?/  +  2;:;  =  8 
«-2i/  +  2«=2. 


-ixxvii. 
3 


5a;-32/  +  2«  =  21 
^^-  y~3z=  3 
2a; +  32/  + 2s  =  39. 
4a;-5i/  +  2;s=  (i 
2x  +  '3y-  ^  =  20 
7a-4i/  +  3«  =  35. 
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PROBLEMS  RESULTING  TiV 


\h-   .' 


5         x+     y+  z=  (S 

15a3+l{)i/  +  62  =  53. 

6.  8x  +  47/-32  =  6 

a; +  3?/-  s!  =  7 
4x  -  5?/  +  4:;  =  8 

7,  a;+   1/+  «  =  30 
27a;  +  92/  +  3»=64. 


10. 


4x-3?/+  2=  9 

9x+  •i/-5;.'  =  16 

fl;-4y  +  3«=  2. 

12x  +  57/-43  =  29 
13,r-2?/  +  53=58 
17x-  y-  «=15. 

y-x  +  z=  -  5 
s-2/-a;=  -25 
a;  +  i/  +  !2  =  35. 


III!' 


,1     ^-i 


XVI.  PROBLEMS  RESULTING  IN  SIMUL- 
^TANEOUS  EQUATIONS. 

21D  In  the  Solution  of  Problems  in  which  we  represent 
two  of  the  numbers  sought  by  unknown  symbols,  usually  x  and 
y,  we  must  obtain  two  independent  equations  from  the  condi- 
tions of  the  question,  and  then  we  may  obtain  the  values  of 
the  two  unknown  symbols  by  one  of  the  isrocesses  described  in 
Chapter  XV. 

Ex.  If  one  of  two  numbers  be  multiplied  by  3  and  the 
other  by  4,  the  suui  of  the  products  is  43  ;  and  if  the  former  be 
multiplied  by  7  and  the  latter  by  3,  the  difference  between  the 
results  is  14.    Find  tbe  numbers. 

Let  X  and  y  represent  the  numbers. 

Then  3a +  42/ =  43, 

and  7a; -31/ =  14. 

From  these  equations  we  have 

21a; +  28?/ =  301, 

21a;-   9?/ =  42. 
Subtracting,  37?/ =  259. 

Therefore  '  2/ =  7, 

and  then  the  value  of  x  may  be  founa  to  be  5. 

Hence  the  numbers  are  5  and  7. 
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Examples.— Ixxviii. 


find  Jtmb™!' '"  ""'"''"  '■'  '''  ••""'  "-^  '"f—  «  *. 

iorfi«.uhe"„it'r "™'"" '' ''"' ""'  *'■'  ^--f^-"-  « 

5.     Seven  years  ogo  the  age  of  a  father  was  four  times  that 

bute  t,v,ce  as  m„cl,  a»  A  and  ^20  more ;  and  0  as  much  as  1 
ami  ;?  together.     What  sum  did  each  contribute  % 

™ud,  molvT/  '™  *".'"'8^'  ^  *"'  have  three  times  as 
m  cli  monej  as  A.    If  B  gives  ^  ten  shilling,  a  will  have 
tM.ce  as  much  u.oney  as  B.     What  has  each  ? 
9-    The  sum  of  .£700  is  divided  between  ABO     The 

10.    The  sum  of  two  numbers  <lirifl«.rl  K,r  o     • 
tent  24  inrl  fh^  .!•«•        '''"-'^^'^  anicled  by  2,  gives  as  a  quo- 

f-a^;itsrx:isi^^^^^^^ 

'vl'en  tW  fi^t  "'I'  "',"",'1'  "*  '"'"  "''<'''  *"'«'>  P»*,  that 

th    re,  1",^!  o     ",    '    ''y^  «-">''  'he  quotieAt  is  3  and 
lie  icra.imder  2.  and  when  the  thirrl  is  dfvi,!.^  v„  .1,. , 

»f  tae  other  two  parts,  the  quotient  is  2  and  the  Remainder  1 
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PROBLEMS  RESUI  TING  IN 


m\ 


»..--  >t  ':   ' 


13.  A  and  B  buy  a  horse  for  .£120.  A  can  pay  l'(»r  it  if  5 
will  advuuoe  lialf  the  money  ho  has  in  his  pocket.  B  can  pay 
for  it  if  A  will  iidvuiice  two-thirds  of  the  money  he  has  in  his 
pocket.     How  mncli  has  each  ? 

14.  "How  old  are  you?"  said  a  son  to  his  father.  The 
father  replied,  "Twelve  years  lieiice  you  will  he  as  old  as  1  was 
twelve  years  ago,  and  I  shall  be  three  times  as  old  as  you  were 
twelve  years  ago."     Find  the  aj;e  of  each. 

.•5.  Eequired  two  numbers  such  that  three  times  the 
greater  <  Kcetds  twice  the  less  by  10,  and  twice  the  greater 
together  with  three  times  the  less  is  24. 

16.  The  sum  of  the  ages  of  a  father  and  son  is  half  what  it 
will  be  in  25  years.  The  dilFerence  is  one-third  what  the  sum 
will  be  ih  20  years.     Find  their  ages. 

17.  If  I  ^livide  the  smaller  of  two  numbers  by  the  greater, 
the  quotient  is  -21  and  tlie  '  ;ainder  -0157.  If  I  divide  the 
greater  number  by  the  smaller,  the  quotient  is  4  and  the 
remainder  -742.     Find  the  nmabers. 

18.  The  cost  of  6  barrels  of  beer  and  10  of  porter  is  ^51; 
the  cost  of  3  barrels  of  beer  and  7  of  i)()rter  i»  £32,  2.9.  How- 
much  beer  can  be  bought  for  £'M)1 

19.  The  cost  of  7  lbs.  of  tea  and  5  lbs.  of  coffee  is  £1,  9s.  4d. : 
the  cost  of  4  lbs.  of  tea  and  9  lbs.  of  coflee  is  i;i,  7.'?. :  what  is 
the  cost  of  1  lb.  ol  each  ] 

20.  The  cost  of  12  horses  and  14  cows  is  £'380  :  the  cost  of 
5  horses  and  3  cows  is  £130 :  what  is  the  cost  of  a  horse  and  a 
cow  respectively  ? 

21.  The  cost  of  8  yards  of  silk  and  19  yards  of  cloth  is 
£18,  4.'?.  2d.',  the  cost  of  20  yards  of  silk  and  16  yards  of  cloth, 
each  of  the  same  quality  as  the  former,  is  £25,  \6s.  Sd.  How 
much  does  a  yard  of  each  cost  ? 

22.  Ten  men  and  six  women  ettrn  £18,  18s.  in  6  days,  and 
four  men  and  eight  women  earn  £0,  6s.  in  3  days.  What  are 
the  earnings  of  a  man  and  a  woman  daily? 

23.  A  farmer  bought  100  acres  of  land  for  £4220,  part  .at 
£37  an  acre  and  part  at  £45  an  acre.  How  many  acres  had 
he  of  each  kind  1 
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Note  I.     A  number  comisting  of  two  digits  mav  be  renrp- 

'^X^'  "'  '^^^'  "'■'-  ^  -'  y  '~ '^e 

For  consider  such  a  number  as  76.    Here  the  si-nificant 
.  .S.ts  arc  7  and  6,  of  which  the  foru.er  has  in  censenuencro 

<t::V:increas""C  6.  "'""""  '^  '«  *'  ^-l"'™'™'  ">  '- 

So  also  a  nun.ber  oi'  which  x  and  y  nre  the  significant  diril, 
w,ll  be  represented  by  fe„  fce.  a.,  increased  by  y  ^ 

If  the  digits  composing  a  number  llte  +  j,  be  inverted   the 
resulting  number  will  be  I0y  +  ^.  -  Thus  if  we  inverUhe  dig  s 

:Zd'b?  7.'"'  "™''^' '"'  ^^ «'' «'-  '"^^ ''. '- '»« tt 
a.^b;r,irbr™""'  °' ""'  "'^"^  "^^  "^  -"--'^^ 

100X-+  107/  +  2!. 

6  a^.d'if  VZ  Tu  f  .*1'""'"'  ™'"P°»"'8  "  -'e'-tein  number  i, 
fC  l^e  *n.™hef'  '"  '"'  "™""=^  *'  <"«"'  "'"  ^  >»™ted. 

Let  10a; +  2/  represent  the  number. 
Then  x  +  y  will  represent  the  lumber  of  the  di^itg 
and  1%  + a;  will  represent  the  number  with  the^'dig'its  inverted, 
ihen  our  equations  will  be 

x  +  y=5, 

iOx  +  y+9=li)y  +  x, 
from  which  we  may  find  x=2  and  y  =  3; 

:.  23  is  the  number  required. 
laf    J^^  '""',''^  *'''^  "^'^'^^  composing  a  number  is  8  and  if 
Tn^mbet  ^^  ^'^  "^"'^^  ^'^  '^'^"^^^  ^^^^^  ^^  "^^^^^    "^^1 

ami  It  64  be  added  to  the  number  the  didts  will  b.  inv^^f./ 
VV  iiiic  IS  tiie  number  ?  ' " ^"^ 
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26.  The  sum  of  tlie  digits  of  a  nuuiber  less  than  100  is  9, 
and  if  9  be  addid  to  tiie  number  the  digits  will  be  inverted. 
What  is  the  number? 

27.  The  sum  of  the  two  digits  composing  a  number  is  6, 
and  if  the  number  be  divided  by  the  sum  of  the  digits  the 
quotient  is  4.    Wliat  is  the  number  '\ 

28.  The  sum  of  the  two  digits  composing  a  number  is  9, 
and  if  tlie  number  be  divided  by  the  sum  of  the  digits  the 
tjuotient  is  5.    What  is  tlie  number  \ 

29.  If  I  divide  a  certain  number  by  the  sum  of  the  two 
digits  of  which  it  is  composed  the  quotient  is  7.  If  I  invert 
the  order  of  the  digits  and  then  divide  the  resulting  number 
diminished  by  12  by  the  difference  of  the  digits  of  the  original 
number  the  quotient  is  9.     What  is  the  number  ? 

30.  If  I  divide  a  certain  number  by  the  sum  of  its  two 
digits  the  quotient  is  6  and  the  remainder  3.  If  I  invert  the 
digits  and  divide  the  resulting  number  by  the  sum  of  the  digits 
the  quotient  is  4  and  the  remainder  9.     Find  the  number. 

31.  If  I  divide  a  certain  number  by  the  sum  of  its  two 
digits  diminished  by  2  the  quotient  is  5  and  the  remainder  1. 
If  I  invert  the  digits  and  divide  the  resulting  number  by  the 
sum  of  the  digits  increased  by  2  the  quotient  is  5  and  the  re- 
mainder 8.    Find  the  number. 

32.  Two  digits  which  form  a  number  change  places  on  the 
addition  of  9,  and  the  sum  of  these  two  numbers  is  33.  Find 
the  numbers. 

33.  A  number  consisting  of  three  digits,  the  absolute  value 
of  each  digit  being  the  same,  is  37  times  the  square  of  any 
digit.    Find  the  number. 

34.  Of  the  three  digits  composing  a  number  the  second  is 
double  of  the  third  :  the  sum  of  the  first  and  third  is  9 :  the 
Bum  of  all  the  digits  is  17.    Find  the  number. 

35.  A  number  is  composed  of  three  digits.  The  sum  of  the 
dibits  is  21 :  the  sum  of  the  first  and  second  is  greater  than  the 
third  by  3 ;  and  if  198  be  added  to  the  number  the  digits  will 
be  inverted.    Find  the  number. 


SIMULTANEOUS  EQUATIONS, 
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Note  II.     A  fraction  of  which  the  tenus  ..^^^^^,^^^ 
be  represented  by  -.  •  " 

y 

Ex.    A  certain  fraction  becomes  1  when  7  is  added  to  its 
denominator,  and  2  when  v\  ia  -^^^^A  +    v 
the  flection.  '''^-'^  ^^  '''  numerator.     Find 

Let  -  represent  the  fraction 


Then 


y+7    2' 


are  the  equations;  from  which  we  may  find  a:=9  and  y^n. 
That  is,  the  fraction  -'s  — . 
3b.    A  certain  fraction  becomes  2  when  7  i<.  :li1.?p,7  f«  v 

37.    Find  such  a  fraction  that  when  1  ie  added  to  ite 
nmnerator  to  value  becomes  |,  and  when  1  i,  added  to  the 

denominator  the  value  is  - 

4* 

38.    What  fraction  is  that  to  the  numerator  of  which  if  i  b, 

added  the  value  win  be|..  but  if  1  be  added  to  the  denominator, 

the  value  wiH  be  \  ? 

39-    The  numerator  of  a  frflpti\.r,   ;„        j 
denominator  by  the  addition  oT  Tnd \  hftf  07";^  ',°  "* 
mmator  increased  by  1.    Find  the  Ctl  '  "'""• 

40.    A  certoin  fraction  become,  \  when  3  ie  .U,en  U.^  the 
n»me«.tor  and  the  denominator,  and  it  becon-ea  when  6 
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is  arlded  to  the  numerator  and  the  denominator.    What  is  the 
fraction ) 

7 

41.  A  certain  iraction  becomes  „  when  the  denominator  is 

increased  by  4,  and  ^y  when  the  numerator  is  diminished  by 
15 :  determine  the  fraction. 

42.  What  fraction  is  that  to  the  numerator  of  which  if  1  be 
added  it  becomes  „,  and  to  the  denominator  of  which  if  17  be 

added  it  becomes  ;r  ? 

Note  III.     In  tfaestions  relating  to  money  put  out  at 
dm  pie  interest  wj  are  to  observe  that 


Interest  ^ 


Principal  x  Rate  x  Time 


100 


where  Rate  means  the  number  of  pounds  paid  for  the  use  of 
£100  for  one  year,  and  Time  means  the  number  of  years  for 
which  the  money  is  lent. 

43.  A  man  puts  out  J2000  in  two  investments.  For  tliL-  first 
he  gets  5  per  cent.,  for  the  second  4  per  cent,  on  the  sum 
invested,  and  by  the  tirst  investment  he  has  an  income  ot 
£10  more  than  on  the  second.  Find  how  much  he  invests  in 
each  case. 

44.  A  sum  of  money,  put  out  at  simple  interest,  amounted 
in  10  months  to  £5250,  and  in  18  months  to  £5450.  What 
was  the  sum  and  the  rate  of  interest  1 

45.  A  sum  of  money,  put  out  at  simpie  interest,  amounted 
in  6  years  to  a-  200,  and  in  10  years  to  £6000.  Find  the  sum 
and  the  rate  of  interest. 

Note  IV.  When  tea,  spirits,  wine,  beer,  and  such  com- 
modities are  mixed,  it  must  be  observed  that 

quantity  of  ingredients  =  quantity  of  mixture, 
cost  of  ingredients = cost  of  mixture. 

Ex.  I  mix  wine  which  cost  10  shillings  a  gallon  with 
another  sort  which   cost  6  shil^'ngs  a  gallon,  to  make  100 
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galhm..  which  I  may  sell  at  V  shillings  a  gallon  without  nrolifc 
"i-  1<'«=^.     How  much  of  each  do  I  take  ? 

Let  X  rei.resent  the  numl)er  of  -aliens  at  10  shillincrg      allon 
and  1/ „  "        »""", 

'T'''*^"  x  +  y^-Vm, 

'^"''  l(>.i;  +  6y  =  7(H), 

are  the  two  equations  from  w^  i.h  we  may  find  the  values  of 
X  and  y  to  be  25  and  75  respectively. 

46.  A  wine-m..rrhant  has  tw.,  kin<ls  of  wi„o,  the  one  costs 
.J6  pence  a  quart,  the  other  20  pence.  How  much  of  eacl.  must 
I.e  put  m  a  mixtun,  of  50  quarts,  so  that  the  cost  i.rice  of  it 
may  be  30  pence  a  «|U!irt  ? 

47-     A  grocer  mixes  tea  which  cost  him  1.9.  M.  per  11)  with 
tea  that  cost  him  1.,.  fid  per  lb.     H.  has  30  lbs.  of  the  mixture 
and  by  selling  it  at  the  rate  of  1.,.  U.  per  lb.  he  gained  as' 
much  as  10  lbs.  of  the  cheaper  tea  cost  him.     How  many  lbs 
ot  each  did  he  put  in  the  mixture  ? 

Note  V.  If  a  man  can  row  at  the  rate  of  x  miles  an  hour 
ui  still  water,  and  if  he  be  rowing  on  a  stream  that  runs  at  the 
rate  of  y  miles  an  hour,  then 

x  +  y  will  represent  his  rate  do^m  the  stream, 

^~y wp 

48.  A  crew  which  can  pull  at  the  rate  of  twelve  miles  an 
hour  down  the  stream,  finds  that  it  takes  twice  as  long  to  come 
ti].  a  river  as  to  go  down.     At  what  rate  does  the  stream  flow  ? 

49-     A  man  sculls  down  a  stream,  which  runs  at  the  rate  of 
4  mdes  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes 
In  returmng  it  takes  him  4  hours  and  15  minutes  to  arrive  at 
a  point  3  miles  short  of  his  starting-place.     Find  the  distance 
iie  pulled  down  the  stream,  and  the  rate  of  bis  puliinc 


ig. 


50.  A  dog  pursues  a  hare.  The  li;ire  ge.,s  a  start  of  50  of 
iier  own  leaps.  The  hare  makes  six  leaps  while  the  dog  makes 
.),  and  7  of  the  dog's  leaps  are  equal  to  9  of  the  hare's!  How 
many  leaps  wiil  the  hare  take  before  she  is  caught? 
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51.  A  greyhound  starts  in  pnr.siiit  of  a  hare,  at  the  ilintnnce 
of  50  of  hirt  own  leaps  from  hei.  II<'  luakes  W  V'w.\>^  whiU;  tlie 
hare  makes  4  .1  <l  I"  covei-s  as  lunch  ground  in  two  h-aps  as 
the  hare  ''  ci^  '■«  *-ariH'.  How  many  haps  thu's  eacli  make 
before  thtj  »    ■-       cauglit? 

52.  T  hiy  ilf-a-crown  in  apjilcs  and  pears,  buying  the 
apples  at  4  a  pt'uny  and  the  ]H>ars  at  5  a  penny.  I  then  sill 
half  the  nv*'.  inid  a  tliird  of  tht;  pears  for  thirteen  ])ence, 
which  was  Uie  price  at  wiuch  I  bought  them.  How  many  of 
each  dill  1  buy  \ 

53.  A  company  at  a  tavern  found,  when  they  came  to  pay 
their  reckoning,  that  ii  there  had  been  3  more  persons,  each 
would  have  paid  a  sliilling  less,  luit  had  there  bi-en  2  less, 
each  would  have  paid  a  shilling  more.  I'Mnd  tlie  number  of 
the  company,  and  each  man's  share  of  the  reckoning. 

54.  At  h  contested  election  the-e  are  two  members  to  be 
returned  and  three  candidates,  /I,  7',  and  6'.  A  obtains  1050 
votes,  B,  987,  C,  933.  Now  85  voted  for  B  and  C,  744  for 
B  only,  98  for  0  only.  How  many  voted  for  A  and  C,  for 
A  and  B,  and  ior  A  only  \ 

55.  A  man  walks  a  certain  distance  :  had  his  nite  been 
half  a  mile  an  hour  faster,  he  would  have  been  1^  hours  less 
on  the  road;  and  had  it  been  half  a  mile  an  hour  tdower,  he 
would  have  been  2^  hours  more  on  the  roa.  Find  the  distance 
and  rate. 

56.  A  certain  crew  pull  9  strokes  to  8  of  a  certain  other 
crew,  but  79  of  the  latter  are  ecjual  to  90  of  the  former.  Which 
is  the  faster  crew  1 

Also,  if  the  faster  crew  start  at  a  distance  equivalent  to 
four  of  their  own  strokes  behind  the  other,  how  many  strokes 
will  they  take  before  they  bump  them  ? 

57.  A  person,  sculling  in  a  thick  fog,  meets  one  barge  and 
overtakes  another  which  is  ginug  at  the  same  rate  as  the 
former;  shew  that  if  a  be 'the  greatest  distance  to  which  lie 
can  see,  and  6,  0  the  distances  that  he  sculls  between  the 
times  of  his  first  seeing  and  passing  the  barges, 
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58.     Two  tmins,  s)2  IWt  long  an.l  H4  fec-t  lcM.7i^,"KZ^i7 
arn  moving'  with  1111  foini  velocities  on  nnmii  1      -i '  .  '^^^"^^'r. 

1      1    II-     1  .  '»»'i  n'  jNiNs  eacii  other  m  one  iJi'Por  1 

"Hi  a  halt ;  but  when  they  are  inoviuK  in  the  sau.e    ir  X. 
t  .'..■  velocfes  being  the  .san.e  as  before,  the  las te    tn  i     ij 
ohserve,!    o  pass  the  other  in  six  «ec„ncH;  find  til  ra^  in 
nules  per  honr  at  which  each  train  move«.  "* 

59-     The  fore-wheel  of  a  carriaj^'e   makes   siv   revnlnf.Vno 
more  than  the  hind-wheel  in  120  yanls  ;  but  o.  ly  f     ;      'j 

o„B  more  when  the  circun.ference  of  the  fore-w  \lx  is  i.  s  d 
one-fourth,  and  that  of  the  hind-wheel  one-liith.  F  d  the 
^ircnmlereiice  of  each  wheel.  ^"Ht  the 

2(1  m  !,.»)  „,  ,1  back  „};,„„  ,„  i(,  |,„„„,  „,„1  fi,„l«  i„,  ,,,„,  ,,,^ 
i  ...  I,.,  „«a,„,t  tl.e  ,tr„„„  i„  «„■  «„„  ti,„„  ,|„.t  1,  rZ 
.  ,n,l.,  wth  ,t.  Find  the  mte  of  tbe  stream,  a.,d  th.  «,„""? 
I.ia  going  and  returning.  "' 

u It  Land  .»  I  If  this  nmnber  w  alti.ied  by  len.ovi,,.,  the  I 
a...I  putting  u  in  the  nuif.,  place,  the  new  uumbi  Fs  21 
t....«,  as  great  as  the  original  one.    Find  the  number. 


XVir.   ON   SQUARE   ROOT. 

t^'2^.  ^T~V  ^''  ''""'""'  "■«  ^S""  ««",  ™.l  explained 

In  our  example.,  in  this  chapter  we  shall  in  all  cases  regard 
the  square  root  nf  o  aJMoln  ^-^-n,  „„,•,.  .      ^  ^"^^^  ™ 

1  .,  ..(.i^ie  vBiiii  as  -A positive  quantity. 
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221.  The  sijuare  root  of  a  product  may  be  found  by  taking 
tlie  8(1111.. e  root  of  each  factor,  a.ul  multiplying  the  roots,  so 
taken,  together. 

Thu?  -v/^^  =  a6, 

222.  Ths  square  root  of  a  fraction  may  be  found  by  taking 
the  square  root 'of  the  numerator  and  the  square  roo^.  of  the 
denominator,  and  making  them  the  numerator  and  denominator 
of  a  new  fraction,  thus 

/4a^_2ct 


Hii,"i:i:i 


V 


'25a; V_  Sx^^ 


'   ... 


Examples.— Ixxix. 


Find  the  Square  Root  of  each  of  the  following  expressiong 


I. 

4- 


lo. 


4x-if. 
64ft*6iOc2. 

16'62- 

256x^ 
289y<  • 


2. 


71289a*62a4». 


8     — 

*•    4a2c*" 


3.    121m^»HiV*. 

6.    169ai66V2. 

25a^b« 
9-    i2ia:8,.io- 


II. 


625a2 
324P' 

223.  We  may  now  proceed  to  investigate  a  Rule  for  the 
extraction  of  the  square  root  of  a  compound  algebraical 
expression. 

We  know  that  the  square  of  a  +  6  is  a^  +  2ab  +  b'\  and  there- 
fore a  +  &  is  the  square  root  of  a"  +  2(ch  +  h'K 

If  we  can  devise  an  operation  by  which  we  can  derive  a  +  b 
froni  a^  +  2ah  +  b'\  we  shall  be  able  to  give  a  rule  for  the 
extraction  of  the  square  root. 

Now  the  first  term  of  the  root  is  the  square  root  of  the  first 
term  of  the  square,  i.e.  a  is  the  square  root  of  a'^. 

Hence  our  rule  begins  : 

"  Arrange  the  terms  in  the  order  of  magnitude  of  the  indices 
of  one  of  the  qumtities  involved,  then  take  the  square  root  of  tlie 


»  ,i 


jy  taking 
roots,  so 


jy  taking 
ot  of  the 
loiuuiator 


ressions : 


8„10' 


CP1 


le  for  the 
algebraical 

mcl  there- 

erive  a  +  b 

le  for  the 

jf  the  first 


the  indices 
root  of  tlie 


ON  SQUARE  ROOT. 


•65 

first  tenn  and  set  down  the  result  as  the  first  term  of  the  root ' 

a^+2ab  +  b'Ha 
a^ 


2ab  +  b^ 
Now  this  remainder  may  be   represented   thus  b(2a  +  b)' 
hen.e  .    we  d.v.de  2a.  +  ^"^  by  2a  +  6  we  shall  obtain  +7 tt 
second  term  i.f  the  rout,  ' 

Hence  our  rule  proceeds  : 


a^ 


2a 


2a6  +  i2 


Now  if  we  divide  2«6  by  9a  the  result  is  ft,  and  hence  we 
obtam  the  second  term  of  the  root,  and  if  we  add  th  s  toL 
we  obtain  the  full  divisor  2a  +  ft. 

Hence  our  rule  proceeds  thus  : 

';/>m-rf.  ^A«>.-f  <,rm  o/^Ac  remainder  by  this  first  term  of  the 

a2  +  2aft  +  ft2U  +  5 
a2 


2a  +  6 


2aft  + 62 


If  now  we  multiply  2a  +  ft  by  ft  we  obtain  2aft  +  b'i  which  we 
subtract  from  the  first  remainder. 

Hence  our  rule  proceeds  thus  : 

"Multiply  the  divisor  by  the  second  term  of  the  root  and  suh 
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a'''  +  2a6  +  62(a  +  6 


a^ 


2flH-6 


2a6  +  62 


If  there  is  now  no  remainder,  the  root  has  been  found. 

If  there  he  a  remainder,  consider  the  two  terras  of  the  root 
already  found  as  one,  and  proceed  as  hefore. 

224.    The  following  examples  worked  out  will  make  the 
process  more  clear. 


(1) 


d^  -  2a6  +  6'-*  (a  -  6 


a» 


2a- 6 


-20,6  +  62 
-  2rt6  +  W 


Here  the  second  term  of  the  root,  and  consequently  the 
second  term  of  the  divisor,  will  have  a  negative  sign  prefix'jd, 


,  -  2a6        , 

because  —^ — =  -6. 


2a 


(2) 


6p  +  4q 


24pq  + 16^2 
24pq  +  16f 


(3) 


25x2-60a;  +  36(5x-6 

2bx^ 


lox-e 


-60a; +  36 
-60a;  +  ^ 


"Be.-: '.  '^al'e  a  case  in  which  the  root  contains  three  terras. 

^2  +  2ah  +  o2  _  2ac  -  2hc  +  c2  (a  +  6  -  c 


a- 


2a  +  b 


2a6  +  62-2fic-26c  +  c2 
2a6  +  6'^ 


-  2ac  -  26c  +  c2 
-2ac-26c  +  c» 
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uiviHor,  ^a,  and  set  down  tlic  resnle    _/.  of+..^i,   i  4.    ^i. 
ofMiP  r.v.f  ..i^.„i    f       ,       V  i«suic,  -c,  attachod  to  the  part 

J„n,M,  we  may  proceed  when  the  ,„,.  c„„,.i„,  4,  5  or 

Examples — ixxx. 

E.fract  the  S,j„a.e  Itoet  d  the  Mh,wi„.  e:.;,.re.,i„„.  : 


6. 

7. 
8. 

9- 
10. 


4r4-12r^+13r-'-6>-!-l. 


16A'0-24F'Z3+9;6. 

a26-^+l62a&  +  656L 
2/»-38t/  +  361. 

9a26V-102a6c  +  28J) 
a;«-4a;S+10a;4-12a;3  +  o^'j 

rt^  +  4a/;  +  4i^  +  9c'^  +  6'ac  +  X'ihc. 
«« +  2a56  +  3a%-'  +  4«-i63  +  3a2^4  +  gafts  4.  je 
»«  -  4a;fi  +  6x3  +  8.*;-'  +  4x  +  1 . 
16.     4a;*  +  8aar'  +  4aV+  166V+  l«a6-'a;+  left*. 
17-     9-  24a;  +  58a:2-  116x3+  129^''-  140xS+  iOOx« 
16a4  -  40a36  +  25a2ft2  _  goafts^  +  (54^2^,  ^  g^^^^^^ 
9a^  -  24a3p3  _  30,^2^  ^  j  g^^.^^«  ^  ^^^^^3^  ^  ^^^^^ 

4?A^     l22/3a-'+  177/^'.r>-  i27/rH4x«. 
25a;^y--'  -  m^f  +  29,.^  -  I2,r^5  +  4,^0 

22.  16x4-24x3^  +  25x2,/ -120:2^34.4^^4. 

23.  9a2-l2a6  +  24«c-16&c  +  4&2+   (,'^2. 

24.  x4  +  9,,;^  +  25-6x3+lOx2-  30x. 

25.  25x2-20xy  +  4/  +  9;/-'-12?/.  +  30.r». 

26.  4x^  (x3  ~y)  +  ifiy-  2)  +  ^2  (4,,..2  +  1)^ 


I. 
2. 
3. 

4- 

5- 
II. 
12. 

13. 
14. 

'5- 


18. 
19. 


20. 
21. 


\^t 


»!i 


I     I 

WV''\'.'     '* 


"m 


IP 


,1 


.pi 


fir 


.i;:;: 


/ 
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225.  When  any  fractional  terms  are  in  the  expression  of 
which  we  have  to  liiid  the  Squaie  Root,  we  may  proceed  as  in 
the  Examples  just  given,  taking  care  to  treat  the  fractional 
terms  in  accordance  with  th«i  rules  relating  to  fractions. 

8  16 
Thus  to  find  the  siiuare  root  of  a;^  -  -a;  +  ^r^. 

9  81 

8       IG/        4 


.,     »        10/  4 

^-9'"  +  8lV^-9 


x^ 


2x- 


9 


8      16 

9'' "^81 

8       16 

-9'' "^"81 


Since 


8_^^_8^2^8     1^4 
cl-*'"""!)'!     9^2     9* 


Q  1  £» 

Or  we  might  reduce  x^--x  +  -^to  a  single  fraction,  which 


would  be 


81j:'"'-72a;+l(> 
81 


and  then  take  the  square  root  of  each  of  the  terms  of  the 
fraction,  with  the  following  result : 

9a;  — 4      ,  •  1   •    ,1 
"~Q — '  ^^'^1*^"  1^  ^'^^  same  as  x  --  ^. 


Examples.— Ixxxi. 


lo 


a' 


a^ 


9 


a'' 


^-    ^-2+9- 


3.     a*- 2  +  ^. 


5.    u;'-2x^  +  2a;2-a5  :-7. 


6.    a*  +  2x3-x+-. 
4 


363     ^4 
7.    4a:^  -  I2ah  +  a¥  +  9?)^  -  -g  +  jg- 


jiif 
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16 


9-     f6+4«*4---a''x=*-3a2-2a^  +  ^afi!K. 

10.  -+i.fl-i4.<5_12 
a;^     ?/2     22      ^+3,^      y^. 

11.  36m2-i§^+I2m^.l6     «2_^ 

»  5        71-25     5w 

■    12.     a262-6aAct^4>i^+9.'^rf.,£^'_6c.?./ 

7  49        7"""' 


a; 


14. 


4^29^2  16m  .  2471 


9      16    25     4       6  ^  15      y~i0"*'4  ~y 
16.    49a;*-28*3_  17^2  +  6^^9 


i(^ 


18.    9a=*-2a;3-i|la;H2x-|-9. 


XVIII.    OK   CUBE   ROOT. 

power  gives,  the  proposed  expression. 
Thus  a  is  the  cube  root  of  a"*, 
36  is  the  cube  root  of  2763 

^^Thc  cnbe  root  of  a  negative  expressio,.  will  1«  „ogativo,  for 

.,  (-<*)'= -ax -ax -r=~r»3 

the  cube  X Oct  of -a3  is -a,  * 


\m'^ 
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So  also 

-  3a;  is  the  cube  root  of  -  27x3, 

and  —  ^a^b  is  the  cube  root  of  -  64a''6^ 

The  symbol  IJ  is  used  to  denote  the  operation  of  extracting 
the  cube  root. 


.1 ' 


'% 

i 


{'     ''      4 


ll 
% 


I! 


Ill 


I  I 


mm  ^:: 


'I 


fJlr, 


i  '.: 


V   . 


Examples.— Ixxxii,  - 

Find  the  Cube  Roots  of  the  following  expressions : 


I.     %€?.  2. 

4.     -21«5a'-R         5. 

7.     -  1728'/»riw''2*. 


27.o«//«.  3.      -  Y2Ximh\?. 

3436i^ci8,  6.     -  1000tt^6"c'2. 

8.     1331rt»6i8. 


227.  We  now  proceed  to  investigat-j  a  Rule  for  finding  the 
cube  root  of  a  compound  algebraical  expression. 

We  know  that  the  cube  of  a  +  &  is  a^  +  3a-6  +  ZaW  +  W, 
and  tiu'iefore  ft  +  6  is  the  cube  root  of  a?  +  '^o?h  +  ZaV^  +  6^ 

We  observe  that  the  first  term  of  the  root  is  the  cube  root  of 
the  first  term  of  the  cube. 

Hence  our  rule  begins  : 

*' Arrange  the  terms  in  the  order  of  magnitude  of  the  indices  of 
one  of  the  quantities  involved,  then  take  the  ciihe  root  of  the  first 
term  and  sec  down  the  result  as  the  first  term  of  the  root:  subtract 
its  cube  from  the  given  expression,  and  bring  down  tlie  remainder:" 
thus 

a^  +  3a%  +  '3ab'^  +  ¥{a 


a^ 


3a-b  +  3ah'^  +  b^ 


Now  this  remainder  may  be  represented  thus, 

h(Sa'^  +  'Sab  +  ¥); 
hence  if  we  divide  3a%  +  3ah^  +  ¥  by  Sa'-^  +  3a6  +  6'"^,  we  shall 
obtain  +  b,  the  second  term  of  the  root. 

Hence  our  riile  proceeds  : 

"  Multiply  the  square  of  the  first  term  of  tlie  root  by  3,  and  set 
dmion  the  result  as  the  first  term  of  a  divisor:"  thus  our  process 
up  to  this  point  will  stand  thus : 
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a3  +  3a26  +  3o6'^  +  53(^a 


a^ 


3aa 


3a26+3a6a+63 


Now  ,1  we  divide  ^d%  by  Sa^  the  result  is  6,  and  so  we 
obtain  .the  second  term  of  the  root,  and  if  we  ad,  to  Za^  Z 
•expression  3ab  +  b'^  we  obtain  the  full  divisor  3a^+Sab  +  tl 

ilence  our  rule  proceeds  thus : 

;' Divide  the ^/irst  lenu  of  the  remainder  by  the  Jlrst  term  of  the 
dwuor  and  add  the  remit  to  the  Jirst  term  of  the  root.  Thm  tl 
tyee  t.nesthe,ro<luct  of  the  Jirst  and  secoid  terlo^^^ 
and  also  the  square  of  the  second  term,  an  I  add  thJ rem^t 

wnfrdThu^:'^  '''^'''■" ''''-'-  -''- '---  -^  '^  ^^^«  i-^"t 

a^  +  Sa%  +  3ab'^+b^la+b 


a-" 


3a^+3ab  +  b^  I       3a%+3ab^:r&- 


If  we  now  multiply  the  divisor  by  b,  we  obtain 

3a%  +  3a¥  +  b% 
which  we  subtract  from  the  first  remainder. 

Ilence  our  rule  proceeds  thus: 

'^  Multiply  the  divisor  by  the  second  term  of  the  root  and  sub 
TtlZ        ^'^  ^'^  ^'''  "~'"-'"  *^-  o-  P-::^  will' 


rt3  +  3a26  +  3aj2+53^^^5 
o? 


3a2  +  3aj  +  j2 


3(1^6 +  3fr6'^  + 63 
3a%-\-3a¥^b^ 


If  tliere  is  now  no  remainder,  the  root  has  been  found 

alrollvr  '1  '  ''"''^"^'''  '''^'''  '^'  *^^«  t«"»s  of  the  root 
already  louud  as  one,  and  proceed  as  before. 

clefr :     ^'""  '''"'''"^"  ^""°^P^^«  "^'^^^  ^«^^^r  the  process  more 


I' 


1^ 


m^'- 


v'--.->.\\^ 


lap 


.,  *' 


)% 


IliSiiiiliig  filr 
Is' 


S: 


■'  > 


mm ' 
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Ex.  1. 


rt3_i2a2  +  48a-04(a-4 
a' 


3a2  -  12a  + 16 


-12a''*  +  48a-64 
-12(1'-*  + 48ft -64 


Here  observe  that  the  second  term  of  the  divisor  is  fonned 
thus : 

3  times  the  product  of  a  and  -4  =  3xox  -4— -  12a. 

Ex.  2.  afi-  6r'  +  lOx*  -  20r«  +  15.x'''  -  6x  +  1  (x'-*  -2x  +  \ 


3x*- 6x3  +  4x2 

sx^-iax'-* 

+  15x''*-6f +1 


-  6x'  +  ISx*  -  20x3  +  15x2  -  6x  +  1 
-6x5 +  12x^-8x3 

~ax-*  -  1 2x3  +  1 5.( '•'  -  6x  +  i 
3x*-12x3+15x--6x+l 


Here  the  formation  of  the  first  divisor  is  similar  to  that  in 
the  preceding  Examples. 

The  formation  of  the  second  divisor  may  be  explained  thus: 

Regarding  x^  —  2x  as  one  term 
3  (x2  -  2x)2  =  3  (x*  -  4x3  +  4a;2)  =  33.4  _  i2x3  +  12x- 
3x(x2-2x)xl  =  3x'--6x 


and  adding  these  results  we  obtain  as  the  second  divisor 
.3x*-12x3  +  15x''2-6x  +  l. 


EXAMPLES.— Ixxxiii. 

Find  the  Cube  Root  of  each  of  the  following  expressione : 

I.    a^-'3a%  +  3ab'^-b\  2.  8a3  +  l2a'-«  +  6a+ 1. 

3.  a3  +  24a26  +  192a6'''  + 51263. 

4.  a3  +  3a26  +  3a62  +  63  +  3^,2^  +  Qahc  +  Sb'^c  +  2ac^  +  ^bc^  +  c^ 

5.  x3  -  3x2y + '^^y'^  - 1 + '^^'"^  -  ^^y^' + '"^y^^ + ^^^  ~  '^y^^  ■*■  ^* 

6,    STx"  -  54x5  +  Q^x*  -  44x3  +  21x-  ^  6x  + 1. 


Hit\  f 
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7.  1  -  3a  +  Ca2  _  7rt3  ^  (j^^4  _  3^5  ^  ^0 

9.  ««  -  I2u'  +  54a*  -  1 12a3  +J08a2  _  48a  +  8. 

1 0.  8w«  -  ma'>  +  G6m  *  -  63m''  +  33^2  -  9m  +  1. 

1 1.  x3  +  6xhj  +  12x^/2  +  8^3  _  3^,,  _  12^^.^^  _  ^  2^,2^  ^  3^2  ^  ^^^,  _^3^ 

12.  8m3  -  36m2n  +  54nm^  _  27^3  -  ]  2mh-  +  3Gm«r  -  27n2r 

+  6'm)'2  —  9ur^  —  r-, 

13.  m3  +  3m2-5+-^,-l-. 

229.     The  fourth  root  of  an  exprossion  is  found  by  tukinc 
tilt!  s(i imre  rout  ol  the  sc^uare  root  of  the  ex  1  )re.ssioi. 


TllU;^ 


^16a%*=  ^4aV,^  =  2a'h. 


Thii  sixth  root  of  an  expression  is  found  by  taking  the  cube 
root  ot  the  square  root  of  the  expression. 


Tims 


^64ai2fto=  ^8a%3=2a"L 


Examples.— ixxxiv. 

Find  the  fourth  roots  of 

1.  16a*  -  96a^x  +  21Cm^x^  -  2\Qax?  +  SlxK 

2.  1  +  24a2  +  16^4  -  8«  -  32ft3, 

3.  625  +  2000X  +  2400ic2  +  i^qq^  ^  25C.^4. 

Pinci  tlie  sixth  roots  of 

4.  a"  -  Gaf%  +  ir)rt*/>2  _  20a3ft3  + 15^2^4  _  g^js  +  je 

5.  a;''  +  6a;"+15a;*  +  20a;3+15a;2  +  6.r+l. 

6.  m« -  127>i5  +  60m4  -  160m3  +  240m^  -  i92m  +  64 


Hi 


XIX.     QUADRATIC    EQUATIONS. 


i 

If,:...  .:■  '  ' 

If  "'  ' 

K  ■ 
■  ■  *  '  ■ 

II*   i  '"'.  ' 


n.iilS:i;,- 

!  i.  !■  •'  >'►    ■»      .■^•, 


w. 

IS!': 


fA 


fl  ■  I 


- .  ■'■** 


IS: 


I 


!;:■ 


iijli  C: 


230.  A  Quadratic  Equation,  or  an  equation  of  two  dimtiii- 
sions,  is  one  into  wliich  the  square  of  an  unknown  .symbol 
enters,  vyiihoxd  or  idih  the  first  itower  of  the  symbol. 

Thus  a;2=16 


and 


a;2  +  6x  =  27 


are  Quadratic  Equations. 

231.  A  Pure  Quadratic  Equation  is  one  into  which  the 
square  of  an  unknown  symbol  enters,  the  first  power  of  the 
symbol  not  appearing. 

Thus,  x^- 16  is  a  -pure  Quadratic  Equation. 

232.  An  Adpected  Quadratic  Equation  is  one  into  which 
the  square  of  an  unknown  symbol  enters,  and  also  the  first 
power  of  the  symbol. 

Thus  a;2  +  Cx  =  27  is  an  adfecM  Quadratic  Equation. 

Pure  Quadratic  Equations. 

233.  When  the  terras  of  an  equation  involve  the  square 
of  the  unknown  symbol  only,  the  value  of  this  square  is  either 
given  Oi  can  be  found  by  the  processes  described  in  Chapter 
XVII.  If  we  then  extract  the  square  root  of  each  side  of  the 
equation,  the  value  of  the  unknown  symbol  will  be  determined. 

234.  The  following  are  examples  of  the  solution  of  Pure 
Quadratic  Equations. 
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Ex,  I.     a;2=i6. 

Taking  tin.  ,s<|uur(.  root  of  each  aide 

Ex.  2.     4»2  +  6_22. 

Here  4x'-J=22-6, 

or    ^c-i^Kj, 
or    a;'-  =  4  ; 
.■•a;=±2. 

That  i..,  the  values  of  x  which  snti^fv  fh^  »      *• 
and  -  2.  •       ^'^^'^^*y  The  eq:{ation  are  2 

Ex.3.     -128    __    216 


Here 


3a:2_4    s^^i-e' 

128(5a;'--6)  =  216(3x2-4). 
or  640j;2  -  768  =  648.«2  _  3^4^ 

ora;2=i2; 
•■•  »=  ±  V12. 


I.  a:«=e4. 
4.  a;2_3=4G. 


7  ?!rii:_a^-4 

3"    -    ^• 

8.  (500+        00-a;)=233359. 

9.  ^12 

1  » 

10.  5-a;2  -  18a;  +  05  =,  (3^  _  3^2 


Examples.— ixxxv. 

2.   a:2=a2fi2.  ^    :c2- 10000=0. 

5.    5x2-9  =  2:^2  +  24.      6.    3^x2=192^5,6. 


11.  mx2  +  ^=j 

12.  a;2_«x  +  6  =  ax(x-l). 
45  57 


13 


14. 


2x2  +  3     4x-^-5* 


42 


35 


a;2-2    xi-z' 


H 


%> 
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QUADRATIC  EQUATIONS. 


II  I 


Adjected,  Qvadratic  Equatwm. 

235.  Adfected  Quadratic  Equations  are  solved  by  adding 
a  certain  term  to  both  sides  of  the  equation  so  as  to  make  the 
left-hand  side  a  perfect  square. 

Having  arranged  the  equation  so  that  the  fi^pt  term  on  the 
left-hand  side  is  the  square  of  the  unknown  symbol,  and  tho 
sedond  term  the  one  containing  the  first  power  of  the  unknown 
quantity  (the  known  symbols  being  on  the  right  of  the  equa- 
tion), v/e  add  to  both  aides  of  the  equation  the  square  of  half  the 
coefficient  of  the  second  term.  The  left-hand  side  of  the  equa- 
tion then  becomes  a  perfect  square.  If  we  then  take  the  square 
root  of  both  sides  of  the  equation,  we  shall  obtain  two  simple 
equations^  from  which  the  values  of  the  unknown  symbol  may 
be  determined. 


ill   , 


n 


236.  The  process  in  the  solution  of  Adfected  Quadratic 
Equations  will  be  learnt  by  the  examples  which  we  shall  give 
in  this  chapter,  but  before  we  proceed  to  them,  it  is  desirable 
that  the  student  should  be  satisfied  as  to  the  way  in  which  an 
expression  of  the  form 

ie  made  a  perfect  square. 

Our  rule,  as  given  in  the  preceding  Article,  is  this  :  add  the 
souare  of  half  the  coefficient  of  the  second  term,  that  is,  the 

ft  o 

square  of  ^,  that  is,  -^.    We  have  to  shew  then  that 

x^+ax  +  -r- 
4 

is  a  perfect  square,  whatever  a  may  be. 

This  we  may  do  by  actually  performing  the  operation  of 
extracting  the  square  root  of  x^  +  ax-H-j-,  and  obL,uning  the 

result  X  +  -X  with  no  remainder. 


I  I 


^Tateone  or  .„„  e;ca«.p,ea  !„,„  th«  perfect  «,„™,  ,iveu 

We  there  have 

^'■^ISx^  Slwhicnisthesquareof^-,   9 

«'-  8a;+    16....'.".' '"■^^^• 

a;''-36x  +  324        "*"  "*' 

a-18. 

«2-^  to  represent  the  quantity  to  be  added. 
^^^"^'+'^  +  *i«aperfect8Ciuare. 
Now  if  we  perform  the  0Derflf,n«    f     . 
«)otofx2+aa;+6,ourproLi?;''^"^  of  extracting  the  squaie 

*"+!  aa?+6 

4 

[e.A.]  * 


fmmm 


if 

If 


il',     V'*' 


11   ">i, 


i    -I 


•  !■ 
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Hence  in  order  that  a)^  + ax +6  may  be  a  perfect  square  wo 
must  have  ^ 


or 


or 


That  is,  6  ia  equivalent  <o  f/te  sqymt  of  half  the  coefficient 
ofx. 

239.  Before  completing  the  square  we  must  be  careful 

(1)  That  the  square  of  the  unknov/n  symbcl  has  no  coef.- 
cient  but  uhity, 

(2)  That  the  square  of  the  unknown  symbol  has  a  positive 
sign. 

These  points  will  be  more  fully  considered  in  Arts.  245  and 
246. 

t 

240.  We  shall  first  take  the  case  in  which  the  coefficient  of 
the  second  term  is  an  even  number  and  its  sign  positive. 

Ex.  x^  +  6x=40. 

Here  we  make  the  left-hand  side  of  the  equation  a  perfect 
square  by  the  following  process. 

Take  the  coefficient  of  the  second  term,  that  is,  6. 

Take  the  half  of  this  coefficient,  that  is,  3. 

Square  the  result,  which  gives  9. 

Add  9  to  both  sides  of  the  equation,  and  we  get 

a;24.6a;  +  9  =  49. 

Now  taking  the  square  root  of  both  sides,  we  get 

»+3=±7. 


[ict  square  WQ 
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Hence  we  have  two  simple  eqiiations, 


and 


a;  +  3=+7 
«  +  3=  -7, 


From  these  we  find  the  values  of  x,  thus  • 
from(l)  a:=7-3,thatis,a;=4, 

from  (2)  «= -7-3,  that  is,  ^-^ 


10 


Thus  the  roots  of  the  equation  are  4  and  -  10. 


179 


(1), 
(2> 


lation  a  perfect 


Examples.— ixxxvL 

2.   a;+12a;=64.  3.   0:2+14^^^5 

>   * -M^ox_393.        6.    iKM8a;-65=0 
7«   a;^+ 18a; -243=0  q      9     , 


Ex. 


«2-8x=9. 


thau;  'r  *"  •«  "^"-^  'o  l"'"  -0-  -  («-.2n  that  i.,  (,f. 

Completing  the  square 

«2- 8a; +16  =  25. 

Taking  the  square  root  of  both  sides 

«-4=+5. 
This  gives  two  simple  equations, 

a;-4=+5 

a;-4=-6.... 


From  (1) 
from  (2) 


a!=5  +  4,     /.  a;  =  9; 
«=-5  +  4,      •.,;=_!. 


0), 

(2), 


Thus  the  roots  of  the  equation  are  9  and  -  L 


h; 


|i 


i8o 
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EXAMPLES. — IXXXVii. 

I.    x2-  6x=7.         2.    a;2-4a;=5.  3-   a;''*-20x=21. 

4.    x2-2x  =  63.        5.    x2-12a;+32  =  0.       6.    a;'-*-14x  +  45-0. 
7.    »a-234x+ 13688  =  0.  8.    (a;  -  3)  (x  -  2)  =  3  (5?;  +  14). 

9.    X  (3a;  -  17) -X  (2a; +  5) +120=0. 
10.    (x-5)'^  +  (x-7)2  =  a;(a;-8)  +  46. 

242.     We  now  take  the  case  in  which  the  coefficient  of  the 
second  term  is  an  oM  number. 

Ex.  1.  a;2-7c5=8. 

The  term  to  be  added  to  both  sides  is 

Completing  the  square 

2    ►T      49     o    49 
x2_7a;  +  -^=8  +  -;j-, 

,    ^      49    81 
or,    »«-7x  +  ^=^. 


Taking  the  square  root  of  both  sides 

7      .9 


This  gives  two  simple  equations, 

7        9 

*-2=+2- 

7        9 


(1), 

,(2). 


a;=8; 


T,        /,v  9    7  16 

rrom(l)         *=2''2'  ^^'^  =  T' 

9    7  -2 

from  (2)         a;=  -  3 +  3'   °^'  *^^~'  •""  ^=  "^ 


Thus  the  roots  of  the  equation  are  8  and  - 1. 


QUADRATIC  EQUATIONS. 
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The  coefficient  of  the  second  term  is  l 
The  term  to  be  added  to  both  .sides  is 

4  4 

or,  a;2_3.^  1^169, 
4      4    * 

••«-|=±^. 
Hence  the  roots  of  the  equation  are  7  and  -ft 


1-   ««+7a;=30. 


Examples.— ixxxviii. 

9.   «(5-a:)  +  2«(a:-7)~10(aj-6)=0. 
10.   (5^-2l)(7«.-33)-(i7.,^i5^(2^_3^^^^g 

Bec'o^i  te^'rm  isT friJl  If  ^  7'!^'  ^'^^  ^^^^^"^  °^  'he 
numher.  ""^  '^  ^^^^'^  ^'^^  numerator  is  an  even 


Ex. 


«2-ga;=21. 


The  term  to  be  added  to  both  sides  is 

(^-/Ki4y=(iy=(i)= 


5      25         ^25' 

or,  a:2-l  +  i_529. 
5*^25      25  ' 


il 


i 


I 


4 

■r  ■  Si 


flit 


rS2 


QUADRATIC  EQUATION'S. 


2     ^23 

•  5         5 

21 
Hence  th3  values  of  x  are  5  ami  -  -r* 


EX  AMPLES.— IXXXi  X. 


,    2      35 

8 


2-    *-  +  5^=-26' 


,    28»  ,  1     -. 
16      IG 


4.   a,2_^^__^.._o.  5'  «''  +  35^  =  7*  ^-   ^'-¥^="5- 


,     26       16    rt 


8.  a;2-|a;=45. 


244.    We  now  take  the  case  in  which  the  coefficient  of  the 
second  term  is  a  fraction  whose,  numerator  is  an  odd  number. 


Ex. 


2    7      136 


The  term  to  be  added  to  both  sides  is 

.2     /vyi    49 


2    7      49_136    49 
.-.  a;  -3^  +  36—3  +36» 

„    7      49    1681 
"^    «=-3^  +  36  =  -36-» 


7     ^41 
•••«'-6=*¥- 

17 
Hence  the  values  of  x  are  8  and  —  ^. 


1.   a;2-g.r  =  8. 


4.  a;2  +  -c=76. 


EXAMPLES.— XC. 

2.   a;2-L  =  98.  3.    »2  +  sa;  =  3D. 

5  *^  z 


5.   a;2-^x  =  16. 


15 


7.  a!2-^a;-34=0. 


4 


6.   a!8-^^a;  +  6=0. 
o      o    23      3 

8.  ^  -*Y^'~4: 
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Hence,  if  we  have  to  solve  tlie  equation 

we  change  the  sign  of  every  term,  and  we  gst 

a;2-6a;=-9. 
Completing  the  square 

a2-ex  +  9=9-9, 
or    a;'-6a;  +  9  =  0. 
Hence  a;-3=0, 

or    a;=3. 
Note.    We  are  not  to  be  surDriqprl  nf  fl«^,-«         i 

Hence,  if  we  have  to  solve  the  equation 

5.r2~3x=2, 
we  must  divide  all  the  terms  by  5,  and  we  k-  ' 

2_3x_2 
5~5' 

From  which  we  get  a; = 1  and  a;  =  -  ?. 

6* 

247.    In  solving  Quadratic  Equations  involving  Uteral  en 
effiaents  of  the  unknown  symbol,  the  same  rules  wil^t^" 
m  the  cases  ol  numerical  coefficients.  ^^  " 


Thus,  to  solve  the  equation 


2a    X    ^ 

—  -2=0. 

X     a 


Clearing  the  equation  of  fractions,  we  get 
2a2-a;2-2aa;  =  0; 
therefore  -x^-'2ax==  -2a\ 

or    a^+2ax=2a\ 


m  «i 


Mm 


m  •■  ^ii 


n 


II 


:m 


mt 
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Completing  the  8((nare 

whence  aj  +  a=±^3.a; 

therefore         x=  ~a+  ^^.a,  ov  x=  -a-  ^Z.a. 

The  following  are  Examples  of  Literal  Qmdratic  Equatiom. 


EXAMPLES.— XCi. 
I.   ai"+2aa;=a2.  2.  a52-4aa;=7a2. 


3.   xW^mx=l^l 


„    6w      3n* 

5.   a;2  +  (a-l)x=a. 
o.   »2+  ^a-6)a;=a&. 

cV    2ax     62 


_rt2 52 

8.    a(ix-acx^=bcx~bd. 

etc 
9-   cx  +  ~^=(a  +  b)x'. 


10. 


62 


+  -,=0. 


„       ,  „,  3a^x    6a2  +  a6-262    62* 

c  c^  c 


12.   (4a2  -  9cd^)  a;2  +  (4aV  +  4a6rf2) x  +  (ac^  +  hdPf^O. 

248.  If  vbotli  sides  of  an  equation  can  be  divided  by  the 
unknown  symbol,  di^'ide  by  it,  and  observe  that  0  is  in  that 
case  one  root  of  the  equation. 

Thus  in  solving  the  equatioii 

yiro  may  divide  by  cc,  and  reduce  the  equation  to  the  form 

a;2-2a;=3, 
from  which  we  get 

85—3    ora;=  -1. 

Then  the  three  roots  of  the  original  equation  are  0,  3  and  - 1. 

We  shall  now  give  some  Miscellaneous  Examples  of  Quad- 
ratic Equations. 


r?=hcx~hd. 


ivided  by  the 
;  0  is  in  that 
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Examples. 


xcii. 


I.  «»-7aj  +  2=10.      2.  a:«-5a;  +  .3  =  9. 

4.  a;«-13x-6  =  8.      5.  a:^^lx-\S=.0.      6.  Ax-^Zl^ 


3.  x8--lla;-7-6. 


a;-3 


22. 


7.  a!''-9aj  +  20=0. 
9.  a;«-6a!-14=2. 


8.  5a:-3^--l=y^--_« 


2 


4a;       a;-3 


11. 


4a;       03-7 


10.  — ~-Ji.I:l_o 

a;  +  3     2a)-;-5~* 


a;  +  7    2;e  +  3~^'       »2.  a:2-i2  =  iia;.       13.3:2-14  = 


\Zx. 


1  „    1 


'4.  5- -5a;  +  7;r=8, 


8 


IG9 


15.  3a;-  --  =  26.      16.  2a;2=18x-40. 


17- 


4J-3a;     15 


■X    7a;- 14 


19.  - 


2; 


10 
3a;-5 


x-i5 
6a; 


20 


18.  3»2=24a;-36. 


23. 


^1 

9a;       3a;-25~3* 

4^10_7-ac_7 
a^  +  5  a;     ~  2* 

«+ll^y_9  +  4^ 


20.  -- 


7_2x-5^3a-7 
4     a;'+6        2a;   * 


22.  (a; -3)2  + 4a; =44. 


X 


a;=* 


24.  6a;2-,  a; =2. 


25-  «^-s3'=?: 


26.  a;2-!r  =  210. 


27. 


6 


a5+l    X 


+  -=3. 


28. 


29. 


X 


3    a;-l 


4x2 
3^ 


-11=^ 


=  Ti  + 


x-l     2 


X 


30.  15x2  _  7a; =46. 


31- 


«-2    x  +  2    5* 
10    14 -2x    22 


33.  ---" 


X 


X' 


9 


35. 


12 


8 


5-x"^4^ 


-=-??_ 

X    x  +  2' 


37.  x2  +  (a  +  ft)a;  +  a?,  =  o. 
39-  x2-2ax  +  a2_j2^o. 

41.  x2  +  ^x-^'-0 


32. 


_4x_    20  -  4x 
5-x 


X 


=  15. 


X 


34.  — -^=r,- 


x+60     3x-5' 


36. 


X 


■X 


7- 


X 


X 


-=2 


lO* 


38.  x2-(6-a)x-ai  =  0. 
40-  x'^-(a'^-a^)x-a^=0, 

42.  .^-^±?..n=a 


I 


!;i 


i:Z'\,' 


XX.  ON    SIMULTANEOUS   EQUATIONS 
INVOLYirTG  QUADRATICS. 

249.  For  the  solution  of  Simultaneous  Equations  of  a  de- 
gree higher  than  the  first  no  lixecl  rules  can  be  laid  down.  We 
shall  point  out  the  methods  of  solution  which  may  be  adopted 
with  advantago  in  particular  cases. 

250.  If  tlie  Hvmple  power  of  one  of  the  unknown  symbols 
can  be  expressed  in  terms  of  the  other  symbol  by  means  of  one 
of  the  given  equations,  the  Method  of  Substitution,  explained 
in  Art.  217,  may  be  employed,  thus: 

Ex.     To  solve  the  equations 

z+y  =  50 
xy=600. 

From  the  first  equation 

05=50 -y. 

Substitute  this  value  for  x  in  the  second  equation,  and  w^ 
get  (60 -y).y= 600. 

This  gi  vea  50?/  -  / = 600. 

From  which  we  find  the  values  of  y  to  be  30  and  20. 

And  we  may  then  find  the  corresponding  values  of  x  to  be 
20  aiid  30. 

251.  But  it  ia  better  that  the  student  should  accustom 
himself  to  work  such  onnatioiis  symmetrically,  thus : 

To  solve  the  equations 

x  +  y=-50 , (1), 

XI/-600 (2), 

From  (1)  x^  +  2acy  +  y^ = 2500. 

From  (2)  4icu       =2400. 


JiJT 
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Subtracting,        a' --2xj/  + 2/2=100, 

•'•  «-y=±io. 

Then  from  this  equation  and  (1)  we  find 

a:=30  or  20  and  y=20  or  30. 


uations  of  a  de- 
aid  down.  Wo 
may  be  adopted 

cnown  symbols 
>y  means  ot"  one 
ition,  explf^incil 


uation,  and  we 

and  20. 

ftlues  of  X  to  be 


Examples.— xclil. 


I.  aj+y=40  . 
s:jy=300. 

4.     X       ;i/=19 


2.   ic  +  y==:13 
a^  =  36. 

5.   a;-?/  =  45 
a?/  =  26l' 


252.    To  solve  the  equat 


ions 


a;-y.=  12. 
a!*-2a7/  +  «2=i44, 


Prom  (I) 


Subtract  this  from  (2),  then 


3.   a;  +  y=29 
aji/  =  lu.«. 

6.   a;-y=.j)9 
acy^lOO. 

0), 

(2). 

(3). 


2a^=-70, 
4x2/=  -140, 


Add  this  to  (3),  then 


x'''  +  2xi/  +  y2=4, 
.•.  x  +  y=  +  2. 
Then  from  this  equation  and  (1)  we  gefc 

a;  =  7  or  5  and  y=  -  5  or-7. 


r.    x-7/=4 

4.       X  +  7/=:8 

a;2+r'=32. 


Examples.— xciv. 

2.    a;-2/=:lo 
x2+y2^17g 

5.    x  +  i/=l2 
a-* +  2/^  =104. 


3.    a;-y=l4 

x2  +  i/2  =  43f}_ 

6.    x  +  y==49 
a;2  +  ^*'  =  ]681. 


I 
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253.     To  solve  the  equations 

ic3  +  ?/'=35 (1), 

«  +  ^-5  (2). 

Divide  (1)  by  (2),  then  we  get 

x^-xy^y^=1  (3)^ 

From  (2)  a;2  +  2.^y  +  y2=25 (4)^ 

Subtracting  (3)  from  (4), 

3an/=18, 
.*.  4xy  =  24. 

Then  from  this  equation  and  (4)  we  get 

832-2x2/ +  1/2=1^ 

:.x-y=±l; 
and  from  this  equation  and  (2)  we  find 

'  aj=3  or  2  andy=2  orS. 


•  r.  -i' 


Examples.— xcv. 

I.   a?  +  y^=91  2.   (Ji^  +  y^=341  3.   a^  +  y^^iQQ^ 
«'  +  y  =  't-                           x  +  y  =  U.  x  +  y=12. 

4.   a;3_^3_56  5^    ;;n_^3^98  6.    a^-y^==219 
a;-i/  =  2.                           x-y  =  2.  x -y=3. 

254.     To  solve  the  equations 

1     1^5 

x    y    6 (^^' 

Jl^      113 

a-^"*"  2/2 -36 (2). 

From  (1),  by  s?quaring  it,  we  get 

,   x'^^xy     y^~36 ^^^' 

From  this  subtract  (2),  and  we  have 

2^_12 
ay"  36' 

'  \xy~3i> 
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Now8ubteactthislrom(3),andweget 


1       2 


1 


^    xy    ?/    36* 

«    y    -Q* 
and  from  this  equation  and  (1)  we  find     ' 

»=2or3andy=3or2. 
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X     y     20* 

«^    y^    400* 

«    y     12 


EXAMPLES.—xcvi, 


a.  1  +  14 

a;    2/    4 

/-2  +  .^/  =  T-p:. 


X 


r   16* 


X'' 


2/=^ 


_7 
'l44* 


«    2/       2 
x^     y'^~°4' 


^    y 


X 


:?  +  p=13. 


6.   1-1=3. 


255.    To  solve  the  equations     • 

x^+3xy=7  (1) 

'^y+^f-'^s :::;(2; 

we  add  the  equations  we  get 

x^  +  4xy  +  4t/=25. 

aj  +  2i/  =  5; 
.-.  x=.6-2y. 
Substituting  fhis  value  for  x  in  (2)  we  get 

(5-2y)^  +  4?/2^13, 
an  equation  by  which  y  may  be  determined. 

«,!?V  J-''    !?"^!   ^^^°^Pl««   ^e    «^USt   ..&^mo«   the    «,nnn.i 
-:-•  -ou  hunt  zne  nrsi  m  order  to  get  a  p.rf.ct  ..f.uare.  """ 


fit 


SfS' 


m 


:  y  t 


n< 


fJL 


■..  ?. ,' 
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256.  To  solve  the  equations 

a^-7/=26 (1), 

x2  +  a^  +  y2=13 (2). 

Dividing  (1)  by  (2)  we  get  a;-7/  =  2  (3), 

sqiiaring,  x^-^.xy^f=^  (4). 

Subtract  this  from  (2),  and  we  have 

3a;i/-9; 
.'.  4x^  =  12. 

Adding  this  to  (4),  we  get  x^  +  2*?/  +  2/2  =  16 ; 

.-.  af4-y=±4. 

Then  from  this  equation  and  (3)  we  find 

a;=3  or -1,  and  y=l  or -3. 

\ 

257.  To  solve  the  equations 

x2  +  9/  =  65 (1), 

a;i/  =  28 (2). 

Multiplying  (2)  by  2,  we  have 

2x^=56)' 
/.  SB2  +  2a;t/  +  r=121) 
a?-2x2/  +  i/''^=     9J"' 

.-.  «+J/=±ll (A), 

«-2/=±  3 (B). 

The  equations  A  and  B  furnish  four  pairs  of  sii-^.ple 
equations, 

x  +  t/=Il,        a;  +  2/  =  ll,  a;  +  t/=-ll,        x+t/=-ll, 

x-i/  =  3,  a;-2/=-3,  a;-i/  =  3,  »-t/=-3. 

from  which  we  find  the  values  of  x  to  be  7,  4,  -7  and  -4, 
and  the  corresponding  values  of  y  to  be  4,  7,  -  4  and  -  7. 

258.  The  artifice,  by  which  the  solution  of  the  equations 
given  in  this  article  is  efltected,  is  applicable  to  cases  in  which 
the  equations  are  hoTnogeneQiis  and  of  the  smns  order. 
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To  solve  the  equations 

Suppose  y^mx. 

Then        a;2  +  ^2^i5^  from  the  first  equation, 
and  ma;2  _  ^v=2,  from  the  second  equation. 

Dividing  one  of  these  equations  by  the  other, 

^±w^  _15 

or  _ag^(l+wt)  ^16 

«■''  (7n-  -  m^)     2* 

or  1+m  _15 

w-m2"~"2'' 
From  this  equation  we  can  determine  the  values  of  m. 
One  of  these  values  is  |,  and  putting  this  for  m,  in  the 

equation  x'-\-'mx^^\h,  we  gef.a;2+?a;"'»=16. 

o 
From  which  we  find        «==  +  3 

and  then  we  can  find  ,  from  or,;  of  the  original  equations. 

259.  The  examples  which  we  shall  now  give  are  intended 
as  an  exercise  on  the  methods  of  solution  explaSeiiTthe 
four  preceding  articles.  «ipiainea  in  the 


lirs    of   sii"plp. 


EXAMPLES.—XCVii 

I.  a;3_y3=,37  ^   .^a  +  g^^^j^^ 

a;3  +  a;y  +  2/2=37.         6x2/  +  36y'-=432. 
4.  a;2  +  7/=68  5.  0:3  +  ^3^152 

8.  x^-^xxj=-m 


xy=16. 
7.  x'^  +  xy  +  y^=S9 


3y2-6a;y=25 
ID.  x^-xy  +  y^z=*j 


II.  x^-xy=Zb 


3.  a;2+a:y=210 
y2+a;y=231. 

6.  4:X^  +  dxy=lQ0, 
Ax -by  =.10. 

9.  3x2  + 4x2/ =  20. 
6a;y  +  2r'=i2. 


'3.  a^^•S,»=2728  ,4.  x^  +  fe^„340  ,5.  ^»+„.=225 


«Vl         .     > 


ikf  !>'    "■' 


:>.  ■ 


*,» 


Ml-'  ^-f 
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XXI.   ON    PROBLEMS   RESULTING   IN 
QUADRATIC    EQUATIONS. 

260.     The  method  of  stating  problems  resulting  in  Quad 
ratio  Eiiuations  does  not  require  any  general  explanation. 

Some  of  the  Examples   which  we  shall  give  involve  one 
unknown  symbol,  others  involve  two. 

Ex.  1.    What  number  is  that  whose  square  exceeds  the 
number  by  42  ? 

Let  X  represent  the  number. 

Then  x'^=x  +  42, 

or,  a?-x=4:2; 

therefore 


^  1     169 

4      4 


1     _^13 
*-2=±-2- 


whence 
Ar  d  we  find  the  values  of  a;  to  be  7  or  -  6. 


Ex.  2.     The  sum  of  two  numbers  is  14  and  the  sum  of 
their  squares  is  100.     Find  the  numbers. 

Let  X  and  y  represent  the  numbers. 
Then  x-{-y=l4, 

and  a;2  +  t/2=100. 

Proceeding  as  in  Art.  252,  we  find 

03  =  8  or  6,    2/  =  6or8, 
Hence  the  numbers  are  8  and  6. 
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involve  one 


exceeds  the 


the  sum  of 


^^  PROBLEMS  RESULTING,  &^c. 

Examples,    xcviii. 

2.     What  is  the  number  of  win',.!,  fi 

3  the  quotient  is  298-? 

3 

n.i„berLt4."  ""''"  """''"  '""■  «"•     ^   «■»  acid  the 

4.     What  ave  the  „„„,b„r,  „h„«e  pr„,„et  i,  76rt  and  the 
miotient  of  one  hy  the  other  3.' ( 

6.     The  product  of  two  nunibors  nnp  nf  ,.  i  •  i    • 

above  21  ^  the  other  is  below  21  "377     Fi:  I  ,  '  "  "'  T"'' 

'      **'  '•     J  ""I  "le  numbers, 

certain^  ;ib1r^!e';n*'i'f,u'l;i-'rr\r''  '"^  «'"'  j^'-f » 
Find  the  number         ""'"■P'"=''  '»«"'«>•  "'e  product  is  670(1. 

8.    By  what    number    must    Tlfino   r.«    v  -i   i 
the  quotient  may  bp  thp   o  ?  divided,  so  that 

mainder  51 '/        ^  '   '"'"'  "'^  *^^  ^^'^^^-^^  and   the  re- 

to  twice  the  2:Z7^^:^"  T"'". '''  *'"  '"'  ^^^"'^  «^^^^-i 

"c  wpiaic  ot  tfie  second  result  gives  17475. 
10.     The  sum  of  two  numbers  is  2fi  nnri  +i,  ,■    , 

«mves  is  438.     Find  the  number,        '  "  '"""  "'  """■■■ 

-of2r^t-n---i^n,andthe 

*"-..n,T?:ht  :;;;:::TM4r  ""'"^«  ^""-'  '^  -^  "•■" 

'3-     Divide    Ifi   info   f,.,^   .  ,     ,, 

a'M"<ltothesumnrfi    •  ^"■"■''    '"''''   ""'^  ^^•^*''  P^^duct 

to  T,ne  sum  of  their  squares  may  be  208. 

lo.A.J 
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m. 


14.  What  number  added  to  its  square  root  giveb  as  a 
result  1332  ? 

15.  Wluit  number  exceeds  its  square  root  by  48^? 

16.  What  number  exceeds  its  square  root  by  2550? 

17.  The  pro(bict  of  two  numbers  is  24,  and  their  sum 
multiplied  by  their  difference  is  20.     Find  the  numbers. 

18.  What  two  numbers  are  those  whose  sum  multiplied 
by  the  greater  is  204,  and  whose  difference  multiplied  by  the 
less  is  35  ? 

19.  What  two  numbers  are  those  whose  difference  is  5 
and  their  sum  iruiitiplied  by  the  greater  228  ? 

20.  Find  tliree  consecutive  numbers  whose  product  is 
equal  to  3  times  the  middle  number. 

21.  The  difference  between  the  squares  of  two  consecutive 
numberi  is  15.     Find  the  numbers. 

22.  The  sum  of  the  squares  of  two  consecutive  numbers  is 
481.     Find  the  numbers. 

23.  The  sum  of  the  squares  of  three  consecutive  numbers 
is  365.    Find  the  numbers. 

Note.     If  I  buy  x  apples  for  y  pence, 

-  will  represent  the  cost  of  an  apple  in  pence. 
If  I  buy  X  sheep  for  %  pounds. 


X 


will  represent  the  cost  of  a  sheep  in  pounds. 


Ex.    A  boy  bought  a  number  of  oranges  for  \Q>A.    Had  he 

bought  4  more  for  the   same  money,  he  would  have  paid 

one-third  of  a  penny  less  for  each  orange.     How  many  did 

he  buy  ? 

Let  X  represent  the  number  of  oranges. 

1  f  * 
Then  —  will  represent  the  cost  of  an  orange  in  pence. 


Hence 


16 

X  ' 


or    16(3a;+12)  =  48a;  +  a;2  +  4a;, 
or     a;2  +  4x=192, 
from  which  we  find  the  values  of  a;  to  be  12  or  —16. 
Therefore  he  bought  12  orauiied. 


ot  giveb  as  a 

48^? 
4 

2550? 

,11(1  their  sum 
mnibers. 

nil  multiplied 
itiplied  by  tho 

ifference   is  5 

se   product  is 

vo  consecutive 

ve  numbers  is 

ative  numbers 

ence. 

ands. 

IGd.  Had  he 
lid  have  paid 
[ow  many  did 

n  pence. 


f^ADRATlC  EQUATIONS, 
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bought  3  ml  LT'"  °'  Wlkerchiefs  fJT^T^ 

bought  4  itlri^^f  :;r"'^'^-  ^^  -^-^  ^r  -^^O-     Had  he 
il  less.     Ho;:  Z^^^  Z7'  -^^  -^^  -uld  have  cost 

-o»e  piece  cosrhii.     4u:V^l!^-:^::^^-^-r'' 
-h  piece.  ^Hovviaai:;:rheli7;''  '"'"''  ^"'^ '"^ 


-16. 


miles  an  hour  did  one  go  ?  ^•''''   "^^n^ 

0,^'of  irrk;;i'„:.:z.r':r'''''  "-i  '■™  « 

he  l,uy  ?  ^  ""^"'-     How  many  alieep  did 

»o„e.  tha'n  the  ..S;.  bv  VS ^'"^w J't' «'"  ""V"'  '' 
pipe  take  separately  to  fill  it!  "'  """^  '*'"  ™«1' 

b/»e"t:d^:fd''  :^o\r:':2L''tt  r^^  'r  "-'""■ 

h»d,.ed  .,,„are  yards.    FindX' 1™  .Tof'tS  "'   °™ 
32.    A  certain   number  consists  of  two  di-its      Tl.n  i  f. 

--  .s  .ot,  >:  r™  ,mdt%;'roiLr  ^iT 

^^^  .1.0  .idth  of  tbe  strand  the7e„;!.;;;;:,X""''' 
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ON  PROBLEMS  RESULTING,  ^c. 


34.     Cloth,  beiiiK  wetted,  slninks  uj)  ^  in  its  length  an.l 

-    in  its  width.      If  the  suiTace  of  ti  piece  of  cloth   is  di- 
16 

minished  by  5^  square  yards,  and  tl.e  len-fli  of  the  4  sidw 
4 

by  4I  yards,  wliiit  was  the  lent^th  and  width  of  tlie  cloth  \ 

35.  A  certain  nuniher,  less  than  50,  consists  of  two  digits 
whose  diflV-rence  is  4.  If  the  digits  he  inverted,  the  diin'rence 
})etween  the  squares  of  the  nuniher  thus  formed  and  of  the 
original  nundjer  is  3960.     Find  the  nuniher. 

36.  A  plantation  in  rows  consists  of  lOOOt)  trees.  If  there 
had  hecii  20  less  rows,  there  would  have  been  25  more  trees  in 
a  row.     How  many  r(»ws  are  there  ? 

37.  A  colonel  wished  to  form  a  solid  square  of  his  men. 
The  first  time  he  had  39  men  over :  the  second  time  he  in- 
creased the  aide  of  tht;  .square  by  one  man,  and  then  he  fuuml 
that  he  wanted  50  men  to  complete  it.  How  many  men  were 
there  in  the  regiment'} 


4'. ," 


XXII.    INDETERMINATE    EQUATIONS. 

261.  Whin  the  number  of  unknown  symbols  exceeds  that 
uf  the  independent  etiuations,  the  number  of  simultaneous 
values  of  the  svmbols  will  be  indefinite.  We  propose  to  ex- 
plain in  this  Chapter  how  ?  certain  number  of  these  values 
may  bo  foiuid  in  the  case  of  Simultaneous  E-iuations  involving 
two  nnknown  quantities. 

Ex.     To   find  the  inUgml  values  of  x  and  y  which  will 

siitisfy  the  equation 

3a;  +  7?/  =  10. 
Here  3a;  =  10-7t/; 

1-V 
.-.  a;=3-2i/  +  — 2-- 


m  IliiL 


Now  \i%  and  7/  arc  integers 


A"</ 


must  also  he  an  integer. 


of  the  4  si(l<^3 


JATIONS. 


rNDErERM/NATE  EQUATIOm. 
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Let --l=.«i,  then        l-^/^Sm; 

and  ^  =  3-2.y  +  m  =  3-2  +  6m  +  m=l  +  7m. 

0.  the  ,.n.ral  soh.tion  of  the  equation  in  whole  Lnbe.  is 

wliero  m  may  be  0    ^    9  „„  . 

negative.  '     '     """^  "^^  "'teger,  positive   or 

!  w=l,a;=  8, 7/= -2; 

'  m  =  2,a;=15,y=-5; 

and  so  on,  from  which  it  appears  \\vx\  «i.         . 

of  the  unknown  syniboLs.  ^'"^  ^""^  coeiticients 

Ex.     To  find  integral  «olulio,is  of  the  eciuation 

7^  +  5^  =  31. 
«««  5y=31-7x; 

~5~~  ^ '^'  ^^  integer. 
Then  l  -2a;=5m,  whence  2x=  1  - 5^; 

.  „    1— m    ^ 
..  a;=  ~ 2i»» 

r  „.    f  -  ffl 

.    iiei     ^    =^^  an  integer.  f 

Then  1  -  m  =  2ji,  whence  m  =  1  -  2n. 
Hence         a;=7i-2m  =  ,i-2  +  4.^  =  5M-2; 

y=6-a;  +  m=6-57»  +  2  + I -2^=9-711, 
Now  if  n=0,a,=  -2,^=     9; 

if  n=2,a;=     8,y=-6j' 
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\my. 


;j;  r> 


263.     In  how  many  ways  can  a  person  pay  a  l)ill  of  ^13 
with  crowna  and  guineas] 

Let  X  and  y  denote  the  number  of  crowns  and  guiueaa 

Then  ua;  +  21i/  =  26()t 

.-.  5.^  =  200-21?/; 


y 


a;  =  52-4y-J, 


Let  ^=w,  an  integer. 


Then 
and 

If 


i/  =  5»i, 


£6=52  - 4?/-m  =  r)2  - 21m. 

m-^A),  ;<;  =  f)2,  y=  0; 
m=l,  ic  =  31,  y—  6; 
w  =  2,. <;  =  !(),  ?/=l(); 
and  liighdr  values  of  971  will  give  negative  vulues  of  a; 

Thus  the  number  of  waya  is  three. 

264.     To  tind  a  number  which  when  divided  by  7  and  5 
will  give  remainders  2  and  3  respe'  i-'vely. 

Let  X  be  the  number. . 

ic-  2 
Then  — ^—  =an  integer,  su^jpose  m; 


and 


x-3 


=an  integer,  suppose  n. 


Then  a;  =  7m+2  and  x=5n  +  3; 

:.  7m  +  2  =  5n  +  3', 

:.  571= 7m-  1,  whence  n  =  vi  + 

T   .  2m  -  1  .   , 

Let  —^ —  =p,  an  integer. 

P+  1 

Then     2?Ji= 5jj  + 1,  whence  m=22)  +^-^c— . 
Let  ^—  =  3',  an  integer. 


2m -1 


Then 


p  =  2q-l, 

ni=22}  +  q  =  ^ -2 +  q  =  5q -2f 
«!=7m  + 2  =  352 -12. 
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Hence  if 

<Z=0,a;  = 

-12; 

if     • 

ff=l,a;= 

23; 

if 

2=2,  a;= 

58; 

d  80  on. 

'99 


Examples. -xcix, 

Fin;l  positive  iutegrul  solutiona  of 


I.  5x  +  72/  =  29. 

3-  13j;fU)7/=ll70. 

5.  14.c-52/=7. 

7.  llx  +  77/  =  308. 

9.  2()u;-9?/=683. 

II.  27a;  +  47/  =  54. 


2.  7a;+19y  =  92. 

4.  3x  +  5//  =  2(i. 

6.  II  a; +15?/ =1031. 

8.  4:c-I0//=z23. 

10.  3x  +  7yy  =  383. 

12.  7x'  +  9//  =  6r)3. 


13.     Find  two  fractions  with  denominators  7  and  9  and 

*i    ■  57 

tJicir  sum  - ". 


14. 


Find  two  proper  fractions  witli  denominators  11  and 

13  and  their  difference  ~^-. 

143 

15.     In  how  many  ways  can  a  debt  of  £1.  96.  be  paid  in 
ilonus  and  hall-crowns  %  ^ 

:6     In  h<,w  many  ways  cm  i'20  be  paid  in  half-ijuineas 
ami  hali-crowns  / 

17.  What  number  divided  by  5  gives  a  remainder  2  and 
I'v  !)  a  renuunder  3  ? 

18.  \xx  how  many  different  ways  may  i;il.  10.-.  be  paid  in 
K'unieas  and  crowns  ? 

19.  In  how  many  different  ways  may  U.  \\s.  fid.  be  paid 
^vltll  half-guineas  and  ludf-crowns  i 

20.  Shew  that  323^ -527i/=  1000  cannot   be  satisfied  by 
iiiteural  values  of  x  and  v. 


m 


a?o 
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If 


21.  A  farmer  buys  oxin,  sheep,  and  liens.  The  whole 
number  Ii()ii.L,'ht  was  100,  and  the  whole  price  ^l(K).  If  the 
oxen  cost  i;5,  the  sheep  £\,  and  the  hens  1«.  each,  how  many 
of  each  had  he  ?  Of  liow  Jiany  eolutious  does  thia  Probleni 
admit  \ 

22.  A  owea  li  ^».  \^il.\  if  A  has  only  sixpences  in  his 
pocket  and  11  only  four[)enny  pieces,  how  can  they  best  settle 
tiie  matter  \ 

23.  A  person  lias  £12.  43.  in  half-crowns,  florins,  und  shil- 
liiij^s  ;  the  number  of  half-crowns  and  ilorins  together  is  four 
times  the  number  of  shillings,  and  the  number  of  coins  is  the 
greatest  possible.     Find  the  number  of  coins  of  eacli  kind. 

24.  In  liow  many  ways  can  the  sum  of  X5  1)c  ])aid  in 
exactly  50  coins,  ct^nsisting  of  half-crowns,  Horins,  and  four- 
penny  pieces  ? 

25.  A  owes  B  a  shilling.  A  has  only  sovereigns,  and  B  'las 
only  dollars  worth  4s.  \H.  each,     flow  can  ^1  niost  easily  pay  Bl 

26.  Divide  25  into  two  parts  such  that  one  of  them  is 
divisible  by  2  and  tiie  other  by  3. 

27.  In  iiow  many  ways  can  I  pay  a  debt  of  £%  9s,  with 
crowns  and  ilorins  ] 

28.  Divide  100  into  two  parts  such  that  one  is  a  multiple 
of  7  and  the  other  of  11. 

29.  The  sum  of  two  numbers  is  100.  The  first  divided  by 
6  gives  2  as  a  remainder,  and  if  we  divide  the  second  by  7  the 
remainder  is  4.     Find  the  numbers. 

30.  Find  a  number  loss  than  400  which  is  a  multiple  of  7, 
and  which  when  divided  by  2,  3,  4,  5,  6,  j^ives  as  \  remainder 
in  each  case  1. 


XXIII.   THE   THEORY  OF  INDICES. 

266.     Firsr,  we  r.ust  carefully  observe  the  following  results : 

For  a^xa^=a.o..a.a.a  =  a'^, 

These  are  exarnples  of  the   Two   Rules  which  oovern  all 

Z^ln  Y'""'^-     ^^'  S^»^^^^  l*-«f  <>f  the«c  I  u  e«  we 

biiall  now  proceed  to  give.  A'-mes  we 

267.  Dep.     When  m  is  a  positive  integer, 

«"*  means  a.  a .  a with  a  written  ^^"times  as  a  factor. 

268.  There  are  two  rules  for  the  combination  of  indices 
Rule   I.     a"  X  »"=«"»+», 

Rule  II.     („'»)»  =:(jm»^ 

269.  To  jirovc  Rule  I. 

a*  =  a.a.a to  r/i  factors, 

<»"=a.rt.a to  w  factors. 


fk 


il  t 


fU 
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Tlierefore 

a"xa''  =  («.a.a to  m  factors)  x  {(i.a.a towfactors) 

=  a.a.ii to  (m  +  n)  factors, 

=«.'"+",  by  the  Definition. 

To  prove  Rule  II. 
(a")" = a*" .  a"* ,  a" to  w  factors, 

=  (a.a.a to  m  factors) (a. a.*... to  m  factors)... 

repeated  n  time?, 

=a.a.a to  r?m  factors, 

=  »"",  by  the  Detiiiitiou. 

270.  We  have  deduced  immediately  from  the  Definition 
that  when  r^  and  n  are  positive  integers  rt,"  x  a"=a"^'*.  When 
m  and  ?i  are  not  positive  integers,  the  Definition  has  no  mean- 
ing. We  tlierefore  extend  tlie  Definition  by  saying  that  a'"  aiul 
o",  whatever  m  and  n  may  l)e,  shall  be  such  that  a"'  x  a"  =  a"'+", 
and  we  shall  now  proceed  to  shew  what  meanings  we  assign  to 
a"*,  in  consequence  of  this  definition,  in  the  following  cases. 

.5 

271.  Case  I.     2'o  Jind  the  meaning  of  a'',  /;  ayid  q  beivg 

positive  integers. 

p      p      p.p 


a^xa''=a^   \ 


p      p      p      p<p      p 


-^+5+!- 


(t'  X  a!>  X  a''  =  a»   «  x  a'  =  ti'  «   »; 
and  by  continuing  this  process,. 

a^xa^  X  to  (/  factors  =  a"   '<  ' 


''  +  ^  +  '-4..,.  t07t«niu 


=  «". 


But  by  the  nature  of  the  symbol  Hj 

^afx  Sja"  X to  2  factors = a"; 

p      p 

.'.  a* X a' X to  q  factors=  !ifa^ x  ^a'' x  ...io  q  factors ; 


a»=  HaJ', 


to  n  factors) 


V  factors)  ... 


B  Definition 
r+\  When 
as  no  mean- 
that  a'"  and 
»'xa''  =  a"'+", 
we  assign  to 
ing  cases. 


and  q  beiiuj 


rtamu 


q  factors ; 
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272.     Case  II.     To  find  the  meaning  of  ar\  s  heinn  a  vo-i 
tive  number,  whole  or  fractional.  ^     ^ 

We  must  first  find  the  meaning  of  a". 
Wc  have  a^xaO^a-'+o 


NOHT 


a'xa-'  =  a'~* 


■  a" 


:.  a-'= 


=  1; 
1 


Ru1!^'t  ^?r  *^'  ^"^'T^'^J^^'^'^  ^f  «•"  ha«  neen  deduced  from 
Kulc  r.  It  remains  to  be  proved  that  this  interpretation 
.gree,.  with  Hule  II  This  we  shall  do  hy  shewhi^t  K ".e 
IL  follows  hum  Ruh  L,  whatever  m  and  n  may  be. 

274.     To  she^o  that  (a™)»=a->-  a^^  m/<..s  ofm  and  n. 
(1)     Let  n  be  a  positive  integer :  then,  whatever  m  may  be, 
(«"*)»=«-.  ri-.  a- tow  factors 

_.  ^m-fm-fm-l- . , .  to  n  (tnu 


=a"'". 


(2)     Let  ri  be  a  positive  fraction,  and  equal  to  ^,^  and  q 
being  positive  integers  ;  then,  whatever  be  the  vahJof  m, 


(a")' X  (a'^yx  to  q  factors  =  («"')^'+-*'' 

=«"•',  by  (1). 

mp  mp 

^«ta'  xa^^x  to  <?  factors  =a'^''-*-^'+-'»' 

mp 


tnam 


LUUb  IB. 
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(3)    Let  71=  -3,  s  being  a  positive  number,  whole  or  frac- 
tional :  then,  whatever  m  may  be, 

(«'"r=(^i)7,^yArt.272, 


thatfgy 


a" 


-,  by  (1)  and  (2)  of  this  Article ; 


a")"= 


a-™ 


275.  We  shall  now  s,ave  some  examples  of  the  mode  in 
which  tlie  Tiieorems  estaldishcd  in  the  [(receding  articles  are 
applied  to  [)articular  cases.  We  shall  commence  with  exam- 
ples of  the  combination  of  the  indices  of  two  single  terms. 

276.  Silica  x'"  x  a;"  =  cc"^, 

(1)  x°y.x'-'  =  yf^-'-'3f. 

(2)  #xa;=x"^i. 

(4)     11'"-".?)"-'' X  a"-". &''-». 6 

=  1.1. c 

277.  Since  (a;"')"=x'»», 

(1)  (»;«)='  =  a;«^3=«"'. 

(2)  (a;*)^  =  3/''3=j;«. 

(3)  (a6')^  =  a'''^*=(i*'. 


278.     Since  a^=  ^/^ 
(1)    J=V^. 

(2)       K^=4r'i^ 


■,l 


ole  or  Irac- 
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Note.  Whoa  Examples  are  given  of  actual  nu.ulK.r8  raiscl 
to  tractional  powers,  they  may  often  be  put  in  a  fonn  more  tit 
tor  easy  solution,  thus  : 

(1)  144=(144)3=(^i44)3^i2^^l728. 

(2)  125^  =  (12r,V^=(  ^125)2=52=25. 
279.     Since   (a;"*)"  =  .x*""* 

(1)  \{x^YY  =  {^:C-y^^^P, 

(2)  {(«"")-"}''=(«"'")''=»"« 

(3)  {(x-")"{''^(^-«".)».=a.-«.^. 


280.     Since    .r-=— 
a"' 

we  may  replace  an  expression  raised  to  a  negative  power  b. 
the  ecprocal  (Art.  199)  of  the  expression  raided  to  tirsarae 
positive  power :  thus  ™® 


(I)  <.-.=! 


(2)    a-2„.i 


(3)    a~^=i- 


a*^ 


Examples.— c. 

(1)  Express  with  fractional  indices  : 

(2)  Express  with  negative  indices  so  as  to  remove  all  powers 
Ironi  the  denominators :  ^     ^^^ 


r        la         ^2        3 

a;     a;2     a;3     a;*' 
-     a;2     3x     4 


__a^     5af     a; 
^"    3r;2 -^53:^  +  ^^-4. 


f  J?  ^^^^^P''"''^  ^^^th  negative  indices  so  as  to  remove  all  powers 


20ff 
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I 


i 


P«!^.'|  i 


v4 

\ 

k 


'il 

'■\ 

.  * 

;,iii 

1        X        x'       05* 


-7j 1-  - — s—  H . 


(4)     Express  with  root-symbols  and  positive  indices 


I.    2x^-\-3or^y^  +  x~^y 


u. 


,.-l«i-2 


X 


-h 


3x 


-2 


»  +  — q-  + 


X 


-f 


2/ 


2.    «~3^y-t  +  2 


x-8 


33 


"^      11   *       3y~t 
3      /r    a 


y 


-2 


a; 


4.   — r  +  :;:r 


X 


y 


:f"r^  «=J' 


X" 


281 .    Since  x" -f  a"  =  —  =  x" .  x"" = x"~» 

X" 

(1)    x^-i-x^=x8~3=x^. 


(2)  y 


:3  -i.  rvS  _.  /v.3-8  ^  ^,-5  _. 


-X''=:X' 


X  "  =  ~ 


(3)  x'"-fx"'~"=x'"-<"'-"'  =  x'"~"^=iK». 

(4)  a»^a»+'  =  a*-t*+''=a'-*-'=(f    =— . 

a* 


(5)    X 


;3-i-x'*=X*     ^=X^ 


(6)    x^-^x^  =  x^~^  =  x^~^=x~6  =  x"^="i:. 
282.     ElX.     Multiply  a^  -a?'-\-ar-\  by  a'  + 1. 

a'+l 


+  a"' -«*••  + a' -1 


a" 


EXAMPLES.— Cl. 


Multiply 


1 .  x*"  +  x''^/''  +  y'^''  by  re*''  -  x^f  +  ^''''. 

2.  a""*  +  3a'^™?/»  I-  Qfi"!/''''  +  27y'"  by  a"  -  3j^. 

3.  x*^  -  2a,T'"'  4  4«2  by'x**  +  ^av?"  +  4a*. 


?r 


1' 


1   ii 
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4.     a^  +  i-'  +  c-by  a"'-J"  +  c'. 

6.  a;""^    ^byaj'  +  T/""^, 

7.  a^-  -  afy"  +  2/^"  by  ar"'  +  a:'y  +  y»». 

8.  ft'''^^  -  6"' H-c"  by  a"'-p  +  ii-p2^c»-, 
9-  Form  the  square  of  x'*"  +  a;"  +  1. 

10.     Form  the  square  of  x^"-^^  1, 

283,     Ex.     Jbividn  x^f-\  byaf~l, 
x*p  -  x^p 


Examples.— cii. 


207 


3.    a^-j'^-byaj'-^r. 


Divide 

1.  x*'^~y*^hyx'"-y\ 

2.  x"'  +  y'"'hyx-  +  y\ 
5-     a;-"- 243  by  a;" -3. 

6.  a*'^  +  4a«  V  +  16a;««  by  a'^  +  Sa^x"  +  4a;^ 

7.  9a:'-  +  3a;*''  +  Ux^p  +  2  by  1  +  Sx"  +  a?». 

8.  146*»c-  -  13&«»c««  -  St"-  +  4fi2'-c^"  hy  V^  +  J«c*-  -  36»-c- 
9-     Find  tlic  square  root  of 

a-  +  Ga""  +  15a^  +  20a'^  +  ISa^-  +  Ga"  + 1, 
la    Find  the  square  root  of 


a^  +  W'  +  c*  +  2a"'6''  +  2a' 


'c'  +  26V. 


■.-•« 


•  ' , 


If: 
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Fractional  Indices. 
284.     Ex.     Multiply  J  -  ah^  +  fe*  by  a^  +  bK 

a^  +  6^ 

a  -aH^  +  n'^h^ 

2    1  13 

a  +& 


EXAMPLES.— ciii. 


Multiply 


I.    X-' 


2x^+1  by 


X 


.*.. 


2.  ^^  J.,^l^^¥^l    l)y   ^¥_l 


i. 


a 


;» -  x-^  1 


i 


)y  ft'*  ^  a-^x-'  +  a; 


tr:^. 


,t 


O  (I 


a- 


"3  —  rt.^ 


1    J.  1.  1 


h^^A 


5.     5x^  +  2.t2|/*  +  Sa;^  +  7y^  by  2.^^"  -  3y*. 


A 


a  1 


1  3 


6.     m^''  +  m'''?i''  +  m^n''  +  7/t, ■'•%•"'  +  n''  by 


m-'^  -«". 


m 


s_ 


1    J 


i 


1    I 


7* 


•2 


2rf*w=^  +  4r/2  by  m"'  +  2^?*^.=*  +  4d 


i^-3b^. 


12 


8.     8a*  +  4a'//7  +  5rt"?> '  +  06 '  by  2a 


Form  the  sq'.inre  of  each  of  tho  following  expressions: 


9- 

3;*  + a*. 

10. 

.*- 

-A 

II. 

12.* 

a  +  bK 

13- 

x^- 

-2x*  +  3. 

14. 

2x' +3 

m. 

1      J. 

+  a^". 

16. 

x^ 

+  2i/5- 

-.^ 
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285.     Ex.     Diwdea-hhj   *fa-  *fh. 

Putting  ai  lor  ^fa^  and  6*  for  4/6,  we  proceed  thue: 


Divide 

1.  x-y  by  a;2.  jy5 

2.  a-hhy  a^^hk 

3.  a;-2^by«3~2^i 

4-  a  +  ftbya^+fti. 

5-  ic  +  y  by  a;fl+2/«. 


Examples civ. 


7-  a;-81?/bya,*--3^. 

8.  81a  -  166  by  3«i  -  26^. 

9.  a-a;bya;2  +  tti 

10.  m-243  by  mS-3. 

11.  a; +17x^4- 70  by  .7^  +  7. 

12.  a;^  +  a;^-12bya;^  +  3. 


6.   m  -  n  by  m«  -  r^, 

13-  ft^  -  36  ^  +  36 -ft^y  6-3-^1 

14-  ^  -t-  2/  +  «  -  ^x^yh^  by  x*  +  7/i  +  zK 

15-  a'-5x^-46x^_4obya;S+4.       . 

16.  m  +  mM  +  n  by  m*  -  m^wi  +  nk 

17.  i'~4^^4-6iP*-4^i  +  lby^.i-2j|>T+l. 

18.  ^■^r.  +  x^y^^^y-^yk^_J^,h^,  by  2a;i  +  37>4.A 


IQ-    2;  +  ?/ hv  a^-rS 


■J  '-J 


5    1 


i  a 


[«.A.] 


'y"  +X-'y''~x^y^  + 


y 


»;;■■ 


2IO 
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Negative  Indices.  \ 

286.     Ex.     Multiply  x-^  +  x-h/-^  +  x"  V^  +  2/"'  %  «~* ""  IT'* 


atr*-y-^ 


Examples.— cv. 

Multiply 

I.  a-^fb-^hya-^-b-\  2.   x-^+b-^hy  x-^-lr^. 

3.   x^  +  x+x-^  +  x-^hy  x-x-\    4.   x^-l+aj-^by  a;2  +  l  +  x-'. 
5.   a-2  +  6-2by  a-2-&-2.     6.    a-i-5-i  +  c-i  by  a-i  +  ft-^  +  c-^ 

7.  1  +  a6-i  +  a26-2  by  1  -  aft"^  +  a'-^fi-^. 

8.  a2'»-2  +  2  +  tt--62bya26-2-2-tt-"62. 

9.  4x-3  +  3x-2  +  2x-i  +  1  by  x-2  -  x'^  + 1. 
10.   |a;-2  +  3x-i-|  by  2x-2-x-i-|. 

287.     Ex.    Divide  x^  +  1+x-^by  x-l+  srK 
x-l  +x-^)  x^+ 1 +X-2  (x  + 1  +»-i 

x2-»+l 


x+cr^ 
X  ~  1  +  x~* 


l-aj-i  +  aj-a 
1-X-1  +  X-* 


Note.    The  order  of  the  powers  of  a  ia 

~ a^,  a^,  a^,  a",  a~^,  a~%  a~'. 

a  series  which  may  be  written  thus 

3     2       1    1    1    Jl 

Mr      iiAT         w 
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EXAMPLES.— cvi. 


Divide 

6.  a-*  +  a-^6-2  +  i-4  i,^  ^.2  _  ^-, J.1  ^  j.3^ 

7.  «^r^~ar32,3_3.;y-i +  30,-12/ by  ccy-i-a^iy. 

4         "^    ^     8 4 ^+27 

by  — -ar-1  +  3. 
9.   a'5-3fa-363byaj-i^^_,5^ 
10.   a-H6-3+c-3-3a-ft-Vi  by  a-i  +  6-i  +  ,-i. 
288.    To  shew  that  (afi)"  =  «».  6». 
W"=«* .  ah .  ah. .  .to  n  faaors 

=(«.a.a...to7ifactoi^)^(j.j.5^^^^^^^ 

^^^rT:^^^  to  int^duce  the 

Chapter.  combination  of  indices  explained  in  this 

Examples evil. 

1.  I>ivide«^-4«;y  +  4j^^4./by  J+2a;*2/*+2y. 

2.  Simplify  {(^«v.Wp..         3.    Simplify  (,xo*.,,.^,^ 


4-   Simplify {—.L_. L       ^  +  (1'    x-a\ 


.1 ^1  _ 


i'  ',• 


ii^^;i 


iHi:^ 


i  ..  I 


Ml 


■         I'll 

^  ■.  m 

■     i  ?! 


rr-iti 


lis 
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5- 
6. 

8. 

9- 
1 1. 

12. 


Multiply  ^x  -  +  4x-»  -  ^  by  ax^-'  -  iJx-i  -  g. 

Simplily  '^--^^^^li^.     7.    l^ivide  x^'  -  ^  by  x"  +  7/. 

Multiply  (J  +  6^)'  by  a^  -  6^ 

Divide  a  -  6  by  4^<t  -  ijh.         i  o.    Prove  that  (tt^)"  =  (a")*. 

If  a*"= (a")",  tiud  w  in  teniid  of  n. 
Siuiplify  x"+*+^ .  a^i '  ' .  vT^ .  a5*+^. 


Simplity(^Y-^(j'.r  '4.    Divide  4aM.y 


OT" 


IS- 
16. 
17. 

18.   Shew  that 


4' 


SimpUfy  [Ka-)-}"]  ^LKa")"}-*]. 
Multiply  a'"  +  6^  -  2c"  by  Sa™  -  36. 
Multiply  a'»-"6''-p  by  a"-"'6'^c. 


a+(62a)*-((i^)^_     a^ 


19. 

20. 
21. 

22. 

23- 

24. 

25. 

9/i 


Multiply  x^  +  x^  + 1  by  a;*  -  a;«  + 1 
and  their  product  by  cc^  -  a*  + 1. 
Multiply  a**  -  hoT-'^K  +  caT'-'^x^  by  a"  +  6a"-i  x  -  ca»-*aA 

Divide  x^^*""  -  ^  ''''-"  by  x*^*""  +  yf^^ 

_l   J  _ 

Si-uplifylM"*  "l"^^- 

Multiply  x3'  +  x2 Y  +  xy  +  2/3"  by  x'  - 1/^. 
Write  down  the  values  of  625*  and  12"*. 
Multiply  x<"-»'*  -  7^^"-*>"  by  x»  -  f". 
Multiply  ^ + 3x^  -  J.  by  #  -  2aj"*. 


>^  ii::  6:' 


"  by  X"  +  if. 


It  (tt^)'"=(a-)". 


ar 


Ic  4rt'  l>y  ^. 


c-ca»-V. 


XXIV.    ON    SURDS. 

289.  All  numbers  which  we  cannot  exactly  determine 
^ec..e  they  are  not  multiples  of  a  Primary  orUlZat^' 
Unit,  are  called  Surds. 

29()     We  «liail  confine  our  attention  to  those  Surds  u    i,-!, 
<>nKinae  .J  ,/..  ,^,,aon  of  roots  where  the  re.  1 1  eino 
1-e  exh.lnted  as  whole  or  fractional  numbers. 

s  Ju^^^ot  c!f  f  "'  'u"""  ''''  "^^^'^^•^"  ''  -^'-^"^^  the 
Z;        Ti  '    ''  '*^'^'"''  1-4142...,  and  thouj,d.    wo   n.av 

ay  on  he  process  to  any  required  extent,  we  shall  neve  be 
able  to  stop  at  any  particular  point  and  L  say  that  w  1  a ve 
Uroft  ""'  """'"  "'^^'^   '^  equivalent  \o  the  Sqte 

291.  We  can  approximate  to  the  real  value  of  a  surd  bv 
hnding  two  numbers  heti^een  .ohich  it  lies,  differing  froreach 
other  by  a  fraction  as  small  as  we  please. 

Thus,  since  ^2=  1-4142 

V2  lies  between  ^i  and  1^,  which  differ  by  -^- ; 

10  j 

also  between  1^1  and  1|,  which  differ  by  ^-; 
also  between^  and  1^^,  which  differ  by  ^. 

And,  generally,  if  we  find  flie  square  root  of  2  to  ,.  place, 
of  decimals,  we  shall  '^nd  two  numbers  between  which  vK 

differing  from  each  other  by  the  fraction  -I. 

10* 


II 


:f 


i  •► 


I',* 


'i   .  i':-[. 


i  itMi-  '-i    !>l 


II 


n 


I" 


li!:; 


II' 


a»4 
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292.     Next,  wo  can  alwuyK  fintl  u  fraction  differing  from  the 
real  value  of  a  surd  by  less  than  any  assigned  quantity. 

For  example,  suppose  it  required  to  find  a  fraction  differ- 
ing from  /^2  by  less  than  ^. 

Now  2(12)'-*,  that  is  288,  lies  between  (IG)'''  and  (17)2, 

(16\2         /17\* 
-i  and  ( Tg  )  ; 

/.  <^2  lies  between  ^  -  and 


.*.  /^2  differs  froni    ^  by  less  than 


12 *  12' 

12  "'  *^ ""  12' 


203.  Surds,  tliougli  they  cannot  be  expressed  by  whole  or 
fractional}  numbers,  are  nevertheh^ss  numbers  of  which  W(i  may 
form  an  approximate  idea,  and  we  may  make  three  assertions 
respecting  them. 

(1)  Surds  may  be  compared  so  far  as  asserting  that  one  is 
greater  or  less  than  another.     Thus  ,^3  is  clearly  greater  than 

^2,  juul  v'B  is  greater  than  ^9>. 

(2)  Surds  may  be  multiples  of  other  surds :  thus  2  fJ2  is 
the  double  of  ^^2. 

(3)  Surds,  when  multiplied  together,  may  produce  as  a 
result  a  whole  or  fractional  liumber:  thus 


and 


V2x  V2  =  2, 
»/3       "73       ''/3_3 


294.  The  symbols  ^a,  ^a,  i^a,  Hi/a,  in  cases  where  the 
second,  third,  fourth,  and  n^^  roots  respectively  of  a  cannot  be 
exhibited  as  whole  or  fractional  numbers,  will  represent  surds 
of  the  second,  third,  fourth,  and»w*''  order. 

These  symbols  we  may,  in  accordance  with  the  principles 
laid  down  in  Chapter  XXIII.,  replace  by  a^,  a^^  a*,  a». 


ON  SURDS. 


ai5 


Taction  differ- 


295.    Surds  0/  tU  mine  order  are  those  for  wliich  the  root- 
symbol  or  Burd-index  is  the  same. 

Thus  V«,  3  V(36),  4  ^{mn),  4  are  surds  of  the  same  order. 

Like  surds  are  those  iu  whicli  tlie  same  root-symbol  or  surd- 
index  appears  over  the  same  quantity. 

Thus  2  Va,  3  ^a,  Aa^  are  like  surds. 

296.  A  whole  or  fractional  number  may  be  expressed  in 
the  form  of  a  surd,  by  raising  the  number  to  the  pcvver  denoted 
by  the  order  of  the  surd,  and  placin-  the  result  under  the 
syrabol  of  evolution  that  coriesponds  to  the  surd-index. 

Thus  a=  ^a\  ' 


297.  Surds  of  differen t  order si  may  be  transformed  into  surds 
of  the  same  order  by  reducing  the  surd-indices  to  fractions 
with  the  same  denominator.  * 

Thus  we  may  transform  ^x  and  */y  into  surds  of  the  same 
order,  for 

and  ^y=y^=y^^=^'Uy\ 

and  thus  both  surds  are  transformed  into  surds  of  the  twelfth 
order. 

Examples.— cvili. 

Transform  into  Surds  of  the  same  order: 
I.  ^x  and  4/2/.       2.  4/4  and  4/2.       3.  V(18)  and  4/(50). 
4.  V^  and  4/2.      5.  Va  and  4/6.        6.  4^(a  +  &)  and  V^a  - 1). 

298  If  a  w>;ole  or  fractional  number  be  multiplied  into  a 
smxl  the  product  will  be  represented  by  placing  the,  multiplier 
and  the  multiplicand  side  by  side  with  no  sign,  or  with  a  dot 
(.)  between  them. 

Thus  the  product  of  3  and     ^2  is  represented  by  3   ^2, 

• of  4  and  5  V2 by  20^2,' 

ofaand     ^c bya^c. 


i  '■  'I '    '  s  n  >i 
i    I  i     ^  I  1 

m ' 


;? 


til'  '       ' 

in-:. 


'X:"tV. 


,r.i 
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299.  Like  surds  may  be  combined  by  the  ordin.iry  pio- 
cesH(;s  of  addition  and  subtraction,  that  is,  by  adding  the 
coefiicients  of  the  surd  and  placing  the  result  as  a  coeftlcirnt 
of  the  surd. 

Thus  ^a+y/a^2yfa, 

300.  We  now  proceed  to  prove  a  Theorem  of  great  im- 
portance, wliich  may  be  thus  stated. 

The  root  of  any  expreasion  is  the  same  as  the  product  of  tJie 
roots  of  the  separate  factors,  of  the  exjmssion,  that  is 

,  \/(«&)  =  \^(i  •  sfb, 

We  have  in  fact  to  shew  from  the  Theory  of  Indices  that 


Now 
and 


111. 

1  « 

\{dbY\^  =  {ahf=ah, 

1  1  «       n 

ja".  ft"  }«  =  («")".  (&»)'•  =  «".  If' =  a. hi 

.-.  |(a6)"  }"={«".  ft"  j»; 

.-.  (aft)"  =  a".  6". 


301.  We  can  sometimes  reduce  an  expression  in  the  form 
of  a  surd  to  an  equivalent  expression  with  a  wliolo  or  frac- 
tional number  as  one  factor. 

Thus         V(72)  =  V(36  X  2)  -  ^(36) .  ^2  =  6  ^2, 
^(128)=  ^/(64  X  2)=  ^y(G4) .  ^/2  =  4  ^% 

;U{a^x)=  ;^fa- ,  ;;fx=a,  ;i/x. 


I 


01^  SURDS, 


I  of  great  im- 


EXAMPLES.— cix. 


Reduce  to  equivalent  expressions  wJfl,  o     i    i 
number  as  one  factor  :        P'^'^'''''"'  '^^"^  ^  whole  or  fractional 


J.     V(24). 

4-    V(125ft4(^3| 

7.     n/(720c''^). 


2.    x/(r)0). 

8.     7V(39C.r) 


3-    V(4a3). 
6.    x/(1000a). 


'4-  .'(a.v-4..y;,,,  ;,^:  3:^::;^.'-'-«^')- 

«ra,tefonaed  into  a  complete  suiT  ^    '  '''^'''  '"^*^  ^^ 

Thus  3va=ry2)^    /9_   /Q    /-, 

Examples.— ex. 

Reduce  to  Pomplete  Surds  : 
I-    4V3. 


4.     2*/6. 
7.    4aV(34 


2l8 
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303.  Surds  may  be  compared  by  transfoiining  them  into 
surds  of  the  same  order.  Thus  if  it  be  required  to  determine 
whether  ^2  be  greater  or  less  than  4^3,  we  proceed  thus  : 

4/3=3^  =  3^-^32=^9. 
And  since  ^^9  is  greater  than  4^8, 
^Z  is  greater  than  ^2. 

Examples.— cxi. 

Arrange  in  order  of  magnitude  the  following  Surds : 
I.    V3and  4/4. 


2. 

3- 

4- 

5. 


VlOand  ^15. 

2  V3  and  3  ^% 

3  a/7  and  4  V3. 


6.  2  V87  and  3  ^33. 

7.  2  ys  J,  3  ^7  and  4  v'2. 

8.  3  V19,  5  4^18  and  3  4^82. 

9.  2,^14,  5  4/2  and  3  4/3. 
10.  2  V2, 3  V3  and  ^  ^^4. 


304.  The  following  are  examples  in  the  application  of  the 
rules  of  Addition,  Subtraction,  Multiplication,  and  Division  to 
Surds  of  the  same  order. 

1.  Find  the  sum  of  ^18,  \/128,  and  ,^^32. 

V(18)  +  V(128)  +  V(32)  =  V(9  X  2)  +  V(64  x  2)  +  V(16  x  2) 

=  3^2  +  8^2  +  4^2 
=  15^2. 

2.  From  3  V(75)  take  4  V(12). 

3  V(75)  -  4  V(12)  =  3  V(25  x  3)  -  4  V(4  x  3) 
=  3.5.^3-4.2.^3 
=  15V3-8V3 

-7  J3. 


.Ill 


ON  SURDS. 


Multiply  V8  by  V(12). 

V8x  V(12)=V(8xl2) 

=  V(16xC) 
=  4^6. 

Divide  V32  by  VI 8. 

V(32)_V(16x2)_4V2_4 
V(18)      V(9x2)~3V2~3* 


2t9 


Examples.— cxii. 

Simplify 

1.  V(27)  +  2  V(48)  +  3  V(108).  i  r.   ^6  x  ^8. 

2.  3V(1000)+4V(50)  +  12V(288).    12.    V(14)  x  ^(20). 

3.  «  V0»^^)  +  6  V(iu-)  +  .  V^c^x).  13.    V(50)  X  V(200). 

4.  4^(128)+ 4/(68(5)+  4/(16). 
5-    7  4/(54)+ 3  4'(16)+ 4/(432). 
6.    V(96)-V(54). 


7.  V(243)- V(48). 

8.  12V(72)-3V(I28). 
9-  5  4/(16) -2  4/(54). 

10.  7  4/(81) -3  4/(1029). 


14-  -v/(3a2&)  X  4/(9a62). 

15.  4^(12rt/>)x  4/(8a263), 

16.  V(12)-fV3. 

17.  V(18)-+V(50). 

18.  4/M>)-f  4/(aJ2)^ 

20.    V(«''  +  ^y)  ^  V(«  +  2.i;'-V  +  ^3^2). 


305.  We  now  proceed  to  treat  of  the  Multiplication  of 
Compound  Surds,  an  operation  wl.ich  will  be  frequently  re- 
quired m  a  later  part  of  the  subject. 

TJie  Student  must  bear  in  mind  the  two  following  Rules; 
Rule  I.       Vax  Vft=V(ai), 

Rule  II.    v*xV«=a, 

„  .„  ,,^  ^|.„^.  1^^^.  y^^  values  ol  «  and  b. 
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I  ffi 


H      '\|*^' 
^/*,'. 


^'! 

'',1 

f 

r 

;•;« 

\Mi 

y 

Examples.— cxiii. 

Multiply 

1.  ^fxhyijy. 

2.  ^/(x-y)hy^fy. 

5.    6  ^x  by  3  ^x. 


9.  ^/a;  hy  -  ^a;. 

10.  x/(x-l)by-V(^-l). 

11.  3V.C  by  -4^*. 

12.  -2V't  by  -3Va. 


13.    V('C-7)by- Va;. 

6.  7V(aJ+l)by8V(a;+l).     14.    -2^{x-{^7)hy  -3^x. 

7.  10Vxby9V(a>--l).  15.    -4V(a2-l)by-2V(a2-l). 

8.  V('ia;)  1  )y  V(4x) .     1 6.    2  ^(a^  -  2ii  +  3)  by  -  3  ^(a:^  -2a  +  3). 

306.     The  followinj^'   Exnmples   will  illn^trate  tlio  way  of 
proceeding  in  jnnnin.L?  the  pr..auctfl  of  Compound  Surds. 

Ex.  1 .     To  null  t  i])ly  ^fx  +  3  by  y/x  +  2. 

xAc  +  3      \ 
^x  +  2 

x  +  3^x 

x  +  5^x  +  6 

Ex.  2.     To  multiply  4  V-t-  +  3  V?/  by  4  ^x'  -  3  ^y. 

4  ViC  +  3  V</ 
4Vu;-3Vy  _ 

lGK{-[2^(xy) 
-12^(xy)-9y 

16x  -  9?/ 


Ex.  3.     To  form  the  square  of  ^(aj-V)-  is/x, 

sf{x-1)-^x 

x-7  -  s'ix^-lx) 

-  V(x2-7a;)+« 


ON  SURD  a. 


aai 


Examples.— cxiv. 

Multiply 

I.   Va^  +  7byVa;  +  2.  2.    V«-5  by  V»  +  3. 

3-  V('*  +  9)  +  3byV(«  +  i))-3. 

4-  V(«-4)-7byV(a-4)  +  7. 

5.  3Va;-7  byv'a;  +  4. 

6.  2  ^(a;  -  5)  4-  4  by  3  V(a;  -  5)  -  6. 

7.  V(«  +  -c)  +  Va;  I'y  V(6  +  a;)  -  ^a;. 

8.  V(3a;+1)+  V(2cc-1)  by ^.Sx-  V(2«-l). 
9-   Va^- V(a-a;)byVa;- V(a-x). 

10.   V(3  +  a;)+ Va;byV(3  +  a;). 

ir.   V«+  V2/+  V»  ty  Va;-  v'2/+  V». 

12.  Va+ V(a-a;)+ Va;byVa- V(a-a;)+Va 
Form  the  squares  of  the  I'ollowing  expressions: 

13.  21+V(a;2-9).  ,7.    2Va=-3. 

14-   ^/(aJ  +  3)+V(a:  +  8).  18.   V(«;  +  2/)  -  V(a;-y). 

15.  V«'+V(a;-4).  ,9.  Va'VCa^+ij-VC^-i). 

'6.   V(«;-6)+Va;.  20.   V(«;+l)+Va;.V(«-l). 

the  form  '"       '''  *°  ''''^'^'  expressions  of 

into  factors,  restricting  our  observations  to  the  case  of  'perhct 
The  Theorem  extends  to  the  difference  between  any  two 
Thus 

x^-y={x+  ^y)(x-  Jy). 
l-a;=(l-!- V«)(l- Va;). 
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ill 

If'    '       .' 


\\ 


IV-     , 


308.  Hence  wo  can  always  find  Ji  niuliiplier  which  will 
free  from  surds  an  exi)rc8Hiou  of  any  of  thc/<mr  fornm 

I.    a+  fjh        or     2.    V<»+  \/*> 
3.    a-  y/b        or     4.     y/a~  Jb. 

For  since  the  first  and  third  of  these  expressions  give 
as  a  j)roduct  a'^-b,  which  is  free  from  surds,  and  since  the 
second  and  fourth  j^ive  as  ;  ^  tduct  a~b,  whicli  is  free  Irom 
surds,  it  folU)WS  that  the  re^  ired  multiplier  may  be  in  all 
cases  found. 

Ex.  1.  To  find  the  multiplier  which  will  free  from  surds 
each  of  the  following'  expressions : 

I.    5  4-  V3-         2.     ^G+  ^5. 

The  miAtipliers  will  be 
I.    5-  V3.        2.    ^G-  V5. 

The  products  will  be 
I.    25-3.  2.    6-5. 

That  is,  22,  1,  -  1,  and  5. 

Ex.  2.     To  reduce  the  fraction  fzrj^  ^°  ^"  equivalent 

fraction  with  a  denominator  free  from  surds. 

Multiply  both  terms  of  the  fraction  by  6+  ^c,  and  it  be- 
comes '  — 

ab  +  a>Jc 

which  is  in  the  required  form. 

Examples.— cxv. 


3.    2-V5. 

4.    V7-V2. 

3.    2+  V5. 

4.    \/7  +  V2. 

3.    4-5. 

4.   7-2. 

it 

l^ 

Express  in  factors : 
I.   c-d. 

2.   c^-d. 

3- 

c-d*. 

i' 

4.    1-y. 

5.    l-3««. 

6. 

5m2-l. 

H 

7.   4a^~2x. 

8.    9-Sn. 

9- 

11^2-16. 

it   \ 

10.  p^  ~  4r. 

II.  p-^"^. 

12. 

a^-b\ 

1 

ON  SURDS. 


Lco  from  surds 
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a— 2:  i^rs' rr ' "  '^'''^-' "--"-  -'«■ 


13- 


a-  V6* 


I6.    ~~r- 
2- V2' 


14. 


17.    ^^-'^ 


19. 


20. 


2- V3' 


15 


22. 


3-2V2' 

,8.     2-  V2 

2+ V2 


21     J^(^?)±y(?Lz5) 


«±_y(a'»-l) 


24. 


Since  there  is  no  assignaWe  mimber  the  square  „f  which 
would  he  a  negative  quantity,  we  conclude  that  an  expression 
qtltr"™™'"''''°'"^<-"^'"P--*™""IH.3 

V(-a')=VI«2x(-l)l  =  V«'.V(-l)=a.V(-l) 

V(-«)=Vt«  x(-i)!  =  V«  .V(-i). 

Where,  since  a  and  Vi»  are  possible  numbers,  the  whole 

whe"m^^;iied%t4:;irs"!r ""  ^^^'^^'"'  ""•* 

Therefore 

U(-i)P=-i, 
lV(-i)P=U(-i)}^V(-i)=(-i).V(-i)=-V(   1) 

ftud  BO  on. 


It 
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1 


EXAMPLES.— CXVl.  ^ 

Multiply 

1.  4+ V(-3)by4- V(-3). 

2.  V3-2V(-2)l)y  V3  +  2  v/(-2). 

3.  4V(-2)-2V2by|v(-2)-3V2. 

4.  V(-2)+  V(-3)+  V(-4)by  V(-2)-  V(-3)-  V(-4). 

5.  3V(-a)+ V(-6)by4V(-a)-2V(-6). 

6.  a  +  \/(  —  ft)  Ijy  ft  -  V(  -  <*)• 

7.  ftV(-»)  +  *V(-&)  by  ftv'(-a)-&V(-&)' 

8.  a  +  j8V(-l)bya-/?V(-l). 

9.  l-i/(l-e')byl+ V(l-e^)- 

10.   6i'V(-i)^.e-i'V(-i)ijy  gpV(-'  .g-pV(-« 

312.     AVe  shall  now  give  a  few  Miscellaneous  Exampleo  to 
illustrate  the  principles  explained  in  this  Chapter. 


Examples.— cxvii. 

1.  Simplify--^ 3-^-. 

2.  Provethatjl+V(-l)P+|l-\/(- 1)1^=0. 


3.    Simplify 


s/x+  ^y     ^x-  Jy 


a=r 


2^x     -^     2V2/'   ' 

4.  Prove  that  }1+  x/C-l)!'-*- |1- V(- 1)P=  V(-16). 

5.  Divide  x*  +  ft*  by  x^-  +  J2ax  +  cCK 

6.  Divide  m*  +  n*  by  m?  -  >j2mn  +  n^. 

7.  Simplify  i^{x^  +  2x^  +  xy^)+  /^(x^-2x^  +  xy^). 

8.  Simplify -^^:-^^--^|±^^,  and  verify  by  putting 
9  i  id  6^4. 


OJV  SURDS, 
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9.     Find  the  square  of  a^|  -  ^(ci). 


aA/2* 


10.  Find  the  square  of  av^  - 

11.  Simplify 

V(«=^  +  a^)-  V(«;'^-a^)+  VF+^^K  V(a;^a*^)- 

V(l-tc)  + 

12.  Simplify . 


v/(l+g) 


1  + 


13.  Simplify ^-J}^r.L. J -«  { 

14.  Fom  the  square  of  J(| +  :})-/(?  _3\ 

15.  Form  the  square  of  V(a;  +  a)  -  V(«-a). 

16.  Multiply  ;:/(«*— 6»«+vp)  by  ;;y(a»ft-'c"*-«.). 

17.  Eaise  to  the  5'"  power  - 1  -  a  V(  - 1). 

18.  Simplify  ^(81)  -  ^(  -  512)  +  4^(192). 

19.  Simplify  J£l^(^!z|^x) 


20.  Simplify --5- j  iS^(3^2^3_63p2a.2+44i^a,_io29^2jj^ 

21.  Simplify  2(»-l)'/(^ ^  \ 

^VV     2w4 -.6^3-1- 6w2-Z^/ 

22.  Simplify  2(w  - 1)  ^(63)  + 1  V(112)  -  >^^-^^ 

3         ^  '  7)2 


and 


+  V|175(%-l)V|x|--2 

23.    What  is  the  difference  between 

\/|l7-  V(33)(  X  VI 17+  ^(33) I 
4^j65+V(129)fx4/j65-  J(i29)'{? 


V(^ 


£s.A 


i 


r. 


.1  ■ 

Iff  I 

I  »:    ;  , 


V     i 


:i     • 


f". 


ri 


iiitli*'l'>t 
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313.  We  have  now  to  treat  of  tlie  method  of  finding  the 
Square  Root  of  a  liinomial  Surd,  that  is,  of  an  expression  of 
one  of  the  following  forms : 

m  +  x/n,  m  —  Vn, 

where  m  stands  for  a  whole  or  fractional  number,  and  ^j'n-  for 
a  surd  of  the  second  OKler. 

314.  We  have  first  to  prove  two  Theorems. 
Theorem  I.     If  sja=m-v  ^n,  m  mmt  he  zero. 
Squaring  both  sides, 

I  .      a  —  m^  —  n 

that  is,  isjn,  a  surd,  is  equal  to  a  whole  or  Ifaciional  number, 
which  is  impossible. 

Hence  the  assumed  equality  can  never  hold  unless  m  =  0,  in 
which  case  ^vb=  sjn. 

Theorem  II.    Ifh-\-  tja—m+  »Jny  then  must  h=m,  and 

For,  if  not,  let  b=m  +  x. 

Then  m  +  x+  Aja=m+  ^n, 

or  33+  ^a=jjn; 

which,  by  Theorem  I.,  is  impossible  unless  a;=0,  m  which  case 

h—m  and  ^Ja=  ^n.  • 

315.  To  find  the  Square  Root  ofa+  ,Jh. 

Assume  a/(«+  i>I^)'=  V*+  sfv- 

Then  a+ V&=a;  +  2  V(a;?/)+i/; 

.-.  x  +  y  =  a (1), 

2>s/(xy)=s/b (2), 

LTom  wliiuli  wu  have  to  ^d  ■£  aud  y. 


017  SURDS. 


of  fiiidiii''  the 


jr,  and  ^n  for 


vml  h='m,y  cmd 


in  which  case 
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Now  from  (l) 
and  from  (2) 


4xy  =  b; 
:.  tfi-2xy  +  y2=a^^b; 

'  x  +  y=a. 

From  these  equations  we  find 

Similarly  we  may  show  that 

316.     The  practical  use  of  this  method  w.'ll  h^  r.  i      1 

seen  fronr  the  following  example.  "''''  '^'"'^^ 

Find  the  Square  Root  of  18  +  2  ^(77). 

Assume     V|18  +  2  V(77)j  =  V^+ ^y. 

Then  18  +  2V(77)=a;  +  2V(a^^)  +  y. 


Hence 


also, 
Hence 


.-.  a;  +  t/  =  18  I 

2V(a.-2/)  =  2V(77)|- 

a;2H-2a;^  +  ^iJ=324| 
4x1/ =  308/' 

..  u;'''-2a:2/  +  2/^  -16; 

a;  +  2/=18. 
a:=llor7,andi/  =  7orll. 


That  is.  the  square  root  required  is  ^(11)  +  ^7. 


I 


K| 


!:■; 


'  ! 


\:. 


m 


lii' 


'i  It 


m  '■-',  ^ 


,}f- 


la 


m 
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Examples. — cxviii.  ^ 

Find  the  square  roots  of  i\w  following  Binomial  Surds: 

I.    10  +  2^(21).  2.    16  +  2V(55).  3.    9-2^(14). 

4.    94-42V6.  5.    13-2^(30).  6.    38-12^(10) 

7.    14-4V«.  8.    103-12^(11).      9-    75-12v/(2I). 

10.    87-12V(42).        II.    3^-V(10).  12.    57-12V(lf>). 

317.  It  is  often  cr.sy  to  determine  the  square  roots  of 
expressions  such  us  those  given  in  the  preceding  set  of 
Examples  hy  inspection. 

Take  for  instance  the  expression  18  +  2;,/(77). 

What  we  want  is  to  find  two  numbers  whose  sura  ia  18  and 
whose  product  ia  77 :  these  are  evidently  11  and  7. 

Then  18  +  2V(77)  =  ll+7  +  2V(llx7) 

=  W(11)+V7P. 
That  is  V(ll)+  V7  is  the  square  root  of  18  +  2^(77). 

To  eflect  this  resolution  by  inspection  it  ia  necessary  that  the 
corffinent  of  the  surd  should  be  2,  and  this  we  can  alwa^  ensure. 

For  example,  if  the  proposed  expression  be  4+  ^(15),  we 
proceed  thua : 

.,     ,,-_,     8  +  2V(15)     5  +  3  +  2^(5x3) 
4+V(15)= 2  2    ' 

V5+V3V. 


=(^^) 


V2 
.*.   -- — 7^-  is  tlie  square  root  of  4+  \/(15). 

Again,  to  find  the  Square  Root  of  28  - 10  ^3. 
28-10^3  =  28-2^(75) 

«25  +  3-2V(25x3) 
=  (5-V3)^ 
,%  6  -  fij'6  iA  the  square  root  required. 


XXV.  ON  EQUATIONS  INVOLVIKG  SURDS. 
318.    Any  equati.m  may  be  oloaml  of  i,  miaU  «,„.,l    i,v 

The  proce.S8  will  be  expluintvl  by  the  following  Exu    ..les. 
ii-X.  1,      »Jx=4. 

Raising  both  sides  to  the  second  power, 

a;=16. 

Ex.2.     4/x=3. 

Raising  both  sides  to  the  third  power, 

a;  =  27. 
Ex.  3.     V(a;'^.f-7)-a;=i.   , 
Transposing  the  second  term, 

V(«;2  +  7)  =  l+a, 
Raising  both  sides  to  the  second  power, 
a;3  +  7  =  l  +  2a;  +  a;2, 


I.  Va;=7.  2.  ^x=9. 


Examples. —cxix. 


4.   ^x=2.  5.  a;3^3_ 

7.   x/(x  +  9)  =  6.  S.   V(x-7)  =  7 


lo.  (a;-9)J=i2.       n.   ^ 


4^(4a;-16)  =  2. 


3-  a2  =  6. 

0'    v'(«--15)=8. 
12.  20-3Va;«=2. 


13.  4^(2a;  +  3)  +  4  =  7. 

14.  h-\-c  ijx=a. 

15.  V(a;2-9)  +  a;=9. 

16.  ^{x^-\l)=x-\. 


OJSr  EQUATIONS  INVOLVING  SURDS. 


17.  ^(4x^  +  5x-2)  =  2x+l. 

1 8.  V(9a;2  -  12x  -  51)  +  3  =«  3x. 

19.  y/(x^-ax  +  b)-a=x. 

20.  V(25a;2  -  3ma;  +  n)-5x='m. 


319.  When  two  surds  are  involved  in  an  equation,  one  at 
least  may  be  made  to  disappear  by  disposing  the  terms  in 
such  a.  way,  that  one  of  the  surds  stands  by  itself  on  one  side 
of  the  equation,  and  then  raising  each  side  to  the  power  cor- 
responding to  the  order  of  the  surd.  If  a  surd  be  still  left,  it 
can  be  made  to  stand  by  itself,  and  removed  by  raising  each 
side  to  a  certain  power. 

Ex.  1.      ^(x-16)+  V^=8. 

Transposing  the  second  term,  we  get 
sf(x-l6)  =  8- >Jz. 

Then,  squaring  both  sides  (Art.  306), 

03-16  =  64-16    'x  +  z; 
therefore  16>/«  =  64  +  16, 

or    16Va;=80,  ' 
or     tjx  —  b ; 
.'.     a;=25. 

Ex.  2.  V(«-5)+  V(x+7)=e. 

Transposing  the  second  term, 

V(a;-5)  =  6-  VCr-}-7). 

Squaring  both  sid^^s,  a  -  5  =  36  - 12  ^{x  +  7)  +  ac  4-  7  | 
therefore  12V(ic4-7)=36  +  x  +  7-a;  +  5, 

or  12V(^  +  7)  =  48, 

or  V(a;  +  7)  =  4. 

Squaring  both  sidet,  a;  +  7  =  1 6  j 


ON-  EQUATIONS  INVOLVING  SURDS. 
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EXAMPLES.— CXX. 

1.  V(16  +  x)+Vx'=8.  6.     l+V(3*+l)=V(4x  +  4). 

2.  V(^-16)  =  8- Va:.  7.     1  -  V(l -3a;)=2  V(l -a;). 

3.  V(^+15)+Va;=15.  8.     a-V(^-a)=V«^. 

5.     V(a;-1)=3-  V(x  +  4).      10.     ^/(a;-l)+V(a,-4)-3=0. 

320.  When  surds  appear  in  the  denonnnutors  of  Iractiona 
m  equations,  the  equations  may  be  cleared  of  fractional  terms 
by  the  process  described  in  Art.  186,  care  being  taken  to 
a11!Io5  '        Combination  of  Surd  FactoS  given  in 

Examples.— cxxi, 

^    ^(x-9y     ^-  ^^^+^)■*-^^^'■=v(iT7)• 


2.    v/x+V(«-21)  = 


5-     v^a;+ ^/(»-4)  =  - 
6.     v/«+  »J(Sa  +  x)- 


35 

kJx' 

8_  _ 

9(6 


\/(3a  +  a;) 


4.    V(«-16)+ Va;=-„--^ 

V(a;  - 15)* 


=0. 


'/■ 


s/{ax)  +  b__     h-a 


V«  +  4       ^a;TT2" 
y^-8__Va;-4 

ing  in  qilir^^  ^^^^  '-''''''-  ^'  «"^  ^'i-^-B  -suit. 


8.     {l+^x)(2~^x)  =  ^J:', 


2 


9- 
10. 


Ex.  1. 


2  \/iC  +     r  =  5. 
s/x 


Clearing  the  equation  of  fractions,  2x  +  2  =  5  ^^ai 


I 
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1 1, 

IT  f 

I 


' 


T 
if'' 

If      « ' 


Squaring  both  sides,  we  get  4x2  +  8x  +  4=25»; 

whence  \ve  find  a;=4  or  -.  v 

4 

Ex.2.  V(a;  +  9)  =  2Va;-3. 

Squaring  both  sides,      a;  +  9  =  4x  - 12  ^/cc  +  9 ; 
therefore  12Va;=3x, 

or  ^^x=x. 

Squaring  both  sides,         \Qx=x^. 

Divide  by  CB,  and  we  get     16 =0;.  * 

Hence  the  values  of  x  which  satisfy  the  equation  are  16 
and  0  (Art.  248). 

Ex.  3. 


x/(2a;+l)  +  «>       = 


21 


therefore 
or 


'       ^''       ' "         Ji^x+iy 

Clearing  the  equation  of  fractions, 

2;';+l  +  2V(2x2  +  aj)  =  21; 
2V(2a;2  +  a;)  =  20-2x,  • 

^{2x^  +  x)^l{)~x. 

Squaring  both  sides,    2x2  +  a;  =  1 OU  -  20a;  +  ««, 
whence  a;=4  or  -25. 

322.  AVe  shall  now  give  a  set  of  examples  of  Surd  Equa- 
tions some  of  which  are  reducible  to  Simple  and  others  to 
Quadratic  Equations. 


Examples.— cxxii. 

1.  4a; -  12  ^x=lQ.  '  4.     ^{Qx -11)=  ^(249 -  2a;8). 

2.  45-14^3;= -a;.  5.     V(6 - x)  =  2 -  V(2a; -  1). 

3.  3V(7  +  2x2)=5^/(4a;-3).       6.     a;-2  V(4-3a;)  + 12=0. 

7.  V(2x  +  7)  +  V(3a;  -  18)  =  V(7a;  + 1). 

8.  2^/(204 -5a;)  =  20-  ;^/r3a;-68\ 


ition  are  .16 
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9.  Vx-4=     33 
Va;H-4 


10.  ^a;  +  H=- 


608 


14.  V(«  +  4)  +  V(2a;  - 1) = 6. 

15.  V(13a;-1)- V(2a;-l)-=6. 


".  V(x4-5).V(x+12)  =  12.        16.  V(7a;+1)-V(3»+1)=2. 

".  V(a;  +  3)+  V(:«  +  8)  =  5 Vx.    17.  V(4  +  a;)+  V«=3. 

13.  V(25  +  x)+  V(25-a;)  =  8.       18.  VaJ+  ^(a:      ?75)=i25 

20.  V(«2-l)  +  6=       1«- 

v(a;^  - 1) 

21.  V{(«-a)3  +  2a6  +  J2f^3._^^j^ 

23.     V(«^  +  4)-V«=^(«;+|). 

24.  -^~^  5 

Vx-l     *"'"4'  26.     V(aJ  +  4)+ ^(x  +  5)  =  9. 

25.  V(4+^)-V3=Va^.  27.     V«^+V(«=-4)  =  -l__ 

^     V(aJ-4/ 

28.  a,2=21+ V(a;2-9). 

29.  V(50  +  a;)-  V(50-a;)=2. 
3a     V(2«;  +  4)-y^(|+6J^i. 

6 


31.     V(3  +  a;)+Va:= 


\/(3  +  a:y 


32.      ^TT^ +  — _L__  1 


■         J>         5- ..^ :^^  =  9. 


V'(4»-a;-) 


v»=  v|»—  V(«ic  +  a;^j  = 


')I=V* 


p 


XXVI.  ON  THE  ROOTS  OF  EQUATIONS. 

323.  We  have  iil ready  proved  that  a  Simple  E([uation  can 
have  only  one  root  (Art.  193) :  we  have  now  to  prove  that  a 
Qi  adratic  Equation  can  have  only  two  roots. 

324.  We  must  first  call  attention  to  the  following  fact : 

If  mn.  =  0,  either  m=0,  or  n=0. 

Thus  there  is  an  ambiguity :  hut  if  we  know  that  m  cannot 
be  equal  to  0,  then  we  know  for  certain  that  n  =  0,  and  if  we 
know  that  rt  cannot  be  equal  to  0,  then  we  know  for  certiiiu 
that  in  =  0. 

Further,  if  lmn=0,  then  either  1=0,  or  m=0,or  w=0,  and 
BO  on  for  any  number  of  factors. 

Ex.  1 .     Solve  the  equation  (x  -  3)  (a;  +  4) = 0, 
Here  we  must  have 

05-3=0,  or  a;  +  4=0, 
that  is,  x='3f  or  x=  —4, 


Ex.  2.     (x-  So)  (5a;  -  26) = 0. 
Here  we  must  have 

x-3a  =  0,  or  5a;  — 26=0, 
26 


lIKlb  13, 


:  3a,  or  X  ■ 


'■  aw 


JATIONS. 


,  or  w=0,  and 


O'y  T/JE  JfOOTS  or  F.QUA TIONS.  ^35 

Examples.— cxxiii. 

..  (.-2)(.-5).  0.    ..  (.-3)(.  +  7)=0.    3.  (.  +  9)(.+2)=0 

4.  .-6aK.-66)=0.  6.  (,»«-227)(14.  +  83)=0.     ' 

5.  (2.+  7)(3.-5)=0.  7.  (6.-4»)(to-U„)=a 

10.  a;(,'c2_  53.^^0^ 

11.  («cx-2(*  +  6)(6c<c  +  3a-6)=o. 

12.  (ca;-rf)(ca;-e)  =  o. 

325.    The  general  form  of  a  quadratic  equation  is         '       - 

a£c2  +  fta;  +  c=0. 

Hence  a(a;2  +  ^a;  +  f)=o. 

Now  a  cannot  =0, 

•••  ^+^+;=o- 

Wridug^  for  ^  aud  y  for  £,  „,  ,„,^  ,„^^  j^^  j^„^^,,._^^ 

326.     To  show  that  a  quadratic  equation  has  only  two  roots. 

Let  x^+px  +  q=:0  be  the  equation. 

Suppose  it  to  have  three  different  roots,  a,  h  c 

T^^^  a2  +  ap  +  y  =  0 [ ^)^ 

h^+hp  +  q  =  0 ^2)' 

C^  +  cp  +  q  =  0 *.'"(3^| 

Subtracting  (2)  from  (1), 
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Now  a  -  6  does  not  equal  0,  since  a  and  h  are  not  alike, 

.-.  a  +  6+p=0 (4). 

Again,  subtracting  (3)  from  (1), 

a2_c2  +  (a-c)2?=0, 
or,  (rt-c)(a  +  c+j9)=0. 

Now  a  —  c  does  not  equal  0,  since  a  and  c  are  not  alike, 

.-.  a4-c+j?  =  0 (5). 

Then  siibtnicting  (5)  from  (4),  we  get 

6  -  c  =  0,  and  therefore  &  =  (?. 

Hence  there  are  not  more  than  two  distinct  roots. 

327.  ^Ve  now  proceed  to  show  the  rulutions  existing  be- 
tween the  Eoots  of  a  quadratic  equation  and  the  Coefficients 
of  the  terms  of  the  equation. 

328.  a2+jj3.  +  ^^o 

is  the  general  form  of  a  quadratic  equation,  in  which  the  co- 
efficient of  the  first  term  is  unity. 

Hence  a;2+2'a;=— J 

Now  if  a  and  /3  be  the  roots  ol'  the  equation, 

«=-i-V('j-') ™ 

)8=-|-V(l-    i) (=)• 

Adding  (1)  and  (2),  we  get 

a  +  ^=-i) .- (3). 


existing  be- 
!  Coefficients 


liich  the  co- 
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or 

or 


Multiplying  (1)  and  (2),  we  get 

«/?=? 


.(4). 


From  (3)  we  learn  that  the  sum  of  the  roots  is  eaual  in  th^ 
coe^c^ent  of  the  second  term  vnth  its  s^r.  char^ged       '  '^ 

iJ:z!:t:' '""  ^'^^  '"^  "-''^^  -^  ^^  --  ^^  nuai  to 

J^^'  /^%"^"f  ^'^  x^+px  +  q^O  has  its  roots  real  and 
For  the  roots  are 


and 


or 


or 


2  '         ' 

z£zV(^!-4£) 


First,  let  p^  be  greater  than  4q,  then  J(v^-An\  ia  o  r.     -1,1 
quantity,  and  the  roots  are  differ';nt  i^  vat  anl^tJ.C 

Next,  let^2=4j,  then  each  of  the  roots  is  equal  to  the  real 
quantity  -^. 

Lastly,  let  p^  be  less  than  4g,  then  J('D^-4n\  i«  ««  ; 
«b.e  ,„a„.t,  and  the  roots  Jm.^e^^ti  SL' i^^LX 


Examples cxxiv. 


I.    If  the  equations 

ax^  +  bx  +  c=0,  and  a'x'^+b'x  +  (f=0 

raa'-cc02==(a6'-6c')(a'6-6'c). 


•f       .:k.|Jl 


m 


W-- 


I 


i 


U: 


4  I' 

mi 
■mr 

t  ■ 

r'l"  ," 


*  ^  .■ 


m 

r  ■ ' 

i     ■"„.    *     ■, 

p  '■ 

/      ■^' 

••i 

■n' 

t         » 

••*   > 

> 

\K 

•=, '  • 

f       .' 

''■', 

fi    ' 

.;     •     • 

' 

»* 

'  '  '■•* 

1!    . 

■.       i 

H\ 
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acx' 


2.  If  a,  /3  be  the  roota  of  the  equation  ax'^  +  6a;  +  c  =  0,  prove 
that 

3.  If  a,  fi  be  the  roots  of  the  equation  ax^  +  6x  +  c  =  0,  prove 
that 

'  +  (2ac-b^) X  +  ac  =  ac  \^-  r))\^~     )' 

4.  Prove  that,  if  the  roots  of  the  equation  ax-  +  bx  +  c  =  Oh& 
equal,  ax^  +  6x  +  c  is  a  perfect  square  with  reai)ect  to  x. 

5.  If  a,  fi  represent  the  two  roots  of  the  equation 

a;2  _  (1  +  a)  a;  + 1(1  +  a  +  a2)=0, 
show  that  a^  +  f^=a. 


330,     If  a  and  (3  be  the  roots  of  the  equation  x^+px  +  q=0, 
then  x^+px  +  q={x-  a)  {.c  -  /?). 

For  since  2)=  -  (a  +  j8)  and  q  =  a^, 

x^  -Vpx  -\-q=x'^  -{a  +  P)x  +  a(S 
=  (x-a){x-  P). 

Hence  we  may  form  a  quadratic  equation  of  which  the  roots 
are  given. 

Ex.   I.     Form  the  equation  whose  roots  are  4  and  5. 

Here  x-a=x-4  and  x-j8=a;-5; 

.".  the  ec^uation  is  (cc  -  4)  (x  -  5)  =  0 ; 
or,  a;2-i)x  +  20=0. 

Ex.  2.     Form  the  equation  whose  roots  are  ^  and  -3. 
Here  x-a  =  x-  -  and  a;  -  ^  =  x  +  3 ; 

.-.  the  equation  is  ( x  -  ^  j(x  +  3)  =  0; 

or,  (2x-l)(x  +  3)  =  0; 

or.  2x2  + 5x- 3  =  0. 


c  +  c  =  0,  prove 
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EXAMPLES.—CXXV. 

Form  the  equations  wliose  roots  are 
'•    ^^"'^6-  2.    4  ana -5. 


.     1       1  2 
4.    2  and  3. 


7.   m-vn  and  m  -  rt. 


5.    7and-? 

8.    -  and 
a  « 


3.    -2  and -7. 
6.    V3  find  -  ^/3. 

9.    -  T.  and  ^. 
/5         a 


«''^+j5a3  +  2=0, 


331.  Any  expression  containing  x  is  said  to  be  a  Function 
of  X.  An  expression  containing  any  symbol  x  is  said  to  l)o  a 
'iwdtvm^  inUijnd  ftmctiou  of  x  when  all  the  powers  of  x  con- 
tained in  it  have  positive  integral  indices. 

For  example,  5a;7  +  2a;H  |c*  +  j^a;^  +  3  is  a  positive  integral 

function  of  x,  but  6x» +  305^+1  and  rtx'' -  2x-^  +  3x^  + 1  are 
not,  because  the  first  contains  x^,  of  which  the  index  is  not 
integral,  and  the  second  contains  x-%oi  which  the  index  is  not 
positive. 

332.  The  expression  5x3  +  4x2  +  2  is  said  to  be  the  exprea- 
sion  corresponding  to  the  equation  5x^  +  4x'^  +  2  =  0,  and  the 
latter  is  the  equation  corresponding  to  tlie  former. 

333.  If  a  be  a  root  of  an  equation,  then  a; -a  is  a  factor 
ol  the  corresponding  expression,  provided  the  equation  and 
expression  contain  only  positive  integral  powers  of  x.  This 
principle  is  useful  in  resolving  such  an  expression  inter  factors. 
W  e  have  already  proved  it  to  be  true  in  the  case  of  a  qua  Iratic 
equation.  The  general  proof  of  it  is  not  suitable  for  the  stage 
at  whicli  the  learner  is  now  supposed  to  be  arrived,  but  v/8 
will  illustrate  it  by  some  Examples. 


ll:-; 


I 


m 


'     f*  is- 


If    I    f 

ill 

'^    f  1:,! 


\i 


'  I"'  s  *" 
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ElX.  1.     Resolve  2^2  -  5x  +  3  into  factors. 

If  we  solv-  t,h.^  eciuation  2a;'^  -  5x  +  3  =  0,  we  shall  find  that 

its  roots  are  I  ana  -^ 

Now  (livide  2xa-6x  +  3  by  cc- 1  ;  the  quotient  is  2a; -3 

that  is  2  (^x  -  y ; 

.-.  the  given  expression  =  2  (x  -  1)  ^x  -  ^  j. 

Ex.2.     Resolve  2x''  +  ^'^  -  Ha:  -  10  into  factors. 
By  tviiil  we   find  that  this  expression  vanishes  if  we  put 
«=  -  1 ;  that  is,  -  1  is  a  root  of  the  equation 

2x3  +  x2-llx-10  =  0. 
Divide  the  expression  by  x  + 1. :  the  quotient  is  2x'^  -  x  - 10  ; 
.-.  the  expression  =  (2x2  _  3;  _  10)  (a;  +  1) 
=  2(x*^-|-5)(x  +  l). 

We  must  now  resolve  x2-|-5  into  factors,  by  solving  the 

corresponding  ecpiation  x^  _ _ _ 5 =0. 

The  roots  of  this  equation  are  -  2  and  ^ ; 

.-.  2x3  +  x2- llx -  10  =  2(x  +  2)(x - ~)(x  + 1) 

=  (x  +  2)(2x-5)(x+l). 


EX  AMPLES.  — CXXVi. 

Resolve  into  simple  factors  the  following  expressions  : 

I.  r"'-llx2  +  36x-36. 

3.  a;3-5x2-46x-40. 

5.  ar^+llx2-9x-14. 

7.  (i^-W-c^-^ahc. 


2.  x3-7x2  +  14x-8. 

4.  4x^+6x2  +  x-l. 

6.  x3^2/^^2!'-3x7/^. 

r..  3x3-x2-23x+21. 


9.     2x3-5x2-l7x  +  20. 


10.     15x^  +  41x2  +  5x-21. 
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ax'-^- 

-x-lO; 

) 

)• 

y  sol 

ving  the 

334.     li  we  can  find  one  root  of  such  an  equation  m 

we  CAXv  find  all  the  roots. 
One  root  of  the  ecuuition  is  - 1  • 

.-.  (a;+l)(2x^-a;-l(>)=0.; 
.-.  a;+l=0,  or2x--a;-10=aO; 

.-.  a;=  -1,  or-2,  or|. 

t\^t^r^^'  '"^r  '""  ""*^  ''"'  ^""^  "^"  ^"  ^•^l""*^^"  "'volving 
e  4    power  ol  x,  we  can  der ve  iron,  it  an  equation  involving 

ot:     AniT!  P^"*^"  ^*  ^'  'r"'  ^^'-''  -  '-^y  'i-l  the  othe? 

two  roots  cun  be  loun.l  from  a  qiiudratic  equation. 

335.  Any  equation  into  which  an  unknown  symbol  or  ex- 
pression enters  in  two  terms  only,  having  its  index  in  one  of 
the  erms  do^Me  of  its  index  in  the  other,  may  be  solved  ^a 
quadratic  equation.  "  ^  * 

Ex.     Solve  the  equation  »;8- 6x3 =7. 

Regarding  a;3  as  the  ,iuautity  to  be  obtained  by  the  solution 
01  the  equation,  we  get 

a;0-Gr'  +  9  =  16; 
therefore  a;3-a=+4; 

therefore  0^=7,  or  a;3=  li. 

Hence  »- 4/7  or  a;=  ^/-l, 

and  one  value  of  4/- 1  is  _  1. 

336.  In  some  cases  by  adding  a  certain  quantity  to  both 
BKos  ol  an  equation  we  can  bring  it  into  a  forrLable  ot" 
solution,  thus,  to  solve  the  equation  ^      '  ""^ 

a;2  +  5a;  +  4  =  5  V(»2  +  5a;  +  28), 
add  24  to  each  side. 

Then  a;'+5a;  +  28  =  5V(x2  +  5a;  +  28)  +  24; 

or,  «'^  +  5a;  +  28-5V(a;2  +  5a;  +  28)  =  24.' 

This  is  now  in  the  form  of  a  quadratic  equation,  the  un- 
known  quantity  beina  .//'^2  J.  5^1  oov  ^„j  ^  luu,  tne  un- 
square  we  have        '""  ""   '  ^•^■"^^""   ^""  <="mpietmg  the 

[8.A.J 


'<  1 

IK 


*"1 
■  .   * 


il 
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/.  V(»'»  +  5x  +  28)-|=±^; 

whence  -v/(a;'»  +  5.c  +  28)  =  8  or  -  3 ; 

.-.  a;M-5a!  +  28  =  G4or9; 
from   wltich  we  may  find  four  values  of  x,  viz.  4,-9,  and 


2- 


V(-_51) 
2       • 


Ex  AMPLES.— CXXVii. 

Find  roots  of  the  following  e<iuiiti(tiiH: 


I.    a;<-12x-=13. 
3.  'x8  +  22x*  +  21=0. 


7.    ar2  +  3x-^=5. 


2.  x8+14x'+24=0. 

4.  x^"  +  3x"'=4. 

6.  a;-2X^=^. 

8.  «-*•-»-•'= 20. 


x^ 


2;c  +  6(a:2-2a;  +  5)2  =  ll. 


3u;  -1-33      \ 

2'     ' 


10.  rc2  -  a;  +  5  V(2x-^  -  5a5  +  6) = 

11.  x'-^-2V(3x2-2ax  +  4)  +  4  =  |*(a;  +  |  +  l). 

12.  aa;  +  2  V(a^'^-«a;  +  a2)=a;2  +  2a. 

337.  E^  ,ry  equation  has  as  many  roots  as  it  has  dimen- 
mons,  and  no  more.  This  we  have  proved  in  the  case  of 
simple  and  quadratic  equations  (Arts.  193,  323).  The  general 
proi>f  is  not  suited  to  this  work,  hut  we  may  illustrate  it  by 
the  foUowiTig  Examples. 

Ex.  1>     To  solve  the  equation  x^- 1=0. 

One  root  is  clearly  1. 

Dividing  by  x  - 1,  we  obtain  a;^  -  as  + 1  =  0,  of  which  the  root;* 


ate 


-l+J-3      ^-l-^/-3 


2 


—  and 


I 
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riz.  4,-9,  and 


343 


Hence  th.-  three  roots  are  1,  zllAz^  and  ~ -~  ^Z^ 

Ex.  2.     To  solve  the  erpiation  x*  -  l  =0. 
Two  of  the  roots  are  evidently  +  1  and  -1. 
Hence,  dividini:  l)v  <'a;- l^Aij.  i\  ♦!    *  •    , 

Hence  the/our  roots  are  1,  -  1,  V-  1,  and  -  V- 1. 
The  equation  x«-6ar»  =  7   will   in    Ut..    ,. 

equation,,  ^,7=0  and  Jl  jto        '         ™  ""'"" 

»d,  of  which  has  (A«.  roo^  „,,ich  a'ay  be  found  „  i„ 


^hich  the  root;* 
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£«i,i:;;;,';XX'~i;'r;rrs 

0)    %  ivhat  quantity  one  is  greater  than  the  other  ? 

The  answer  to  this  is  nuide  by  statine  th..  .l.fr..         i. 
|^eenthet^>,n;.tities.    Nowsi,L^:;nL^^ 
in  Algebra   by  their  measures  (Art.  33)    if  a  nSlT    It 
measures  of  A  and  B,  the  difference  ttleVj  LVj: 
represented  algebraically  by  a  -  5.  ^  and  5  is 

(2)    By  how  TTiany  times  one  is  greater  than  the  other  ? 
The  answer  to  this  question  is  made  by  stating  the  number 
of  times  the  one  contains  the  other.  ' 

Note.    The  quantities  must  be  of  the  same  kind.    We  can- 
not  compare  inches  with  hours,  nor  lines  with  surfaces 

fi  ^•^'    .^"^ V^""""^  "method  of  comparing  A  and  B  is  called 
hn^ng  tie  Ratio  of  A  to  B,  and  we  give  the  following  defi- 

Def.  Ratio  is  the  relation  which  one  quantity  bears  to 
r  of  the  e.amc  kind  with  respect  to  ^i-e  number  of  times 
i  contains  the  other. 


anr 
the 


244 


ON  RATIO. 


1 


t  ■ 

i: 

«  ' 

m. 


340.  The  ratio  of  ^  to  J5  is  expressed  thus,  A  :  B, 
A  and  B  are  called  the  Terms  of  the  ratio. 

A  is  called  the  Antecedent  and  B  the  Consequent. 

341.  Now  sine  quantities  are  represented  in  Algebra  by 
their  measures,  v;e  must  represent  the  ratio  between  two 
(piantities  by  the  ratio  between  their  measures.  Our  next 
step  then  nuist  be  to  show  how  to  estimate  the  ratio  between 
two  numbers.  This  ratio  is  determined  by  Hnding  liow  many 
times  one  contains  the  othei,  that  is,  by  obtaining  the  quotient 
resulting  from  the  division  of  one  by  the  other.     If  a  and  6, 

then,  be  any  two  numbers,  the  fraction  y  will  express  the  ratio 

of  a  to  b.    (Art.  136.) 

342.  ^hus  if  a  and  b  be  the  measures  of  A  and  B  respec- 
tively, the  ratio  of  A  to  I?  is  represented  algebraically  by  the 

jfraction  r. 

0 

343.  If  a  or  6  or  both  are  surd  lunubers,  the  fraction  j 
may  also  be  a  surd,  and  its  approximate  value  can  be  found  by 
Art.  291.     Suppose  this  value  to  be  — ,  where  m  and  n  arc 


whole  numbers :  then  we  should  say  that  the  ratio  A  iB  is 
approximately  represented  by 


TO 

n' 


344.     Rat '03  may  be  compared  with  each  other,  by  com- 
paring the  fractions  by  vhich  they  are  denoted. 

Thus  the  ratios  3  :  4  and  4  :  5  may  be  compared  by  com- 

3         4 
paring  the  fractions  j  and  -. 

These  are  equivalent  to  —  and  ~  respectively ;  aud  since 
]^  is  greater  than  |-,  the  ratio  4  :  5  is  greater  than  the 


20 

ratio  3  : 4 
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EXAMPLEs.—cxxviii. 


1.  Place  m  order  of  magnitude  tlie  ratios  2  :  3  6  •  7  7  •  9 

2.  Compare  the  ratios  .h^ 3,  .-  .  +  2,  and  .^^  :  .^J  ' 

3.  Compare  the  ratios  .-5,  :  .-4,  and  .- 3,':  .-^ 

and  Conseq.er-   90.''^S\:tSf  ''  '''  '''-''-' 
is2:^;te^,rr^^^^  —hose  antecedent 

itstc^^;!""  "^'^^^^^^  ^^  ^"^  -^-    -*--nt  is  less  tban 

equality  by  a 'pr;^!;^^:  "'""'  "^'  ^  ^'^^^^  ''  ^^  - 

Thus  if  1  be  added  to  both  terms  of  the  ratio  5  :  2  it  becomes 
6  :  3.  which  is  less  than  the  former  ratio,  s.nce  |Uat  is,  2,  is 
leas  than  -. 


«  "^^X^S'li:'^\  '^  ^-^^  --  of  tbe  .tio 
ratios  thus,  "  ""  *'  '""  '"^^  <^o»n>are  tlie  two 

ratio  a+a,:6  +  a:  is  less  than  ration:  6, 


if 


if 


if 
if 
if 


|l^:be  less  than  ^, 


«6  +  6x  be  less  than  rt6  +  aa;, 
hx  be  less  tlian  ax, 
,T      ,  ^  be  less  than  a. 

J>ow6i8lessthana; 


a  +  a;:6  +  a;isless 


tlian  a :  b. 


"  i, 


I 


*  I. 
I 


'    t    ^ 

^ 


I    ' 
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347.  We  may  observe  tliat  Art.  346  is  merely  a  repetition 
of  tluit  wliicli  we  proposerl  as  an  Example  at  the  end  of  the 
chapter  on  Miscellaneous  Fractions.  There  is  not  indeed  any 
necessity  for  us  to  weary  the  reader  witli  examples  on  Eatio: 
for  since  we  express  a  ratio  by  a  fraction,  nearly  all  that  we 
miglit  have  had  to  say  about  Ratios  has  been  anticipated  in 
OUT  remarks  on  Fractions, 

348.  The  student  may,  however,  work  the  following  Theo- 
rems as  ]<Jxaniples. 

(1)  If  a  :  ?<  be  a  ratio  of  greater  inequality,  and  x  a  positive 
cpiiintity,  the  ratio  a-x\  h-x  is  greater  than  the  ratio  a  :  b. 

(2)  If  «  :  6  be  a  ratio  of  less  inequality,  and  a;  a  positive 
quantity,  the  ratio  a  +  x-.h+xia  greater  than  the  ratio  a  :  h. 

(3)  If  a  :  &  be  a  ratio  of  less  inequality,  and  x  a  positive 
quantity,  the  ratio  a-x:b-xis  less  than  the  ratio  a  :  b. 

349.  In  some  cases  we  may  from  a  single  equation  involv- 
ing two  unknown  symbols  determine  the  ratio  between  the 
two  symbols.  In  otlier  words  we  may  be  able  to  determine  the 
relative  values  of  the  two  symbols,  though  we  cannot  determine 
their  absolute  values. 

Thus  from  the  equation  4x  =  Zy, 

X    3 

we  get  -  =  4. 

Again,  fron^  the  equation  '3x^  —  2y% 


X 


we  get  '.,=-;  and  therefore 


V2 
n/3- 


Examples.— cxxix. 

lind  the  ratio  of  x  to  y  from  the  fob  )wing  equations: 
I.    .yx  =  6?/.  2.    ax  =  by.  3.   ax-by=cx  +  dy. 

4.    x^  +  2:nj  =  bi/.        5.    x^-V2xy  =  i:iy\      6.    x^  +  mxy=nhj\ 

7.  Find  two  numbers  in  the  ratio  of  3 :  4,  of  which  the 
sum  is  to  the  sum  of  their  squares  : :  7  :  50. 

8.  Two  numbers  are  in  the  ratio  of  6  ;  7,  and  when  12  is 
added  to  each  the  resulting  numbers  are  in  the  ratio  of  12  :  13. 
Find  the  numbers. 
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9.  The  sum  of  two  numbers  is  100,  and  the  numbers  aw 
in  the  ratio  of  7  :  13.    Find  them. 

10  The  difference  of  the  squares  of  two  numbers  is  48. 
and  the  sum  of  the  numbers  is  to  the  difference  of  the  num- 
bers m  the  ratio  12  :  1.    Find  the  numbers. 

II.  If  5  gokl  coins  and  4  silver  ones  are  worth  as  much  a« 
3  gold  coins  and  12  silver  ones,  find  the  ratio  of  the  value  of  a 
gold  com  to  that  of  a  silver  one. 

12  If  8  gold  coins  and  9  silver  ones  are  worth  as  much  as 
6  gold  corns  and  19  silver  ones,  find  the  ratio  of  the  value  of  a 
silver  com  to  that  of  a  gold  one. 


350.    Eatios  are  compounded  by  multiplying  together  the 
fractions  by  which  they  are  denoted.  *'     ^      » 

Thus  the  ratic.  compounded  of  a  :  &  and  c.dmac:  bd. 


Examples.— cxxx.  * 

Write  the  ratios  compounded  of  the  ratios 

1.  2:3  and  4  :  5. 

2.  3  :  7,  14  :  9  and  4  :  3. 

5-    m3  +  w3  :  m3  -  n^  and  m-~n:m  +  n. 

6.    a;2  +  5^  +  g  .  y,__  7^_^  j2,  and  ,/~-3y  :  x^  +  gaj. 


351.    The  ratio  a^  :  52  i,  ealled  the  Duplicate  Ratio  of  a  :  ft. 
Tims  100  :  64  is  the  duplicate  ratio  of  10  :  8, 
and  36x^ :  25y2  ig  the  duplicate  ratio  of  6x  :  5y. 

The  ratio  a'  :  J3  ig  .^jj^^  ^^^  Triplicate  Ratio  of  a  :  8, 
Thus  64  :  27  is  the  triplicate  ratio  of  4  :  3, 

3430,"  :  i331<,'3  is  the  triplicate  ratio  of  7x  :  lly. 
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352.  The  definition  ol"  Ratio  given  in  Euclid  is  the  same  as 
in  Alj^ehra,  and  so  also  is  the  expression  for  the  ratio  that  one 
quantity  bears  to  another,  that  is,  A  :  B.  But  Euclid  cannot 
employ  fractions,  and  hence  he  cannot  represent  the  value  of  a 
ratio  as  we  do  in  Algebra. 


rm 


llil! 


XXVIII     ON   PROPORTION. 

353.  Proportion  consists  in  the  equality  of  two  ratios. 

The  algebraic  test  of  Proportion  is  that  the  two  fractions 
representing  the  ratios  must  he  eqiial. 

Thus  tl^e  ratio  a  :  b  will  be  equal  .j  the  ratio  c  :  d, 

.j.a    c 

and  the  four  numhers  a,  b,  c,  d  are  in  such  a  case  said  to  be  in 
proportion. 

354.  If  the  ratios  a  :  b  and  c  :  d  form  a  proportion,  we 
express  the  fact  thus  : 

a  :  b  =  c  :  d. 

This  is  the  clearest  manner  of  expressing  the  equality  of  the 
ratios  a  :  b  and  c  :  d,  but  there  is  another  way  of  expressing 
the  same  fact,  thus 

a  :  h  .:  c  :  d, 
which  is  read  thus, 

a  is  to  6  as  c  is  to  d. 

The  two  terms  a  and  d  are  called  the  Extremes. 
?>  and  c  the  Mioans 

355.  When  four  numbers  are  in  proportion, 

product  of  extremes  =pi'oduct  of  means. 
Let  a,  b,  c,  d  be  in  proportion. 

Then  ?=1 

0    a 
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»jr. 

- 

two  ratios. 

that  is, 

• 

\wo  fractuyM 

356.     liad^U, 

Multiplying  both  sides  of  the  equation  by  hd,  we  get 

ad=hc. 
Conversely,  if  ad=hc  we  can  show  that  a  :  6=c  :  d. 
For  since        ad==hc, 
dividiBg  both  sides  by  hd,  we  get 

ad_bc 
hd~kV 

a    c  . 

j=^,  I.e.  a:6=c;d 


.  Dividing  by  cd,  we  get  ^^|  i.e.  a  :  c=6  :  rf . 
Dividing  by  ah,  we  get  ^^=|,  i.e.  d-.h^c-.a; 
Dividing  by  ac,  wo  got  ^^=1,  i.e.  d  :  c=6  :  a. 

l^^r  two,  we  can  express  the  4  nun.bers  in  thewif  ^^ 

The  factors  of  one  of  tlie  products  must  form  the  extremes. 
The  factors  of  the  other  product  must  form  tlie  means. 

358.     nree  quantities  arc  said  to  be  in  Continufd  Pro 
PORTroN  when  the  ratio  of  the  fa-st  to  the  second  I  Lual  to 
the  ratio  of  the  second  to  the  tliird.         -  ^ 

Thus  a,  h.  c  are  in  continued  proportion  if 

a  :  h^h  •  c. 

a  Id'^^"'""*^  *  ''  '^^^'^  ^  ^^^^^  Phoportional  between 


I 


ml 


M*' 


ml 
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Four  quantities  are  said  to  be  in  Continued  Proportion 
when  the  ratios  of  the  first  to  the  second,  of  the  second  to 
the  third,  and  of  the  third  to  the  fourth  are  all  equal. 

Thna  a,  b,  c,  d  are  in  continued  proportion  when 
a:h=h:c=c:d. 

359.  We  showed  in  Art.  205  the  process  "by  which  when 
two  or  more  fractions  are  known  to  be  eqxial,  other  relations 
between  the  numbers  involved  in  them  may  be  determined. 
That  process  is  of  course  applicable  to  Examples  in  Ratio  and 
Proportion,  as  we  shall  now  show  by  particular  instances. 
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Ex.  1 .     If  a  :  b=c  :  d,  prove  that 
Since  a  :  h=c  :  d,  t=t. 


Let  r=X.    Then-j=\; 
h  d 


:.  a=\h,  and  c=\d. 

a^¥  _  X262^62  _  52(X2+  1)  _  \2  +  i 
a^  _  ft2  -  X2ft2  _  p  -  ft2 (xa  - "1 )  ~  X2  _  1» 

C2  -  rf2  -  x2f/2  1  ^2  -  J2-^X2  _  1)  "  \2  _  1* 
a2  +  J2_c2  +  cJ2 

a2_62-^-2_^2; 
a2  +  62  .  a2-62=c'^  +  (i2 .  c^.^P. 


Now 
and 

Hence 
that  is, 


Ex.  2.     If  a  :h  ::  c^:  d,  prove  that 

a:c::  >i/(a^  +  b^):;^ic*  +  d% 

Letf  =  X.     Then5=\; 

0  d       * 

/.  rt  =  X?),   and  0"-Ai. 


[  Proportion 
be  second  to 
ual. 


a 


whicli  when 
her  relations 
determined, 
in  Ratio  and 
stances. 
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Now 


a_X6_6 


Hence 
that  is, 


c     ]i/(c*  +  d^)' 
a:c::*/(ai  +  h*):*/(c*  +  d*). 


Ex.  3.    Uah  =  c:d  =  e:f,  prove  that  each  of  these  ratios 
IS  equal  to  the  ratio  a^-c  +  e:h  +  d  ^-/. 


Let 
Then 


a 
6=^ 


|-> 


~f' 


-X 


a  =  \h,         c=:\d,        e.=\f. 


Now       ^  +  c  +  c^X6  +  \d!  +  x/_\(i  .  tt  +/)_ 
i  +  cZ+Z      h^d+f        b  +  T+J-^' 


a  +  c  +  e^    ac     e 
b  +  d+f~"b~d^f' 


Hence 

that  is,         a  +  c  +  e:h  +  d+fr^a:b=c:d==e:f. 
Ex.  4.     If  a,  5,  c  are  iv  continued  proportion,  show  that 

Iet^=\.     Then^=\. 
0  c 

Hence  a  =  \b  and  ft  =  Xc. 

6-+c'^     6=i+c2      xv+c^-c^(\q:T)=^  =  ^=-- 

Ex.  5.     If  15a  +  6:15c  +  cZ=12a  +  6:12c  +  rf,  prove  that 

a:  b=c:  d. 
Since  15a  +  6  :  loc  +  d=12a  +  6  :  12c  +  rf, 

find    Sinrp   -nrnrJiinf  ^i'   „..i._--^  ,        .       - 

«-ivt  wx  eAtrcmes=proauct  of  means. 
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or, 
or, 
or, 
or. 


(16rt  +  &)  (12c  +  d)  =  (16c  +  (i)  (12a  +  &), 
180ac+ 126c +  15ad  +  fei=180ac+12a(Z+ 156c +  6i,  ' 
126c  +  15ad  =  12ai  +  156c, 
^  3cwZ  =  36c, 

orf=6c. 


Whence,  by  Art.  355,     a:6=c:d. 

Additional  Examples  will  be  found  in  page  137,  to  which 
we  may  add  the  following. 

EXAMPLES. — CXXXi. 

1.  If  i  :  6=c  :(?,  show  that  a  +  6  :  a  =  c  +  (i*  c 

2.  If  a  :  6 = c  :  c«.  show  that  ii^  -  W- :  62  =  c^  -d?'.d^, 

3.  If  a, :  6,=a. :  6„  show  that  ^j^^^  =^. 

4.  If  a  :  6  : :  c  :  (Z,  show  that 

3^2  ^  „7,  +  262  .  3(i!i  _  262  : :  3c'2  +  cd  +  2d^  :  2c^  -  2d^. 

5.  If  a  :  6  =  c  :  <i,  show  that 

a2  +  3a6  +  62  :  c2  +  3c(?  +  0^2= 2a6  +  362  .  2cd  +  2d\ 

6.  If  «  :  6=c  :  d=e  :/then  a  :  b=mc-ne  :  md-nf. 


7.   If  —a.  -'^6,  any  pv^^ >?  of  a,  6,  be  taken  from  a  ana  b 


—a,  —  f 

respectively,  show  that  a,  6,  and  the  remainders  form  a  propor- 
tion. 


8.  If  a  :  h=c  :  d—e  :  /,  show  that 

ae  :  M=la^-\-mc'^-\-ne'^ :  W^  +  md^  +  np. 

9.  If  «!  :  6i=a2 :  62= «» :  6s,  show  thiit 

ai2+aa2+as2 :  612  +  ^^2  +  ^,^2 ..  ^2 .  5^2. 
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ic  +  fti,' 


37,  to  which 


;(P. 


l-nf, 

rom  a  ana  h 
3rm  a  propor- 


10.     If  a^  :  &,  =  aa  :  6,  =  0,  ;  &„  show  that 


II. 


'3- 


If  a2+62  ,  a2-62^,2+^2  .  ,2_^2,  ^^^^  ^^^ 

a  :  h=c  :  d. 

If  a  :  6=c  :rf,  show  that 

(a + c)  (a2 + c2)  _  (6  +  (Z)  (fe2  +  ^2) 


(oT- c)  (a2"~c2)  =  (b~djjb^-d^y 
14.     If  ttj  :  61  =  «2  :  Jg,  show  that 

On  <Ae  Geometrical  Treatment  of  Proportion. 
360     The  definition  of  Proportion   (viz.  the  equality  of 
Deti  and  s')  ''""'  '"  ^"'^''^  ^  '"^  ^^^'^'^     ^^"'^-  ^««^  ^• 

But  the  ways  of  testing  whether  two  ratios  are  equal  are 
quite  different  in  Euclid  and  in  Algebra. 

The  algebraic  test  is,  as  we  have  said,  that  the  two  fractions 
representing  the  ratios  must  he  equal. 

th^s"'^'"^'  *^'*  ''  ^'''^''  '"^  ^°°^  ^-  ^«f-  ^'  where  it  stands 

"The  first  of  four  magnitudes  is  said  to  have  the  same  ratio 
to  the  second  which  the  third  has  to  the  fourth,  when  any 
equimultiples  whatsoever  of  the  first  and  third  bein-.  taken 
and  any  equimultiples  whatsoever  of  the  second  and  foSrth  : 

"If  the  multiple  of  the  first  be  less  than  that  of  the  second 
the  multiple  of  the  third  is  also  less  than  that  of  the  fourth  : 
or, 

"If  the  multiple  of  the  first  be  equal  to  that  of  the  second 
the  multiple  of  the  third  is  also  equal  to  that  of  the  fouX' 


I  111 
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"II-  the  multiple  of  the  first  be  j/r«a^er  than  t^at  of  the 
gccona,  the  ii'-iltirle  of  the  third  is  also  greater  than  that  of 
the  fourth. '  , 

We  Hl.all  now  show,  first,  how  to  dednce  Euclid's  test  of  the 
equality  of  ratios  from  the  algebraic  tc.t  and  secondly,  how  to 
deduce  the  algebraic  tent  from  that  employed  by  Euclid. 

'M\\  I  To  show  that  if  quantities  be  proportional  accord- 
ing io  the  algebraiau  te«t  they  will  also  be  proportional 
according  to  the  geometrical  test. 

If  a,  6,  c,  (2  be  proportional  according  to  the  algebraical 

test, 

a    6 


\ 


Multiply  each  side  by  ^,  and  we  get 

Now,  from  the  nature  of  fractions, 

if  ma  be  less  than  nb,  mo-  will  also  be  less  than  nt?,  and 
if  tna  be  equal  to  «6,  wc  will  also  be  equal  to  «(i,  and 
if  ma  be  greater  than  ri6,  mc  will  also  be  greater  than  ni. 
Since  then  of  the  four  quantities  a,  &,  c,  d  equiniultiples  have 
been  taken  of  the  fiist  and  third,  and  equimultiples  ot  the 
second  and  fourth,  and  it  appears  that  when  the  multiple  o 
the  tirst  is  greater  than,  eqnal  to,  or  less  than  the  multiple  of 
the  second,  the  multiple  of  the  third  is  also  grea  er  than, 
equal  tT  or'  less  than  the  multiple  of  the  fourth,  it  follows  that 
a,  &,  c,  d  are  proportionals  according  to  the  geometrical  test. 

362.     II.    To  deduce  the  algebraic  test  of  proportionality 
from  that  given  by  Euclid. 

Let  a,  6,  c,  A  be  proportional  according  to  Euclid. 


Then  if 


let 


^  is  not  equal  to  ^, 

. be  eCiual  to  -v ...•.t...-.\A;» 

6  +  »  » 


that  of  the 
than  thut  of 

L's  test  of  the 
.ndly,  how  to 
Euclal, 

[ion  111  accord- 
proi)ortional 

LB  algebraical 


an  nd,  and 

0  nd,  and 
^ater  than  nd. 

nmltiples  have 
ultiples  of  the 
lie  multiple  of 
he  multiple  of 

1  greater  tbuii, 
,  it  follows  that 
iietrical  test. 

proportionality 
did. 
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EXAMPLES  ON  RA  TIO.  355 

Take  m  and  n  such  that 

ma  is  greater  than  n\ 

but  les»  than  n(6  +  a) n^\ 

Then,  by  Euclid'a  definition, 

wc  is  greater  than  nd (3\ 

But  fiince,  by  n^        -J^J^    __mc 

and,  by  (2),  rm  in  less  than  n{b  +  x), 

it  lolluws  tliat  mc  is  less  than  7uL. (4) 

The  results  (3)  and  (4)  therefore  contradict  each  other. 

Hence  (1)  cannot  be  true. 

Therefore  |  ^,  equal  to  |. 

We  shall  conclude  this  chapter  with  a  mixed  p..^--.*--        e 
Examples  on  Katio  and  Proportion.  ^^'^^^""  ^^ 

Examples.— cyxxii. 

2.    If  a:  5::  c:d,  show  that 

a  +  b       ^"^  'c  +  d' 
and  a:b::  ^(ma*  +  nc*)  ;  */(7,ib'  +  .jci4^. 

3-  ^^  a  •■  b  ::  c  :  d, -pvovv  .hat 

ma-nh    mc-nd 
ina  +  nb~vic  +  ml' 

4-  If  5a  +  36:7a  +  36 'r,/,  +  3(;:76  +  3c, 
0  IS  a  mean  proportional  between  a  and  c. 

Jatesf  ft  ^,"^"ff^«  be  proportional,  and  tlie  first   be  the 
greatest,  the  fourth  is  the  least. 

If  a  +  b,  m  +  n,m-n,a-bhe  four  such  aua..hif,ip«  .l.n«, .1,.* 
0 16  greater  than  n.  "  '  ^ ■"'"' 


•  7'*:- 


..  " ;) 


>" 


[W- 


:;il.i!. 
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6.     Solve  the  equation 

SB-I  :a;-2=2x+l  :a;  +  2. 
a4-6     c+d 


7.     If 
ako  equal. 


rf 


-,  show  that  the  ratios  a  :  6  and  c  :  CL  are 


8.  In  a  mile  race  hetween  a  bicycle  and  a  tricycle,  their 
rates  were  proportional  to  5  and  4.  Tlie  tricycle  had  halt-a- 
niinute  start,  but  was  beaten  by  176  yards.  Find  the  rates  of 
each. 

9.  If  (I :  ft  ::  c  :  ti  and  a  is  the  greatest  of  the  four  quanti- 
ties, show  that  dr-\-iX^  is  greater  than  fe'-^  +  c'-*. 

01        .1    .  ..  lOa  +  6     12a  +  6  .,  .  j 

10.  Show  that  it  ,„    .   ,  =  T7»-T~j>  "icn  a  :  0  ::  c  :  rf. 

10c  +  a     12c  +  ft' 

1 

11.  If  a; :  2/ ::  3  :  2  and  a; :  25  ::  24  : 7/,  find  x  and  y. 

12.  If  a,  6,  c  be  in  continued  proportion,  then 

(1)  a  :  a  +  fc  ::  a-6  •  w-c; 

(2)  (a2  +  62)  (i'^  +  c'')  =  (a6  +  6c)2. 

Tc         r  J      1  4-1     4.«  +  6      c  +  d 

13.  If  a  :  0  ::  c  :  tt,  show  that  —j-  =  —r- ; 

and  hence  solve  the  equation 

ab  —  bc  —  dx_a  —  h  —  6 
bc  +  dx    ~    b  +  c 

14.  If  a,  6,  c  are  in  continued  proportion,  show  that 

a  +  mb  :  a  -  mb  ::  b  +  mc  :  b  -  mc. 

15.  If  a  :  6  ::  5  :  4,  find  the  value  of  the  ratio 

a'^-bl:a^  +  b\ 

1      3 

16.  The  sides  of  a  triangle  are  as  2-  :  'S'-  :  4,  and  the  peri- 
meter is  205  yards:  find  the  sides. 

17.  The  sides  of  a  triangle  are  as  3  :  4  :  5,  and  the  peri- 
meter is  480  yards :  find  the  sides. 


n  1' 


b  and  c  :  d  are 


tricvcle,  their 
;Ie  had  half-a- 
iid  the  rates  of 


e  four  quanti- 

::  c  -.d. 

and  y. 
n 


ow  that 


and  the  peri- 
and  the  peri- 
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of !';  glzs7:'^r^^ 

the  J:^:^^-^:'^^  ^^  any  proportion  i«greator  n..n 


'0  miles  and  hack  in  12  hours,  and 
^  miles  with  tlu,  .stream  in  the  same 
'd  the  rat(;  of  th.;  stream. 

equal  vessels  A,  5,  6';  the  first  con- 
brandy,  the  third  hran.ly  and  water 
C  be  put  together,  it  is  foun.l  that  the 
strong  as  if  the  contents  of  A  and  G 
Find  the  ratio  of  the  brandy  to  the 


19-  A  waterma'  . 
ho  finds  that  he  ran  re 
tinje  as  3  against  it.     F' 

2o.    There  are  ti.iue 
tains  water,  the  second 

If  the  contents  of  5  and 
ni.xture  is  nine  times  as 
had  been  put  tooether. 
water  in  the  vessel  G. 

cost  hiui  ?  ^'  ^'  ^^^  ®^^h  quarter 

22.  A  man  buys  a  horse  and  sells  it  for  ^144  <r.n-n,-„„ 

23.  Pbuy  goods  and  sell  them  a^riin  fnr  i?Q«       •   • 
mud,  „.  een.  as  the  goocU  cost,  ""wmi:!;  ^i^e?  " 

24.  ^niaii  bought  some  sheep  and  sold  them  acr^in  fnr  ^o^ 
2S-    A  certain  crew,  who  row  40  strokes  per  minute  start 

jo.m;ey!f'i8o""7''"\'\'^^^'"^  *^"'"  *^^^«  *«  travel  a 
journey  of  180  miles  is  to  that  taken  by  an  ordinary  train  as 

as'i  wo,  1  r?""'^'  ''""'  ^^^^^^  "^  "^"^^  t"»«  from  stopples 
!'  1^?"^^^  *^^f  t«  t^'^^vel  .30  miles  without  stopnin/^Tl 
^xpr^.^,un  only  loses  half  as  much  time  as        Le; in  t^'i: 


=--..f»- 


nr-'^i 
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manner,  and  it  also  travels  15  miles  an  hour  quicker.  Sup- 
posing the  rates  of  travelling  u;  iforni,  what  are  they  in  miles 
per  liour  ? 

27.  An  article  is  sold  at  a  loss  of  as  much  per  cent,  as  it 
is  worth  in  pounds.  Show  that  it  cannot  be  sold  for  more 
than  ^£25. 


%% 
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\: 
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m 


%f  I. 


*i*t  ;> 
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XXIX.   ON   VARIATION. 

363.  If  a  sum  of  money  is  put  out  at  interest  at  5  per  cent, 
the  principal  is  20  times  as  great  as  the  annual  interest,  wliat- 
ever  the  sum  may  be. 

Hence  if  x  be  the  principal,  and  y  the  interest, 

x  =  20y. 

Now  if  we  change  x  we  must  change  y  in  me  same  -propor- 
tion, fur  so  long  as  the  rate  of  interest  remains  the  same,  x 
will  always  te  20  times  as  great  as  y,  and  her  e  if  x  be 
doubled  or  trebled,  y  will  also  be  doubled  or  ticoled.   « 

This  is  an  instance  of  what  is  called  Direct  Variation, 
of  which  we  may  give  the  following  definition. 

Dep.  One  quantity  y  is  said  to  vary  directly  as  another 
quantity  x,  when  y  depends  on  x  in  such  a  manner  that  any 
increase  or  decrease  made  in  the  value  of  a;  produces  a  propor- 
tional increase  or  decrease  in  the  value  of  y. 

Sfi-i..  If  x  —  my,  where  m  is  a  const;\nt  quantity,  that  is,  a 
quantity  which  is  not  altered  by  any  <;hange  in  the  values  of  x 

and  2/, 

y  will  vary  directly  as  x. 

For  any  increase  made  in  the  value  of  x  must  produce  a 
proportional  increase  in  the  value  of  y.  Thus  if  x  be  doubled, 
y  nidst  also  be  doubled,  to  preserve  the  equality  of  x  and  my, 
since  m  cannot  be  changed. 
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365.     S,.p,,os.  a  man  can  reap  au  acre  of  corn  in  a  day. 
Then  10  men  can  reap  60  acre.s  in  (J  days, 
and  20  men  can  reap  60  acres  in  3  days.' 

So  that  to  do  the  same  amount  of  work  if  we  douhh  fh» 
rmmber  oi  n.en  we  must  halve  the  number  of  days  *^' 

This  is  an  instance  of  what  is  called  Inverse  Varution 
of  which  we  n.ay  give  the  following  definition.         "^^^'-""^^^ 

Dep.  One  quantity  y  is  said  to  van,  inversely  ^<,  on.fi,  * 
quantity  .,  when  ,  depends  on  .  in  such  T::!^^^ 
rncreuM  or  decrease  r.^..^e  in  the  value  of  .  produces  a  propor! 
tional  decrease  or  Increase  in  tlie  value  of  y.  ^    ^ 


366. 


I^^=-->  where  w  is  constant, 


y  will  vary  inversely  as  x. 

For  any  increase  nmde  in  the  value  of  ..  must  pro.luce  a  nro- 
portional  decrease  in  the  value  of  ,,     Thus  if  .  be  douWe^ 


y  must  be  halved,  to  preserve  the  equality  of  «  and 


For 


y      y 
2 


367.    If  1  man  can  reap  1  acre  in  1  day, 
5  men  can  reap  20  acres  in  4  days, 
and    10  men  can  reap  80  acres  in  8  days. 

That  is,  the  number  of  acres  reaped  will  depend  nn  fl.- 
product  of  the  nund.er  of  men  into  the  nu.nber  ofiirys.  ' 

tho^f^H ''  "''  ' iT^^'  '^^''''^  '■""^*^°"'  «f  ^hi'^h  we  may  give 
the  lollowing  definition.  ^  ^ 

D.B^     One  quantity  x  is  said  to  vary  jointly  as  two  others 

368.    One   quantity  x  is  said  to  vary  directly  as  y  and 

inversely  as  s  when  x  varies,  m  K 

z  * 
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369.  Theorem.  If  x  varies  as  ?/  when  %  is  constant,  and 
as  z  when  ?/  is  constant,  then  when  y  and  z  are  both  variable, 

a;  varies  as  t/as 

Let  a;=m.i/«. 

Then  we  have  to  show  that  m,  is  (jpnstairt 

Now  when  %  is  constant, 

a;  varies  as  y ; 
.*.  <fnz  is  constant. 

Now  z  cannot  involve  1/,  since  %  is  constant  when  1/  changes, 
and  therefore  771  cannot  involve  ^, 

Similarly  it  may  be  shown  that  m  cannot  involve  a ; 

J  .•.  m  is  constant, 

and  X  vavies  as  yz. 

370.  The  symbol  oc  is  used  to  express  variation ;  thus  ajoci/ 
stands  for  the  words  x  varies  as  y. 

371.  Variation  is  only  an  abbreviated  form  of  expressing 
proportion. 

Thus  when  we  say  that  x  varies  as  y,  we  mean  that  x  bears 
to  y  the  same  ratio  that  any  given  value  of  x  bears  to  the 
corresponding  value  of  y,  or 

x:y=a,  given  value  of  x  :  the  corresponding  value  of  y. 

And  similarly  for  the  other  kinds  of  variation,  as  will  be 
seen  from  our  examples. 

Ex.  1.    lixocy  and  y<xz,  to  show  that  aoca. 
Let  x=my,a,ndy=v^. 

Then  substituting  this  value  of  y  in  the  first  equation. 

x=mnz ; 
and  therefore,  since  mn  is  constant, 

xacz. 


wli 


kl  k 


f :'.: 
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Ex.  2.     If  xoc  2/  and  xoc^,  then  will  xcc  V(y»). 
^^*  a;=wy,  and  a;=7j«. 

"^^^^  x^=mnyz; 

Now  V(wn)  is  constant ; 

•■•  ««==  V(y»). 

Ex.  3.     If  ,^  vary  as  x,  and  when  a;=  1,  «= 2.  what  will  h« 
the  value  of  y  when  cc  =  2  ?  >  y    z,  wj.at  will  ba 

..ere  y  :  «=  a  given  value  of  y  :  corresponding  value  oix; 

.*.  y:a;=2:  1; 

.".  y=2x. 
Hence,  when  x=2,y=4. 

w^ ■  -n"  T>  I^  ^  ""^""^  inversely  as  B,  and  when  A=2  B=12 
what  will  ^become  when  ^  =  9?  ^    ^,  iJ-iJ, 

Here  -4  :  ^=  a  given  value  of  A  :  - I 

'  corresponding  value  ofB  '* 


Hence,  when  A  =9^ 


-t-  .^1. 

'  corre 

■-■'r 

=  2; 

I 
12' 

.   A 
•■  12  = 

2 

9 
12~ 

9 
"B' 

-V* 

8 
3" 

-1 

whence 


anfr"  M  /^i*I""^r*^y^«^«^^^^^^dwhen^  =  6,£=6, 
cind  (7.-=  o,  find  the  ^alue  of  A  when  £=  10  and  0=3,  ' 

Here 
4  :  8C=  p  j^:  ven  v  alue  of  A  :  corresponding  value  of  BO; 

.'.  ^  :i?(7=6:  6x15; 


^\  t...^. 
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Hence,  when  5=  10  and  (7=3, 

90^  =  6x10x3;  ^ 

Ex.  6.  If  «  vary  as  x  directly  and  i/  inversely,  ana  if  wneu 
2  =  2,  «  =  3  and  2/ =  4,  what  is  the  value  of  %  when  x=15  and 
2/  =  8? 


Heresi :  -=a  given 


,        ,.      correspondin''  value  of  x 

value  01  %  : ^ — ,. , ,.    ; 

corresponding  value  ot  y 


»  3, 

y        4' 

4       y 


Hence,  when  x=15  and  i/  =  8, 

3a_30 

4"  8' 


_120     . 
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Ex  AMPLES.— CXXX  ..A, 
I.    If  Aoc-~  and  J5  oc  -^  then  will  AocO, 

3.     If  ^  oc5  then  will  p^^- 

3.  If  yl  oc 5  and  CcK  D  then  will  vl  Coc  5D. 

4.  If  jcocy,  and  when  x=*!,y  =  5,  find  the  value  of  x  whea 
f=12. 

5.  If  xoc- ,  and  when  a;=lO,  '(/  =  2,  find  the  value  of  y  wlien 

y 

05  =  4. 


na  if  wneu 
03=15  and 


ue  of  X 
ue  of  y ' 
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J  of  X  whea 


B  of  y  wlien 


6.  If  ccccy^  unci  when  ic=l.  «=2  »•  — q  fir^^i  fi        1 
«rlienx=4ancl.  =  2.  ^    A  «-3,  hnd  the  value  of  y 

7.  If  xc.t  and  when  x=6,  y=4,  and  .=3,  find  the  value 
ofa;  when  y  =  5  and  «  =  7. 

8.  If  3x  +  5yoc6x  +  3y,  and  when  a;=2,2/=o,find  the  value 
ot  - 

^^9;    If  A^B  and  £3^^^  ^^p^^^^  ^^^  ^  ^^^.^^  .^  ^^^^^^^^ 

10.     If  z  vary  conjointly  as  x  and  y/,  and  ^=4  when  x-1 
and  y=2,  what  will  be  the  value  of  x  when  «  =  30  and  7=3"? 

tenn;ofV^^'  "'  "'^"  ^  ^^  ''  ^  ^^  ^^  ^   -P--  ^  - 

12.  If  the  square  of  x  vary  as  the  cube  of  y,  and  a;=3  when 
y=l,  find  the  equation  between  X  and  y. 

13.  If  the  square  of  x  vary  inversely  as  the  cube  of  v  and 
x=2  when  2/  =  3,  find  the  equation  between  x  and  y.        ^' 

1/-2"  fin!l  '^'  '''^''  r^  '"^  1'''^  "'  '^'  ^'^""^^  ^f  y  ^^d  «==3  when 
J/ -2,  hnd  the  equation  between  x  and  y. 

15.     If  •««=2'  and  2/«l  show  that  xcx:^ 

y^lg  '   ^        '   "^^^^^  ^-A  2/=ll  ;  and  when  x=3, 

19.     The  volume  of  a  pyramid  varies  jointly  as  the  area  of 
Its  base  and  its  altitude.     A  pyramid,  the  hL  of  which  is  9 
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feet  square  and  the  height  of  which  is  10  feet,  is  found  to  con- 
tain 10  cubic  yards.  What  must  be  the  height  of  a  pyramid 
upon  a  base  3  feet  square  in  order  that  it  may  contain  2  cubic 
yards  ? 

20.  The  amount  of  glass  in  a  window,  the  panes  of  which 
are  in  every  respect  equal,  varies  as  the  number,  length,  and 
breadth  of  the  panes  jointly.  Show  that  if  their  number  varies 
as  the  square  of  their  breadth  inversely,  and  their  length  varies 
as  their  breadth  inversely,  the  whole  area  of  glass  vaiies  as  the 
square  of  the  length  of  the  panes. 
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XXX.  ON  ARITHMETICAL  PROGRESSION. 

372.  'An  Arithmetical  Progression  is  a  series  of 
numbers  which  increase  or  decrease  hy  a  constant  difference. 

Thus,  the  following  series  are  Arithmetical  Progressions  : 

2,    4,     6,     8,     lOj 
9,     7,     5,     3,     1. 

The  Constant  Difference  being  2  in  the  first  series  and  -  2 
in  the  second. 

373.  In  Algebra  we  express  an  Arithmetical  Progression 
thus  :  taking  a  to  represent  the  first  term  and  d  to  represent 
tlie  constant  difference,  we  shall  have  as  a  series  of  numbers  in 
Arithmetical  Progression 


a,  a+df  a+2d,  a+3d, 


and  so  on. 


We  observe  that  the  terms  of  the  series  differ  only  in  the 
eoifficient  of  d,  and  that  each  coefficient  of  d  is  always  loss  by  1 
than  the  number  of  the  term  in  which  that  particular  coefficient 
stands.    Thus 

the  coefficient  of  d  in  the  3rd  term  is  2, 

in  the  4th 3, 

in  the  5th 4. 
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Consequently  the  coefficient  of  d  in  the  n^  term  will  be 

H  —  1. 

Therefore  the  w""  term  of  the  series  will  bea  +  (n  - 1>  rf. 
374.     If  the  series  be 

a,a  +  d,a  +  2d, 

and  «  the  last  tern.,  the  term  next  before  z  will  c?^arly  be»-(f 
and  the  term  next  before  it  will  be  .  -  2d,  and  so  on. 
Hence,  the  series  written  backwards  will  be 

i>,!!-d,z-2d, a  +  2d,a-i.d,a. 

P^gresJn.'^'''^  '^'  '"'''  '"^  "*  '"^'^  '^  ''"^^'''  '''  Arithmetical 
Let  a  denote  the  first  term.  ^ 

•••  ^ the  constant  difference. 

•••  ^ the  last  term. 

•••  ^ the  number  of  terms. 

•••  * the  sum  of  the  n  terms. 

'rhens=a+(a  +  d)  +  (a  +  2d)+ i-(^-2d)  +  (z-d)+,. 

Alsos=.zH^~d)  +  (,-2d)+ +(«  +  2rf)  +  (a-.^  +  a, 

the  series  in  the  second  case  being  the  same  as  in  the  first  but 
written  in  the  reverse  order.  ' 

Therefore,  by  adding  the  two  series  together,  we  ge^, 

2.=  (a  +  .)  +  (a-f.)  +  (a+,)  + +(a4-.)  +  (a  +  «)  +  (a  +  .;; 

and  since  on  the  right-hand  side  of  this  equation  we  have  a 

series  of  n  numbers  each  equal  to  a  +.,  we  get 

2s=n(a  +  z); 

place  of  z  we  may  put  a  +  (n-l)d,  by  Article  373. 
Hence  *^ 

tiirst  13, 


w 


«|2a  +  (n-l)(;{. 


2 


V  ' 


!y"i 


I    1*1 
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376.    We  have  now  obtained  tlie  following  results  : 

a=a  +  (w-l)rf (A), 

«=|(a  +  «) (B), 

fi=|{2a+(w-l)df (C). 

From  one  or  more  of  these  equations  we  have  in  Examples 
to  determine  tlie  values  of  a,  A,  n,  s  or  z.  We  shall  now  pro- 
ceed to  give  instances  of  such  Examples. 

Ex.1.     Find  the  LAST  TERM  of  the  series 
7,  10,  13, to  20  terms. 

Takihg  the  equation  z  =  a+  (n-l)  d, 
for  a  put  7  and  for  n  put  20,  and  we  get 

z=1  +  (20-l)d, 
or,  «=7+19d. 

Now  d  is  always  found  by  taking  the  first  term  from  the  second^ 

and  in  this  case, 

(^  =  10-7  =  3; 

/.  »=7  + 19x3=7  +  57  =  64. 

Ex.  2.     Find  the  last  term  of  the  series 
12,  8,  4, to  li  terms. 

In  the  equation  z=a+{n-l)d, 

put  a=12  and  w=ll. 
Then  z=l2  +  10d. 

Now  d=8-l2=-4. 

Hence  i5=12-40= -28. 

EXAMPLES.— CXXXiV. 

Find  the  last  term  of  eacli  of  the  following  series ; 

1.  2,  5,  8 to  17  terms. 

2.  4,  8,  12 to  50  terms. 


Its: 
(A), 

(B), 

(C). 

in  Examples 
all  now  pro- 


3m  the  secondf 


38: 
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,      7  29  15 

i'    '>  ~i'i  -Ti- 


le 


5 


terms. 

to  23  terms 

to  12  terms. 


4 '  2 

5   11 

6.     -12,-8,-4 to  14  terms. 

7'     -3,  5,  13 to  16  terms. 

to  n  tenns. 


8.     — ~-  !^^  '^~'^ 


9.     (x  +  y)\  x^  +  y\  (x-yY ton  terms. 

10     ^!^  "^a-'ib  7a -5b 

a  +  b'    a  +  b'IThV tow  terms. 

377.     Ex.  I.    Find  the  sum  of  tlic  series 

2,5,7 to  12  terms. 

In  the  equation        s  =  '^\2a  +  {n-l)  d\ 
put  3  for  a  and  12  for  n,  and  we  get 

s~~\Q  +  lU\. 

Nowrf=5-3  =  2,  andso 

12 

«=-2-|6  +  22|=6x28  =  16a 

Ex.  2.     Find  the  sum  of  the  series 

10,  7,4 to  10  terms. 

s=^\2a  +  {n~l)d\i 


put  10  for  a  and  10  for  n,  then 


.AM 


I, 


W;  ■. 
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Now  rf=7  - 10=  -3,  and  therefore 


10. 


«-^j20-27(=5x(-7)--3ft. 


EXAMPLES.— CXXXV. 

Find  the  Bum  of  the  following  series: 

1.  1,2,3 to  100  terms. 

2.  2,  4,  6 to  50  terms. 

3.  3,7,  11  to20termsi 

4.  -,  -,  V to  15  terms. 

t     4'  2    4 
\ 

5.  -9,-7,-5 tol2terms. 

6.  \  \  \ tol7terma. 

7.  1,  2,  3 to  n  terms. 

8.  1,  4,  7 to  n  terms. 

9.  1,8,15 to  w  terms. 

o. , , to  %  terms. 

378.     Ex.    What  is  the  Constant  Difference  when  tha 
first  term  is  24  and  the  tenth  term  is  - 12? 

Taking  the  equation  (A), 

»=«  +  (%- 1)^, 
and  regarding  the  tenth  as  the  last  term,  we  get 

-12  =  24  +  (10-1)(Z, 
or  —  36  =  9(f, 

whence  we  obtain        d=B -4, 


£  when  tha 
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EXAMPLES.—CXXXVi. 
What  is  the  Constant  Difference  in  the  following  cases! 
I.    When  the  first  term  is  1()()  and  the  twentieth  is  -  14. 

*      fifty-first  is  -- X. 

\                                             1  1 

^ "2 forty-ninth  is  5-,. 

^     -4 twenty-fifth  is  -21? 

4 

^ -10 sixth  is  -20. 

1^0  ninety-fii-st  is  0. 

379.     Ex.    What  is  the  First  Term  when 

the  40th  term  is  28  and  the  43rd  term  is  32  ? 
Taking  equation  (A), 

and  regarding  the  last  term  to  be  the  40th,  we  get 

28=a  +  39^ r^\ 

Again,  regarding  the  last  term  to  be  tlie  43rd,  we  get 

32  =  a  +  42^ /c.\' 

^From  equations  (1)  and  (2)  we  may  find  the  value"  of  a  to 

EXAMPLES.— CXXXVii. 

I.    What  is  the  first  term  when 

(1)  The  59th  term  is    70    and  the  66th  term  is  84 ; 

(2)  The  20th  term  is  93  -  356  and  the  21st  is  98  -  Wlh ; 

(3)  The  second  term  is  1  and  the  55th  is  5-8 ; 

(4)  The  second  term  18  4  and  the  87th  is -sn  2 
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2.  The  sum  of  the  3r(l  and  8th  terms  of  a  series  is  31,  and 
the  sum  of  the  5th  and  10th  terms  is  43.  Find  the  sum  of 
10  terms. 

3.  The  sum  of  the  Ist  and  3rd  terms  of  a  serieo  is  0,  and 
the  sura  of  the  2nd  and  7th  terms  is  40.  Find  the  sum  of 
7  terms. 

4.  If  24  and  33  be  the  fourth  and  fifth  terms  of  a  series, 
what  is  the  100th  term  1 

5.  Of  how  many  terms  does  an  Arithmetical  Progression 
consist,  whose  difference  is  3,  fir.st  term  5,  and  last  term  302  ? 

6.  Supposing  that  a  body  falls  through  a  space  of  16^^  feet 
in  the  first  second  of  its  fall,  and  in  each  succeeding  second 
32-  feet  more  than  in  the  next  preceding  one,  how  far  will  a 
body  fall  in  20  seconds  ? 

7.  What  debt  can  be  discharged  in  a  year  by  weekly  pay- 
ments in  arithmetical  progression  ;  the  first  payment  being  1 
shilling  and  the  last  £5.  3s.  ? 

8.  Find  the  41st  term  and  the  sum  of  41  terms  in  each  of 
tibie  following  series : 

(1)  -6,4,13 ' 

(2)  4a2,  0,  -4a2 

(3)  1  +  0!,  5  +  33",  9  +  5aj 

(4)  "4'  ~^'^ 

,.19 

^5^    4'  20 

9.  To  how  many  lerms  do  the  following  series  extend,  and 
what  is  the  sum  of  all  the  terms  ? 

(i)     1002 10,2. 

(2)     -6,2 186. 


[H 


01^. 


mes  is  31,  and 
ind  tlie  sum  of 


jerieo  is  0,  and 
ad  the  sum  of 


Q9  of  a  series, 


al  Progression 
jst.  term  302  ? 


ce  of  IGjg  feet 
leading  second 
how  far  will  a 


y  weekly  pay- 
yment  being  1 

rms  in  each  of 


ies  extend,  and 


0^r^^lTmiETW4L  PROGRESSION. 
(3)    2^a;, -Sx ^  -72-3a;L 

^4)    2'  \ --24. 

^5)    '^-l 137(1 -m),  139(1 -m). 

^^)    ^+254 a;  +  2,a:-S. 

380.     ro  ^W^  3  arithmetic  means  between  2  anrf  10. 
The  number  of  terms  will  be  5. 
Taking  :he  equation  ^  =  a  +  (w-  l)rf, 
-^--e  10  =  2  +  (5-l)rf' 

Hence  the  series  will  be 

2,  4,  6,  8,  10. 

Examples.— cxxxviii. 

1.  ^»«-t^  arithmetic  means  between  3  and  la 

2.  Insert  5  arithmetic  means  between  2  and  -2. 

3.  I"««rt  3  arithmetic  means  between  3  and  ?.    ' 

4.  Insert  4  arithmetic  means  between  1  and  ^ 

381.     To  insert  3  .nth^tic  rMans  Ut.,een  a  and  b 
The  number  of  term^  ,„  fi  • 

-  to  be  3  tenns  in  adiit L,  "  T'fi  T!  '^  ''  ^^'"^  ^^-^e 
term  6.  ^"'''''  *°  ^^^  first  term  a  and  the  last 

Taking  the  equation  «  =  a  +  (^  « i)  <^ 
we  have  to  find  d,  having  given 

a,  «=6  and  n=f 
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Hence 


or, 


6=a  +  (5-l)ti, 
4(i=o-a,  .*.  »=— T~ 


Hence  the  series  vill  be 


6_a        h-a      ,  3(6-a)  , 
a,a  +  —7—,a  +  —^,a+  — ^ — ,  a, 

3a  +  6    a  +  h    a  +  36  , 
that  IS,  a,  — T— ,   -^— >   ~  "4~»  "• 


ii 


'K 


I    'V 


'J'! 


Examples.— cxxxix. 

1.  Insert  3  arithmetic  means  between  m  and  n. 

2.  Insert  4  arithmetic  means  between  m  + 1  and  m  - 1. 

3.  Insert  4  arithmetic  means  between  ri^  and  w^  + 1. 

4.  Insert  3  arithmetic  means  between  x^  +  f  and  v?  -  y\ 

382.    We  shall  now  give  the  general  form  of  the  proposition 
"  To  insert  m  aritJmt,etic  means  between  a  and  b." 

The  number  of  terms  in  the  series  will  be  m  +  3. 

Then  taking  the  equation  z=a  +  (n-})df 
we  have  in  this  case    6 = a  +  (m  +  2  - 1)  i, 


or. 


h=a+{m  +  l)d. 

.    h-a 
<*= — ni» 


Hence 
and  the  form  of  the  series  will  be 


h-a        2&-2ft 


m-irV 


.     2&-2a  ,     &-«   J. 


that  is, 


am  +  h    am-a-t-2&  ^!^1-L2*    hm  +  a  ^ 

"'m+T'        w  +  1     * '      «i+l     '    »»  +  l' 


XXXI.  ON  GEOMETRICAL  PROGRESSION. 


the  proposition 


383.    A  Geometrical  Progression  is  a  series  of  nnmb^rs 
which  increase  or  decrease  h,  a  constant  factor. 

Thus  the  foUowing  series  are  Geometrical  Pbogbessions, 
2,   4,    8,    16,   32,    64; 

^2. 3, 14 


4'    16'   64* 


4     -l     1 

'       2'    16' 


128'    1024* 


The  Constant  Factoid  being  2  in  the  first  series,  \  in  the 
second,  and  -  ^  in  the  third. 

he  Constant  Factor,  we  shaU  have  as  a  series  of  number  n 
(^eometncal  Progression  "umoers  in 

«,  «/,  af%  a.p,  and  so  on. 
We  observe  that  the  terms  of  the  series  differ  only  in  the 
number  of  the  term  m  which  that  particular  index  stands. 
Thus  the  index  of/ in  the  3rd  term  is  2, 

in  the  4th 3 

in  the  5th 4. 

Consequently  the  index  of/  in  the  «th  term  will  be  n  - 1. 

Therefore  the  wth  term  of  the  series  will  be  a/»-» 
LB.A.J  -^     • 


I 'I 


i" 


v'i 

1',      '  *'t' 


s 


: 


■y 


1»! 


n       I: 
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Hence  if  a  be  the  last  term, 

386.    If  the  series  contain  n  terras,  a  being  the  first  term 
and/ the  Constant  Factor, 

tlie  last  term  will  be  a/"-S 
the  last  term  but  om  will  be  a/"^, 
the  last  term  but  two  will  be  a/*"*. 
Now  at-'  x/=a/''  '  x /'  =  «/-+'  =  «/», 
a/.-^  x/=a/-"^  x/=a/«-*^>  =  a/-S 
a/-«  x/=«/*^  x/^=a/"-^^  =  a/'-». 

386.    We  may  now  proceed  «o  >d  t/ie  «wm  of  a  serki  of 
niiwJben  in  Geometrical  Progression. 
Let  a  denote  the  first  term, 

/  the  constant  factor,  ♦ 

H  the  number  of  terms, 

g  the  sum  of  the  n  terms. 

Then8=a  +  a/+a/»  +  ...+a/"-^  +  «r'  +  ^/""*- 
Now  multiply  both  sides  of  this  equation  by/,  then 
fs=.af+af  +  af+...-^ar-'  +  af-'  +  ar. 

Hence,  subtracting  the  first  equation  from  the  second, 

fs-s  =  af"-a. 

'**""    /-I 

Note.  The  proposition  just  proved  presents  a  difficulty  to 
a  beginner,  which  we  shall  endeavour  to  explain.  When  we 
multiply  the  series  of  n  terTTW 


OPT. 


g  the  first  term 


um  of  a  series  of 


n-l 


by/,  then 
-^  +  a/». 
the  second, 


aents  a  difficulty  to 
ixplain.    When  we 


+<%^' 


■n-l 
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by/,  we  shall  obtain  another  series 

a/+  a/'  +  a/»+ +a/-  a  +  a/-*  +  a/", 

which  also  contains  7t  Urrm. 

Though  we  cannot  fill  up  the  gap  in  each  series  completely 
we  see  that  the  term,  in  the  two  series  n.unt  be  thLame' 

the  latter.    Hence,  when  we  subtract,  all  tiie  terms  will  dia- 
appear  except  these  two.  wiu  ms- 

387.     From  the  forinulfie  ; 

«'=«/^' (A), 

/-I      (^)» 

prove  the  following : 

(a)    ,-^.  (^)     „=/,_(/_  1)^ 

388.     Ex.    Find  the  last  term  of  the  series 

3,  6,  12 to  9  terms. 

The  Constant  Factor  is  |,  that  is,  2. 

In  the  formula    . 

«=a/»-^ 
putting  3  for  a,  2  for/,  and  9  for  n,  we  get 

2=3  X  28=3x256=768. 

Examples.— cxl. 

Find  the  last  term  of  the  following  series 
I-     1,  2,  4 to  7terma 

2.  4,  12,  36 to  10  terms, 

3.  6,  20,  80 to  9  terms. 


wm 


III  I       M    ji 
'H     •lii 

ill  I     »  .« 


i!>l 


i  i 


E 


1;'; 

!      ,.,  . 

ii'l 

'  i  •   ■  i 

T  5 

%>•, 

1 

!  pi:  ' 

276  OA^  C^'0.1/ii  TH/CAL  PI^OGJ^ESSWN. 

4.  8,   4,   2 to  15  terms. 

5.  2,   6,   18 to  9  terms. 

x     Jl    J_    1    ....  to  11  terms. 
^    64'   16'   4  • 

i  »        2    1     _1        ,  to  7  terms. 

7*     -3'   3'       6"" 

389.    Ex.    Find  the  sum  of  the  series 
6,  3,   I toStenoB. 

Generally,  «-    /-i 

I  1        . 

and  here  a=6,/=2' ♦*="®» 

•  •  •■*      1  1 

V^  -2 

6       R     ft     -A. 
256"^    _J56_765 

- — T T"    cT 

"2  2 


EXAMPLES.— CXU. 

Find  the  sum  of  t..>J  following  series  : 

1.  2,   4,   0 to  15  terms. 

2.  1,   3,   9 to  6  terms. 

3.  a,ax%aa^ to  13  terms. 

^     «   **    *        ..  to  9  terms. 
4-    a,  -,   ^2  •••• 
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6.  2,  6,   18 to  n  terms. 

7.  7,   14,  28 ton  terms. 

8.  5,    -10,  20 to8termB. 

*  «        2    1        1 

~3»  3»    ~5 to  7  terms. 

390.    To  find  the  sum  of  an  Infinite  Series  in  Geometrical 
Progression,  when  the  Constant  Factor  is  a  proper  fraction. 

If/ be  a  proper  fraction  and  n  very  large, 
/•  is  a  very  small  number. 

Hence  if  the  number  of  terms  be  infinite,/"  is  so  small  that 
we  may  neglect  it  ia  the  expression 

,_«(/■- 1) 

and  we  get 

-^ 

a 

391.     Ex.1,    Findthesumof  theserie8s  +  l  +  -  + to 

3  4 

infinity. 

Here  /=l^i=?. 

4 
•  —    <*    -    3       16     .1 

••'  w-7^-y=^3- 
4 

Ex,  2,    Sum  to  infinity  the  series  ---  +  —  - 

te  ^i        O        27 

Here  /=-?^?^_4. 

•'        32        9' 

3  3 

.  ._    «    _         2  2        27 

V    9/         9 


SiSMi 


f 
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Examples.— cxlil. 


Find  the  sum  of  the  following  infinite  aeries: 


1     1 
I.     l»  2'  4' 


1    ^ 
**      *  4'    16 


3.    tf,   3,  27' 


9-     4^  2« 

10.     Sr*,  -  •25«, 


II.     Cf,  ft, 


3    I     1 
3*   3'  6' 


3    1 

4'  4' 


J^     1 
"•    10'  10'-*'  


13-  «>  -yi 


^6     _86__ 
'^*     100'   10000' 


7.    8,   3,  .,. 


8.    1^,   5, 


15.  -54444, 

16.  -83636, 


392.     To  imert  3  geometric  means  between  10  and  160. 

Taking  the  equation        z=af^\ 
we  put  10  for  a,  160  for  2,  and  5  ibr  w,  and  we  obtain 

160  =  10. /"^M 
.-.  16=/*. 

• 

Nov  16=2x2x2x2  =  2*; 

.-.  2*=/*. 

Hence /=  2,  and  the  series  will  be 

10,  2C,  40,  80,   160. 
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EXAMPLES.— CXlUI. 

1.  Insert  3  geometric  means  between  3  and  243. 

2.  Insert  4  geometric  means  between  1  and  1024. 

3.  Insert  3  geometric  means  between  1  and  16, 

4.  Insert  4  geometric  means  :  .tween  \  and  ^. 

393.    To  insert  m  geometric  means  between  a  and  b. 
The  number  of  terms  in  tlie  series  will  be  w  +  2. 
In  the  formula  z=af'^^, 

putting  b  for  a,  and  w  +  2  for  w,  we  get 

Of,  5  =  ^^«H-i. 

"J      ~a* 

_} 

or,  fsa j- 

Hence  the  series     ■ 

JL  •  , 

a,ax-jr,a>  b^-^,  b-i-~,~,  h, 

that  is, 

J-                   _L  1  1 

a,  (a".6)™+»,    ;a"-^62)'^\   ,   (a^.b'^'f^^  (r  6'»)»+^,  b. 

394.    We  shall  now  give  some  mixed  Examples  on  Arith 
metical  and  Geometrical  Progression. 

Examples.— cxlivr 

I.    Sum  the  following  series : 

(i)    8  +  15  +  22+  to  12  terms. 

(2)    116+108  +  lOCf  tolOterma, 


I    I 
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(3: 
(4: 
(5 

(6; 

(7 

(8 

(9: 

(10; 

(" 
(12; 


3  +  0  +  TH+  ^o  infinity. 


2-1  +  1- 

4    32 

1_2     U 
2     3"   6  " 

2    3^9 

1-1-5-  . 
2  2 


,.  to  infinity. 
,.  to  13  terms. 

tc  6  terms. 

to  29  terms. 


6  S 

=  + 1  + 1=  + to  8  terms. 


12     4 
3     9^27 

3_14_51 
5     10    Ts ' 


to  infinity. 
.  to  10  terms. 


^?-.  ^/6  +  2;v/(15)-  toSterms. 

7    7    35  .    -  , 

__  +  ____4.  ,  to  5  terms. 

5    2     4 


2.  I''  the  continued  product  of  5  terms  in  Geometrical 
Progiession  be  32,  show  that  the  middle  torni  is  2. 

3.  If  a,  h,  c  are  m  arithmetic  progression,  and  a,  h',  c  are 
in  geometrical  progression,  show  that  p  —  zriTTA' 

4.  Show  that  the  arithmetical  mean  between  a  and  6  is 
greater  than  the  geometrical  mean. 

5.  The  sum  of  the  first  three  terras  of  an  arithmetic  series 
is  12,  and  the  sixth  term  is  12  also.  Find  the  sum  of  the  first 
6  terms. 

6.  Wliat  is  necessary  that  a,  6,  c  may  be  in  geometric  pro- 
gression? 


r 


(ON. 


terms. 


in  Qeometriral 

3  2. 

and  a,  &',  c  are 
^een  a  and  6  is 


irithmetic  series 
sum  of  the  first 


L  geometric  pro- 
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7.  If  2n,  X  and  ^-  are  in  geometric  progression,  what  is  x\ 

8.  If  2rj,  1/  and  _  are  in  aritljiuetic  progression,  what  is  y? 

9.  Th;3  sum  of  11  c,'eoraetric  proj.;refl8ion  whose  T.rst  term  id 
1,  con.st.int  factor  ;J,  ano  number  of  terms  4,  is  equal  to  Xhi^  smu 
ot  an  arithmetic  progression,  whose  firat  term  is  4  and  constant, 
diilerenc^  4 :  how  many  terms  are  there  in  the  arithmetic  pre 
gression  ?  ^ 

10.  The  first  (7  +  n)  natural  numbers  when  added  together 
make  \hX    Find  n.  * 

11.  Prov.   that  the  sum  of  any  number  of  terms  of  the 
Meries  1,  3,  5, is  the  square  of  the  number  of  terms. 

12.  If  the  sum  of  a  series  of  5  terim  in  arithmetic  progres- 
sion  be  95,  show  that  tlie  njiddle  te  .!.  :    19. 

13.  I'here  is  an  arithmetical  progression  whose  first  terra  is 
33,  the  constant  difference  is  l|,  and  the  sum  of  the  terms  is 
22.    Required  +he  number  of  terms. 

14.  The  3  digits  of  a  certain  number  are  in  arithmetical 
progression ;  if  the  number  be  divided  by  the  sum  of  tlie  dibits 
in  the  units'  and  tens'  place,  the  quotient  is  107.  If  396^!)e 
subtracted  from  the  number,  its  digits  will  be  inverted, 
iioqnired  the  number. 

15.  If  the  C^  +  g-)"'  term  of  a  geometric  progression  hew, 
and  the  (i?-g)*^  term  be  w,  show  that  the  f'  term  is  ^{mn). 

16.  The  difference  between  two  numbers  is  48,  and  the 
arithmetic  mean  exceeds  the  geometric  by  18.  Find  the 
numbers. 

17-     Place  three  arithmetic  means  between  1  and  11. 

18.  The  first  term  of  an  increasing  arithmetic  series  is  -034, 
the  constant  difference  -0004,  and  the  sum  2-748.  Find  the 
number  of  terms. 

19.  Place  nine  arithmetic  means  between  1  and  - 1. 


I'fll, 


i 


aw' 


C^HJ '^1*  [■■■ 
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It'll 


r 

''1 

Kl' 

i  ^' 

f  ^ 

1- 

1 ' 

•":■' 

20.  Prove  that  every  term  of  the  series  1,  2,  4, is 

greater  by  unity  than  the  svini  of  all  that  precede  it, 

21.  Show  that  if  a  scries  of  mp  terms  forming  a  geometrical 
progression  whose  constant  factor  is  r  be  divided  into  sets  of  ^ 
consecutive  tenns,  the  sums  of  the  sets  will  form  a  geometrical 
progression  whose  constant  factor  is  r''. 

22.  Find  five  numbers  in  arithmetical  progression,  such 
that  their  sum  is  55,  and  the  sum  of  their  squares  765. 

23.  In  a  geometrical  progression  of  5  terms  the  difference 
of  the  extremes  is  to  the  difference  of  the  2nd  and  4th  terms 
as  10  to  3,  and  the  sum  of  the  2nd  and  4th  terms  equals  twice 
the  product  of  the  1st  and  2nd.     Find  the  series. 

24. '  Show  that  the  amounts  of  a  sum  of  money  put  out  at 
Compound  Interest  form  a  series  in  geometrical  progression. 


25. 


A  certain  number  consists  of  three  di';;its  in  geometrical 


progression 


The  sum  of  the  digits  is  13,  and  if  792  be  added 


to  the  number,  the  digits  will  be  inverted.    Find  the  number. 

26.    The  population  of  a  county  increases  in  4  years  from 
10000  to  14641 ;  what  is  the  rate  of  increase  ? 


XXXII.  ON  HARMONICAL  PROGRESSION. 

395.     A  Harmonic'al  Progression  is  a  series  of  numbers 
of  which  the  reciprocals  form  an  Arithmetical  ProgresBion. 

Thus  the  series  of  numbers  a,b,c,d, is  a  Harmonical 

Progression,  if  the  series  ^,   p   ],   3,  is   an   Arithmetical 

Progression. 

If  a,  h,  c  be  in  Harmonical  Progression,  &  is  called  the 
Harmonical  Mean  between  a  and  c. 

Note.     There  is  no  way  of  finding  a  general  expression  fot 
the  sum  of  a  Harmonical  Series,  but  many  problems  with 


in  4  years  from 


:jression. 


6  is  called  the 
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reference  to  such  a  series  maybe  solved  by  inverling  the  terms 
and  treating  the  reciprocals  as  an  Arithmetical  Series. 

396.     TjTa,  b,  c  he  in  Harmonical  Progression,  to  show  that 
a  :  r  ::  a-h  :  b~c. 

Since  -,  ^  -  are  in  Arithmetical  Progression, 

1_1_1J, 
c     b  "h    a* 

or  kz^=''-l 

be        ab  * 

or  ^.^^zk 

he      b-c* 

or  "_^Z^ 

e~b-c' 

397.     To  insert  m  harmonic  means  between  a  and  b, 

Fii-st  to  insert  in  arithmetic  nutans  between  -  and  - 

a        b' 

Proceeding  as  in  ^rt.  367,  we  have 

OT  a=h  +  {m  +  l).ahd 

•  d-     ^~^ 
ab  (vi+iy 

Hence  the  arithmetic  series  will  be 

\  !|       ^-^         1_^  2(a-h)  1     i?^(a^6)      1 

a'  a    ab(7ii  +  iy  a    a6(m  +  l) a    a6(mfl)'  6' 

or,            1       hm  +  a       6w  +  2a-6  am  +  h     1 

a'  ab{m  +  iy    ab(mTl)'   ablni  +  iy'b' 

Therefore  the  Harmonic  Series  is 

^    ab('m+l)      ab{m  +  l)  ab{m  +  l) 

'      hm  +  a   '   6m  +  2a-6'    '  am  +  b'' 


"••^T-TaiMi 


p\''       si 


fl."*- 


|i  ■*. 


II 


I 


.J- 


T-  '•<  '  . 


'I 
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398.    Given  a  and  6  the  first  two  terms  of  a  series  in  Har- 
monical  Progression,  to  find  the  n^  term. 

-  -  are  the  first  two  terms  of  an  Arithmetical  Series  of 
a'  h 

which  the  common  difference  is  ^--• 


The  w*"  term  of  this  Arithmetical  Series  is 


\ 


1     (w  - 1)  {obz^  _  ^  +  ^^-^-^^^  +  ^ 
a^  ah  ""  oh 

(;m-a)  :J'i6r_2&)  ^  (n-l)a-{n-2)b 
'-  ab        '"  ah  * 


:.  the  w**  term  of  the  Harmonical  Series  is 

ab 

{n-l)a-{n-2)b' 

399.     Let  a  and  c  be  any  two  numbers, 

6  the  Harmonical  Mean  between  them. 


Then 


or 


li^ii 
6    a     c    6' 

2    a  +  c 
b~  ac   * 

2ac 


.-.6= 


a  +  c 


400.    The  following  results  should  be  rememberea. 


a  +  c 


Arithmetical  Mean  between  a  and  c=  —^ 
Geometrical  Mean  between  a  and  c=  y/ae. 
Harmonical  Mean  between  a  and  c  =  "  — -. 

ft  tC 
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Hence  if  we  denote  the  Means  by  the  letters  A~a    H 
respectively,  ^  leiiers  a,  tr,  H 

2      a  +  e 

that  is,  Gf  ia  a  mean  proportional  between  A  and  H.  . 
.^L2  ^'^"  *'^\^'  ^'  ^  -  -  ^--<^"^^'  order  of 

Since  (  Va-  Vc)2  must  be  a  positive  quantity. 
,  (  Va-  ^ey  is  greater  than  0, 
°'  »  -  2  Vac  +  c  greater  than  0, 

0'  «  +  c  greater  than  2  Vac, 


or 


a-vc  

"2"  greater  than  Vac; 


that  is,  ^  is  greater  than  G. 
Also,  since  a  +  c  is  greater  than  2  Vac, 

Vac  (a  +  c)  is  greater  than  2ae  j 

.*.  $Jae  is  greater  than : 

a+c* 

i.e.  G  is  greater  than  H. 


Examples.— cxlv. 

I.    Insert  two  harmonic  means  between  6  and  24. 

' ^O'" 2  and  3. 

3*     three  


3  *^^  2- 


4. 


four. 


sand 


18* 


H 


i 


I 


k\ 


[^' 


mi 


^  ,1 

1         ■.'      ', 

itn^ 

1,     !       Nf* 

1     •    •:^' 

';'"■    *  , 

■.';'•    if. 
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5,    Insert  five  liarinonic  means  between  - 1  and  2"^ 

6 tive 2  2* 

7 six ^^'^^aa* 

Q  ^ 2a;  and  3y. 

o.     The  sum  of  three  terms  of  a  harmonical  senos  is  ^,  and 

the  first  term  is  \ :  find  the  series,  and  continue  it  both  ways. 

lo  The  arithmetical  mean  between  two  numbers  exceeds 
the  geometrical  by  13,  and  the  geometrical  exceeds  the  har- 
monical  by  12.    What  are  the  numbers  1 

II.  There  are  four  numbers  a,  6,  c,  rf,  the  first  three  in 
arithmetical,  the  last  three  in  harmonical  progression;  show 
that  a  :  6  =  c  :  A. 

12  If  a  is  the  harmonic  mean  between  m  and  w,  show  that 

05 -m    x-n    m     n 

13  The  sum  of  three  terms  of  a  harmonic  series  is  11,  and 
the  sum  of  theit  squares  is  49  ;  find  the  numbers. 

14  Ux,y,z  be  the  p'\  q'\  and  r*-'  terms  of  a  H.P.,  show 
that  {r-q)yz  +  {p-r)xz  +  {q-p)xy=0. 

ic  If  the  H  M  between  each  pair  of  the  numbers,  a,  h,  c 
be  in  A.P.,  then  k  a\  c^  wiU  be  in  h.p.  :  and  if  the  h.m.  be  in 
H.P.,  6,  a,  c  will  be  in  h.p. 

i6.  Show  that  ^-±^^  +  ^^^^  =  4,  >7,  or  >10,  according  aa 
c  is  the  A.,  G.  or  H.  mean  between  a  and  6. 


XXXin.     PERMUTATIONS. 


3  it  both  ways. 


,iid  n,  show  that 


series  is  11,  and 


of  a  H.P.,  show 


10,  according  as 


402.    The  different  arrangements  in  respect  of  order  of  sue 

Thus  if  from  a  box  of  letters  I  select  two,  P  and  Q  I  can 
make  <i.o  permutations  of  ti.em,  placing  P  first  on  the  kft  and 
then  on  the  right  of  Q,  thus : 

P,  Q  and  Q,  P. 

If  I  now  take  ^^^m  letters,  P,  Q  and  E,  I  can  make  six  per- 
mutations of  them,  thus :  ^ 

P,Q,R;  P,  E,  Q,  two  in  which  P  stands  first 
Q,P,E;  Q,E,P, Q 

R,P,Q;  E,  Q,p, ^> ■■■■■■■■■ 

403  In  tbe  Examples  just  given  all  the  things  in  each  case 
are  taken  togetlier ;  but  we  may  be  required  to  find  how  man. 
permutations  can  be  made  out  of  a  number  of  things  when  a 
certain  number  only  of  them  are  taken  at  a  time.  ' 

P  O^T.Jp^/rT'"'''  '^'''  '"^  ^^  ^°^«^^d  ^'^^  of  the  lettera 
i-,  y,  and  E  taken  two  at  a  time  are  six  in  number,  thus  • 

P,Q',P,E;  Q,P-  q,R;E,P-E,Q. 

404.  To  find  the  number  of  permutations  of  n  different  thinns 
taken  r  at  a  time. 

Let  a,b,c,d...  stand  for  n  different  things. 

First  to  find  the  number  of  permutations  of  the  n  things 
taken  two  at  a  time.  ^ 

If  a  be  placed  before  each  of  the  other  tilings  6,  c,  d  of 
which  the  number  is7i-l,we  shall  hava7i-l  permutations 
in  which  a  stands  first,  thus  ^"•-awons 

(lb     (LC     ^  f^ 
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m  .  #• 


7.r 


If  6  be  placed  before  each  of  the  other  things,  a,  c,  d  ...  we 
ghall  have  n- 1  permutations  in  which  6  stands  first,  thus : 

ba,bc,bdj 

SimiUirly  there  will  be  n- 1  permutations  in  which  c  stands 
first:  and  so  of  the  rest.  In  this  way  we  get  every  possible 
permutation  of  the  n  things  taken  two  at  a  time. 

Hence  there  will  be  w .  (w  - 1)  permutations  of  n  things  taken 
two  at  a  time.  ^ 

Next  to  find  the  number  of  permutations  of  the  n  things 
taken  three  at  a  time. 

Leaving  a  out,  we  can  form  (w-1) .  (n-2)  permutations  of 
the  remaining  (n  - 1)  things  taken  two  at  a  time,  and  if  we 
place  a  before  each  of  these  permutations  we  shall  have 
(w-l).(ii- 2)  permutations  of  the  n  things  taken  three  at  a 
time  in  ivhich  a  stands  first. 

Similarly  there  will  be  (n-l).  (w-2)  permutations  of  the 
n  things  taken  three  at  a  time  in  which  b  stands  first :  and  so 
for  the  rest. 

Hence  the  whole  number  of  permutations  of  the  n  things 
taken  three  at  a  time  will  ha  n.  {n-l).  (n-2),  the  factors  of 
the  formula  decreasing  each  by  1,  and  the  figure  in  the  last  factor 
being  1  less  than  the  number  taken  at  a  time. 

We  now  assume  that  the  formula  holds  good  for  the  number 
of  permutations  of  n  things  taken  r- 1  at  a  time,  and  we  shall 
proceed  to  show  that  it  will  hold  good  for  the  number  of  per- 
mutations of  n  things  taken  r  at  a  time. 

The  number  of  permutations  of  the  n  things  taken  r-1  at 

a  time  will  be  ,       n 

n. {n-l). (n-2) [n-\{r-l)-l\l 

thatis  w. (n-l). (w-2) .......  (w-r  +  2). 

Leaving  a  out  we  can  form  {n- 1) .  {n-2) (n-  l-r  +  2) 

permutations  of  the  {n-l)  remaining  things  taken  r-1  at  a 
time. 

Putting  a  before  each  of  these,  we  shall  have 

(n-l).  (n-2) (n-r+1) 

permutations  of  the  n  things  taken  r  at  a  time  in  which  a 
Btands  first. 


'ipi 


8t,  thus : 

ich  c  stands 
ery  possible 

things  taken 


ihe  n  things 


nutations  of 

3,  and  if  we 

shall   have 

n  three  at  a 

tions  of  the 
irst:  and  so 

;he  n  things 
le  factors  of 
he  last  factor 

the  number 
and  we  shall 
Qiber  of  per- 

akenr— 1  at 

], 

[n-l-r  +  2) 
cenr— 1  at  a 


in  which  a 
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So  again  we  shall  have  ('^~\\   (n-'^\  /«  ,x    "^ 

srr  .:*r  - '«-  "-  --  ^^^  --vis 

Hence  the  whole  number  of  permutations  of  the  n  thinm 
taken  r  at  a  time  will  be  mings 

w.(n-l).(w-2) (w-r+1). 

If  then  the  formula  liolds  good  when  the  n  things  are  taken 
-1  at  a  .me,  it  will  hold  good  when  they  are^Ike"  rat " 

But  .ve  liave  shown  it  to  bold  when  they  are  taken  '\  .f  « 
time;  lience  it  will  hold  when  thov  are  takL  !„!     .  \ 

BO  on :  therefore  it  is  true  for  aSe^^e!  of  T'^  ^"' 

formula  gL?  ''  ''"^"  '^  '^'^^  ^''  together,  .=.,  and  the 

w.(n-l).(w-2) (w-n+l)j 

t^'^t^s,  w.(n-l).(7i-2) 1 

as  the  number  of  permutations  that  cin  be  formed  of,,  dif 
terent  things  taken  aU  together.  "" 

For  brevity  the  formula 

w.(?i-l),(,i_2) 1, 

which  is  the  same  as      1.2.3 n 

is  written  |  n.    This  symbol  is  called  [factmial  n. 

Similarly  |^  is  put  fori .  2 .  3 r; 

liJl.1 fori. 2. 3 (r-1). 

Obs.        \n=n.\n-l=n.(n-l).\j^2:=&c. 

/«  ^?L^'     T''-^'''^  ^^'  '''*'''^'''  of  permutations  ofn  things  taJcen  aU 
together  when  certain  of  the  things  are  alike. 

Let  the  n  things  be  represented  by  the  letters  a,b,cd 

and  suppose  that  a  recurs  ^  times,  '    

^  q  times, 

,  c   r  times, 

and  30  on. 

^J^  Another  proof  of  this  Theorem  may  be  seen  in  Art.  476. 

9 


w 
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Let  P  represent  the  whole  number  of  permutations. 

Then  if  all  the  p  letters  a  wore  chanK'ed  into  p  othei*  letttrn, 
difterent  from  each  other  and  from  all  the  rest  of  the  n  letters, . 
the  places  of  these  f  letters  in  any  ow.  permutation  could  now 
he  interchanged,  each  interchau^e  givin-  rise  to  a  new  permu- 
tation, and  thus  from  each  single  i>ermut:iti<m  we  c<.ul<l  torm 
1.2 V  permutations  in  all  and  the  whole  number  oi  per- 
mutations would  be  (1 .  2  . . .  i^)  V ',  that  is  \y  •  P- 

Similarly  if  in  additicm  the  q  letters  h  were  changed  into  9 
letters  different  from  each  other  and  from  all  the  rest  oi  the  7» 
letters,  the  whole  number  of  permutations  would  be 

and  if  the  r  letters  c  were  also  similarly  changed,  the  whole 
number  of  permutations  would  be 

♦  I  r_.  [_?  .  [p  .  P ; 

and  so  on,  if  more  were  alike. 

But  when  the  p,  9,  and  r,  &c.,  letters  have  thus  been  changed, 
we  shall  have  n  lettern  all  different,  and  the  uuuiber  of  permu- 
tations that  can  be  formed  of  them  is  |^  (Art.  405). 

Hence  P.|Pjli.-k =1^» 


m 


I  !•      ,'  '  I 


Examples.— cxlvi. 

1.  How  many  permutations  can  be  formed  out  of  12  thinge 
taken  2  at  a  time  ? 

2.  How  many  permutations  can  be  formed  out  of  16  things 
taken  3  at  a  time  % 

3.  How  many  permutations  can  be  formed  out  of  20  things 
taken  4  at  a  time  % 

4.  How  many  changes  can  be  rung  with  5  bells  out  of  8  ? 

5.  How  many  permutations  can  be  made  of  the  letters  in 
the  word  Examination  taken  all  together  ] 

6.  In  how  many  ways  can  8  men  be  placed  side  by  side? 


In 


COMB/NATlO.Yi,. 


ions. 

othei*  letttTH, 
the  71  letters, . 
m  could  now 
1  new  pevrnu- 
ve  could  form 
umber  of  per- 

ihanged  into  9 
e  rest  of  the  n 
I  be' 

ged,  the  whole 
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been  changed, 
(iber  of  permu- 
05). 


7.  In  how  Tuuny  ways  can  10  men  be  placed  side  by  side  ? 

8.  Three  Hags  are  re.,„ir,.d  to  make  a  signal.     How  manv 

tIn.Ks  tokon  S  at  a  t,me  =  1 :  20.    flow  ,„a„y  thi„,(»  ure  then. ) 

II.    The  number  of  per,„ut„ti„„8  of  m  thim-s  taken  3  at  « 
n...e:.u.n„n,,«...^ 

>3-    J'iwl  the  number  of  permutations  of  the  lettem  „f  th. 
pro<luct  aVc'  written  at  full  length.  *' 

out"t,f  t';:'lt«  •:  t.:'or:i':  f;:,';"'''  "■-'  "•"■■; ""  '--<• 


)ut  of  12  thinge 

out  of  16  things 

out  of  20  things 

bells  out  of  8? 
of  the  letters  in 

L  side  by  3iu.e  t 


XXXIV.    COMBINATIONS. 

407.  The  Combinations  of  a  number  of  things  are  the 
diflei^nt  collections  that  can  be  fonned  out  of  them  by  tok  n^ 
a  ce:tam  number  at  a  time,  without  reg^u-d  to  the  order  ^ 
winch  the  things  stand  in  each  collection 

a^!t  1^^,  H  ^^^"  ""'''''''  *^'^"  '^^  ''  ^  '^^  - 

tionrf/'""\'f '  combination  we  could  make  two  pennuta- 

lon      thus  ab,  ba;  ac,  ca;  and  so  on :  for  ab,  ba  are  the  same 

conibmation,  and  so  are  ac,  ca.  ^ 

Here  from  each  combination  we  conM  make  ~ 

'-s;  thu»  a«c,  006,  lac,  lea,  cai,cbar^i  Ton.  "^  ^"*'"'* 


Il 
>  ( 


I'  Rfl 


'  ;':t 


111  iil! 
Ill    )  <. 


29a  COMBlNAirur^-^i. 

An«l,  «,'<-iu'nilly,  in  acconlanct!  with  Art.  405,  any  ci.nibintu 
tion  of'n  tliing.1  may  be  nmdc  into  1  . 2  .  :i ...  n  permufcivtions. 

408,     To  find  the  number  of  combimtions  of  n  different  thing* 
taken  x  at  a  time. 

Let  (7,  denote  the  number  of  combina^tions  required. 

Sincje  each  combination  contains  r  things  it  ri'n  be  made 
into  I  r  pi'.nnutiitions  (Art.  405) ; 

.-.  the  whole  number  of  permutations  =  |r_.  Cv 

But  also  (from  Art.  404)  the  whole  number  of  permutationa 
of  n  things  taken  r  at  a  time 

<=n(n-\) (n-r  +  l); 

:,\r_.C,=n{n-l) (n-r+1); 

njn-l) (n-r+l) 

409.     To  show  that  the  number  of  combinations  of  n  thiv^t 
taken  v  at  a  time  is  the  same  as  the  number  taken  u-t  at  a 

time. 

n.{n-l) (w-r+1). 

^••~  1.2.3 r  '     ■ 

r,        n.(n-l) \n-(n-r)  +  l} 

and  t/-r=  1  2.3 (n-r) 

n^n-1) (r  +  1) 

""   1.2.3 (n-r)  " 

Hence 

0,      n.(n-l) (n-r+l)  ^   h^.-^ ^^~*'^ 

IVi; 1.2.3 r        '     n.{n-l) (r  +  1) 

« .  (n  - 1) (n-r+l).  (n-r) 3.2.1 

•=  r2.3 r.(r+l) (»-!).» 

\n 

=  1.  '  - 

.  n  _/ir 

Thalia,  v,=-v. 


any  combina- 
Timitiit.ioiis. 

\iffereni  thingt 

iiired. 

c»"i  be  iiiade 

permutatiouB 


ns  of  n  thiiuft 
ken  n-r  at  a 


...(n-r) 

(r  +  l) 

3.2.1 
.n 
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410.    Making r-1,  2,  3 r-  1,  r,  r+l  h,  orj.r, 

C7,=n.  Ci=?.!L-i  r»^w  n-1   n-S 
'12   '^»="l--2~-~3~- 


i:2...:::(r:i) — 


^  ^«.(^t-  1) (?t-r4-2)  .  (« - r  + 1) 

1.2 (r-l).r  ' 

1.2T.....rr(rTi) ^ 


C?.=l. 


Hence  the  general  expression  for  the  factor  connecting  (T 
one  of  the  set  of  numbers  C\,  C, (J^, cr.,  with  C^ 

that  which  stands  next  before  it,  is  VlZ1±1  that  is 


>* 

'»»-i* 


With  regard  to  this  factor  ^TT+I ,  ^,  observe' 

(1)  It  is  always  positive,  because  w  + 1  is  greater  than  r 

(2)  Its  value  continually  decreases,  for 

w-r+1     %+i 

^ •  ^  —        • 

r  t 

which  decreases  as  r  increase.s 


(3)    Though 


n-r+l 


continually  decreases,  yet  for  several 


eXfTy'  "^'^^'^  "^  V'  ''  ^''''''  *^^^^  ""i^>^'  -"d  therefore 
each  of  the  corresponding  terms  is  greater  than  the  preceding. 

(4)    When  r  is  such  that  ^-Zltl  i,  less  than  unity  the  cor- 
rebpouding  term  is  less  than  the  preceding. 


I! 


B 


m 
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(5)     If  n  and  r  bo  such  that  ?--^-i'  =  1,  a  and  0,-1  are  a 


pair 


leater  than  any  preceamg  or  subfle- 

"  Hence  up  to  .1  certain  term  (br  pair  of  terms)  the  terms  in- 
crease, and  after  that  decrease :  this  term  (or  pair  of  terms)  is 
the  irroatest  of  the  series,  and  it  is  the  object  of  the  next  Article 
to  deterniine  what  value  of  r  gives  thia  greatesi  term  (or  pair 
oi  terms). 

41 1.     To  find  the  value  of  r  fwr  which  the  number  of  cambina- 
tima  of  n  thiwjs  taken  r  together  is  the  (jreatcst. 
rt.(n-l)...^.(H-r  +  2) 
^•^»""        1.27.....(r-l) 

I  n.  (n-1) («-r  +  2) , (n-r+l) 

^'"         172" (r-J)  r 

n.(n-l) (n-r+1). ^t-r 

^r+i 12 r  r+1* 

Hence,  if  0,  denote  the  number  of  combinations  reciuired, 

3l  and  -—  must  neitbjr  of  them  be  less  than  1. 

Or      n-r+1 
But  ^— -       J.      y 

a  _r+l 

and  ^^^^    ^i_.- 

Hence -'"""^^  is  not  less  than  1  and  —^is  not  less  than  1, 
or,  »-r  + 1  is  not  leys  than  r  and  r  +  1  not  less  than  n  -  r, 

or,  n+l  is  not  less  than  2r  and  2r  not  less  than  n-1; 

.-.  2r  is  not  greater  than  n+l  and  not  less  than  n-1. 

Hence  2r  c.     have  only  three  values,  n- 1,  n,  91  + 1. 

Now  2r  must  be  an  even  number,  and  therefore 

(1)    If  n  be  odd,  n  - 1  and  n  + 1  being  both  even  numbers, 

K    1     • 


2r 


may  be  cn 


1  iiui  tu  ft 


1  or  n  A 


COMBINATIONS, 


I  and  0,_i  are  a 
ceding  or  subfle- 

is)  the  terniB  in- 
])air  of  tenns)  in 
the  next  Article 
i8i.  teiiu  (or  pair 

mber  of  camMna- 


-r+1) 


hi* 

nations  recjaired, 

in  1. 


is  not  less  than  1, 

lot  less  than  «  -  r, 

ot  less  than  n-1; 

;ss  than  71  — 1. 

I,  n,  91  +  1. 

iretbre 

th  even  numbers, 


»05 


n-1 


n  +  1 


..r=--     orr-=-_. 

(2)    If  n  be  even  n  -  1  and  n  + 1  being  both  odd  numbers 
Sr  can  only  be  equal  to  n ;  "uiu  Jera, 

th^'llJ',    ^l  ''^^^  '^'"f  '^"^  '""">^  '""«*^  ^«  ^ken  together 
that^the  number  ot  combinations  may  be  the  greatest  pes' 

Here  n=-8,  an  even  number,  therefore  the  number  to  be 
taken  is  4.  which  will  m...  8x7x«x5 

nr2  X  3x4  ^^  ^^  combinations. 

Ex.  2.     If  th^e  nnmber  of  things  be  9,  then  the  number 
to  oe  taken  is  -T-i  or  ^tA,  that  is  4  or  5,  which  will  gm 


respectively 


9xHx7x« 

1  x  2  X  3  X  4'  "^  ^^^  combinations,  and 

9x8x7x6x5 

Ix  2  X  3  xl"^  6'  "^  ^^^  combinationa. 


Examples.— cxlvii. 

be  chos^enV^  ^^  '''^'^''''  ^"""^  "'''"^  ^'^"''"^  P^^'«  «^  ^ 


can 


5  at  a  tiZr''^  «o"^l>inations  can  be  made  of  6  things  taken 

ftk^n  ,^J'f  "^.^«"^^^^f  ti^»«  of  t^^e  first  10  letters  of  the  alphabet 
taken  5  together,  m  how  many  will  a  occur  ? 

4.     How  mauy  words  can  be  formed,  consistin-r  of 


«onunt.s  and  one  vowel,  in  a  language  containing  1 J 

iiiiil  ;)  vowels? 


c,  ".  3  con- 
o  x^  consonants 


tiini. .  '!i^"  """i^''"  f  ^'^'"^''"^^^''^n^  of  n  things  taken  4  at  a 
t'lne  :  the  number  taken  2  at  a  time  =15:2.     Find  n. 

6,    The  number  of  combinations  of  n  tilings,  taken  5  at 
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'I      1 


a  ti'jne,  is  3=  times  the  number  of  combinations  taken  3  at  a 
o 

time.    Find^. 

7.  Out  of  17  consonants  and  5  vowels,  how  many  words 
can  be  formed,  each  containing  2  vowels  and  3  consonants? 

8.  Out  of  12  ctjnsonants  and  5  vowels  how  many  words  can 
be  formed,  eacli  containing  6  consonants  and  3  vowels  ? 

9.  The  number  of  permutations  of  n  things,  3  at  a  time,  is 
6  times  the  number  of  combinations,  4  at  a  time.     Find  n. 

10.  How  many  ditfercnt  sums  may  b(;  formed  with  a  guinea, 
a  half-guinea,  a  crown,  a  half-crown,  a  shilling, and  a  sixpence] 

11.  At  a  game* of  cards,  3  being  dealt  to  each  person,  any 
one  cbn  have  425  times  as  many  hands  as  there  are  cards  in 
the  pack.     How  many  cards  are  there  % 

12.  There  are  12  soldiers  and  16  sailors.  How  many  dif- 
ferent parties  of  6  c-an  be  made,  each  party  consisting  of  3 
soldiers  and  3  sailors  ? 

13.  On  how  many  nights  can  a  different  patrol  of  5  men  be 
draughted  from  a  corps  of  36  ?  On  how  many  of  these  would 
any  one  man  be  taken  ? 


XXXV.    THE    BINOMIAL   THEOREM. 
POSITIVE    INTEGRAL   INDEX. 

412.  The  Binomial  Theorem,  first  explained  by 
Newton,  is  a  method  of  raising  a  binomial  expression  to  any 
power  without  going  through  the  process  of  actual  multipli- 
cation. 

413.  To  in'vestigate  the  Binomial  Theorem  for  a  Positive 
Jnteyral  Ivdex, 


*!• 
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By  actual  multiplication  we  can  show  that 
(a;  +  a,)  {x  +  a^)  =x^  +  (a^  +  a,)  x  +  a^a^ 
(«  +  aj)  (aj  +  fla)  (a;  +  a3)=x3  + ^^^  ^^^^^^)  ^2 

+  (aiftg  +  aiOg  +  aattg)  x  +  aiajO, 

+  (ofiffa  +  ttiag  +  a^a^  +  a^a^  +  a.^a^  +  a^a^  x^ 
+  (ttia.Oa  +  ttifl^a^  +  (1^0,^4  +  a2a3a4)  x  +  aiagaja^. 
In  these  results  we  observe  the  following  laws  : 

L  Each  product  is  composed  of  a  descending  series  of 
powers  of  x.  The  index  of  x  in  the  first  term  is  the  same  as 
the  number  of  factoi-s,  and  the  indices  of  x  decrease  bv  unity 
m  each  succeeding  term.  ' 

IL     The  number  of  terms  is  greater  by  1  than  the  number 
01  lactore, 

III.     The  coellicient  of  ih^  first  term  is  unity. 

of  the  second  the  sum  of  a^,  a.^,  aj  ... 
of  the  third  tlie  sum  of  the  products  of 

«!,  «25  »3  •••  taken  two  at  a  time. 
of  the  fo  urth  the  sum  of  th  e  prod  u  cts  of 
ttj,  ^2,  tta  ...  taken  three  at  a  time. 
and  the  last  term  is  the  product  of  all  the  (luantities 

«i,  a^f  tta 

Suppose  now  this  law  to  hold  for  n- 1  factors,  so  that 

^^  +  ai)(x  +  a^)(x  +  a3) (x  +  a^_i) 

=x"-i  +  Si .  a;'-2  +  ;S; .  a;»-3  +  g_^  ^  ^.^  ^ g^_^^ 

where  5fi  =  ai  +  aa  +  ag +  ...+ a„_i, 

that  is,  the  sum  of  a^,  a^,  ^3  ...  a„-i, 


that  is,  the  sum  of  the  products 


taken  two  at  a  time. 


h,  «2,  «3 


<»»- 


1) 


1  ."'l 


■  \i 


1 
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that  ia,  the  Hum  of  the  products  of  a^,  a^.-.a,^], 


taken  three  at  a  time, 


5»-i=»i«af*3 


(I 


«-!> 


that  is,  the  product  of  a^,  a^,  (I3 ...  a, 
Now  multiply  both  sides  by  x  +  a^. 
Then 
(a  +  ttj)  (a;  ^-  a^) . . .  (x  +  tt„_i)  (a;  +  a„) 


'»-l» 


!»■ 


'  +  S,a;''-i  +  ,S',x''-2  +  -S'3:c"-3  +  , 


+  a,,  X'* 


;»-i  +  a^S,  x»-2  +  ct„8'.,  »"-3  + . . .  +  a„S,.i 


"B-^l 


»"ii-i 


»»"  +  (/Si  +  a„)  a;"-i  +  {S.,  +  a„Si)  x" 


+  {^i  +  a,Ai)  'C"-3  +  . . .  +  a A-i. 

Now  Si  +  a„=ai  +  a^  +  aa\- ...+  a^_^  +  a,., 

that  is,  the  sum  of  %,  (tjj,  as ...  a„ 

fc'j,  +  a^/Si  =  /Sg  +  a„  (di  +  fta  + . . .  +  a,^i), 

that  is,  the  sum  of  the  products  of  a^,  a.2...a^ 
taken  two  at  a  time, 

that  is,  the  sum  of  the  products  of  %,  a<,...a.y 
taken  three  at  a  tim., 


that  is,  the  product  of  tij,  a„,  a^ ...  a». 

If  then  tlie  law  holds  good  for  n  -  1  factors,  it  will  hold  good 
for  n  factors  :  and  as  we  have  shown  that  it  holds  good  up  to  4 
iuctovs  it  will  hold  for  5  factors  :  and  hence  for  6  factors  :  and 
80  on  for  any  number. 
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of   «!,    fltg  ...ff«j 


Now  let  each  of  the  n  quantities  rtj,  aj,  aj ...  a„  be  equal  to 
«,  and  let  us  write  our  result  thus : 

The  lel't-luind  side  becomes 

(x  + '/,)  (a;  +  (*)...  (a;  +  a)  to  w  lactors,  that  is,  (a  +  a)». 

And  on  the  right-hand  side 

yli  =  a  +  rt-f-a+ ...to  71  terniB=wa, 

ylo  =  rt-'  +  rt-  +  a"+  ...to  as  many  terms  as  are  equal  to  the 
niijnl)er  ul'  combinations  of  ii  things  taken  two  at  a  time,  thj.t 

"—hi-' 


^^=      1:2-    •< 


^3  =  a-Ha3  +  a3+  ...to  as  many  terms  as  are  equal  to  the 
number  of  combinations  of  n  things  taken  thrm  at  a  time,  that 
.   n.(n-l).(w-2). 
1.2.3 

...  ^3=»!Li(^rl)_:_(^-l)  «3 

^  1.2.3  •     ' 

^„=a.a.a...toMfactor8  — a". 
Hence  we  obtain  as  our  final  result 

{s,  +  ay = x»  +  ?uix"-»  +  ^-^^"i)  a2a;»-a 

,  ?'. .  (m  -  1) .  (71  -  2)      ,    ^ 

1.2    3 •  «  «*'"^+  -  +»"• 

414.     Ex.     Expand  (a;-!- a)'^. 

Here  the  number  of  terms  will  be  sevm,  and  we  have 

A . 2  1.2.3 

6.6.4.3    .  . ,6.5. 4.3.2    . 

■^r:2-r4«'^'+r:2:3:4:5*"^+«"  , 


19 


V 


?'.. 


f(    .-s 

*^'     5  2 

i.  i 
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Note.  The  coefficients  of  terms  equidistant  from  the  end 
and  from  the  heginning  are  the  same.  The  general  proof  of 
this  will  be  given  in  Art.  420. 

Hence  in  the  Example  just  given  when  the  coefficients  of 
four  terras  had  been  found  those  of  the  other  three  might  have 
been  written  down  at  once. 


EXAMPLES.— cxlviii. 


Expand  the  following  expressions  : 
I.     (a  +  ,r)*.  2.     (6  +  o)«. 

4.     (.-c  +  #.  5-     (5  + 4ft)*. 

415.     Since 
\ 


3-     («  +  &)'. 

6.     ((t2  +  6't;)5. 


»^.0^-l).^2^....+^« 


if  we  put  »=  1,  we  sliall  have 

(l+a)"=l+«(i  +  -  -y  2 

416.     Every  binomial  may  be  reduced  to  such  a  form  that 
the  part  to  be  expanded  may  have  1  for  its  first  term. 

Thus  since  x4-a  =  a;(^l +-j, 

and  we  may  then  expand  (l  +-)'  i^^itl  multiply  each  tenn  of 
the  result  by  .x". 

Ex.     Expand  (2a; +  3?/)^ 

(2x  +  3#=(2x)'>.(l+||y 

«    f,     .31/    5.4    /37/V  ,  5.4.3   /3?/\' 

■^lT2.3.4-\2^->'  "^W  ! 
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=  32.;' -f  1  +  ^^  +  ^^f  ,  270//^     405//*     243?/« » 
I        2x       4,/;'        K/?'    ■*'  16a;*  "^  32.r' ; 
=  32x5  +  240xhj  +  720a;3t/2  +  lOSOaj^i/S  +  SlOa;^*  +  243i/5. 

417.  The  expansion  of  (a;  -  a)"  will  be  precisely  the  same  as 
that  ot  (x  +  a)%  except  tliat  the  sign  of  terms  in  which  the  odd 
powers  of  a  enter,  that  is  the  second,  fourth,  sixth,  and  other 
even  terms,  will  be  negative. 


Thus  (x  -  ay = x"  -  wax"-^  +  *i^  ~~  ^ .  a^x''-'^ 

J.   •  ^ 


rt.(7i-l).(n-2)     „  ,,  , 
1.2.3  '^'^     + 


for 


(a-a)-=jx  +  (-a)f" 

=x"  -  wax"-i  +  'ill!izi)  a'^x"-''  +  &c. 
Ex.     l']xpand  (a  -  c)^ 

=a&  -  5a4c  +  lOaV  -  lOaV  +  5ac4  -  c6. 


'^  each  tenu  of 


Examples.— cxlix. 

Expand  the  follov/ing  expressions : 

I.    {a-xf.  2.     {h-cy.  3.    (2x-3#. 

4.     (l-2x)6.  5.     (l-a;)W  6.     («^-6ii)8. 

418.     A  trinomial,  as  a  +  6  +  c,  may  be  raised  to  any  power 
by  the  Binomial  Theorem,  if  we  vegard  two  terms  as  one,  thus  : 

_^n.{n~\)        __,    _ 

^ — i^2r~'^  ^"^  -.c"+ 
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;  I'. 


r| 


I  •^•s.i 


[!!!  ,  I 


ill  SI 


)>*> 


>  lip 


:j.2 


Ex.     Expaml  (l+a;  +  a;2)3. 

1  *  Jt 

=  (1  +  3a;  +  3a:2  +  0:3)  +  3  (1  +  2x  +  x2)  a;2 

+  3(l+!K)ar*  +  .xO 
=  1  +  3a;  +  3a;2  +  «''  + 3x2 +  6x3  4.33.4  ^  3^4 

+  3x^  +  xC 

=  1  +  3iB  +  6x'-' +  7x3  +  6a;*  +  3ic6  +  a^c^ 

EXAMPLES.— Cl. 

Expand  the  following  expressions : 
I.     (a  +  2&-c)3.  2.     (l-2rt;  +  3a;2)'l      3.     (£B3_a;2  +  x)3. 

4.     (3.<;^!+ 2x^4- 1)3.      5.     (a;+l-^y 


6.     (a*  +  ?)*  - c"^)3. 


419.     To  ytwrf   ^/ifi  r*''  or  general  term  of  the  expansion  of 
(x  +  «)". 

We  have  to  determine  three  things  to  enable  us  to  write 
down  the  r""  term  of  the  expansion  of  {x  +  ay. 

1.  The  index  of  a;  in  that  term. 

2.  The  index  of  a  in  that  term. 

3.  The  coefficient  of  tliat  term. 

Now  the  index  of  x,  <Iecreasing  by  1  in  each  term,  is  in  the 
r*  term  n  —  r+1;  and  the  index  of  a,  increasing  by  1  in  each 
term,  is  in  tlie  r"'  term  r—1.. 

For  example,  in  the  third  term 

the  index  of  x  is  ?i  —  3  +  1,  that  is,  ?i  -  2  ; 
the  index  of  a  is  3  -  1,  that  is,  2. 

In  assigning  its  proper  coefficient  to  the  r*  term  we  ]  ave  to 
determine  the  last  I'uctor  in  the  denominator  and  also  in  the 
numerator  of  the  fraction 

n.{n-l).  (n  -  2) .  (n - 3) 

1 72T3T4  7:TT7^  ' 


c) .  a;*  +  -f^' 


X'^ 


-x^  +  x)^. 


ixpcnision  of 
us  to  write 
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Now  tlie  last  factor  of  tlie  denominatur  is  less  by  1  tlian  the 
number  of  the  term  to  which  it  belongs.  Thus  in  the  S"*  term 
the  last  Itictor  of  the  denominator  is  2,  and  in  the  r"*  term  the 
last  factor  of  the  denominator  is  r- 1. 

The  last  factor  of  the  numerator  is  formed  by  subtracting 
from  n  the  number  of  the  term  to  which  it  belongs  and  addinc 
2  lo  the  result.  * 

Thus  in  the  S'^  terai  the  last  factor  of  the  numerator  is 

w-3  +  2,  that  is  ?t-l  ; 

i^^^l'^^^" n-4  +  2,  thati.sw-2; 

nnd  so      in  the  j"" 7i_,.  +  2. 

Observe  also  that  tlie  factors  of  the  numerator  ^/crn'r/s^  by 
unity,  and  the  factors  of  tlie  denominator  increase  by  unity,  so 
that  the  coefficient  of  the  r""  term  is 

n.{7i-l).{n-  2) .  ^.^i^?-  +  2) 
1.2.3......(r-l)  • 

Collecting  our  results,  we  write  the  r'"  term  of  the  expansion 

of  (a  +  a)"  thus  : 

n^{n-l).(n-2) (n-r  +  2)     _     ,  ^, 

"  172 : 3:::;  ;:(r  -^1) •  ^-^  «^-^^ 

06s.  The  index  of  a  is  the  same  as  the  last  factor  in  the 
denominator.     The  sum  of  the  indices  of  a  and  x  is  n. 


nw,  is  in  the 
by  1  in  each 


I  we  ]  ave  to 
also  in  the 


Find 


Examples.— cU. 

1.  The  8*  term  of  (1+ a;)". 

2.  The  5*"  term  of  (a-^  -  62)13. 

3.  The  4*  term  of  {a  -  hy^. 

4.  The  9*  term  of  (2rt6  -  cdy*. 

5.  The  middle  term  of  (a  -  6)10. 

6.  The  mid<lle  term  of  (a^  +  hh^ 

7.  The  two  middle  terms  of  (a  -  byK 

8.  The  two  middle  terms  of  (a +  »)"*. 


8"^^ 


KXi 


.4  '^ 


svr  1 


rr   '. 


k. 


f'\ 


1  '''■ "  '  M 


;?i!i' 
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9.     Show  that  the  coeflFicieiit  of  tl'e  middle  term  of 

,,   .    „,      1.3.5 (4?i-l) 

(a  +  xri8  2"'x      1   2.3......2n    • 

10.     Show  that  the  coetficient  of  the  middle  term  of 

/    .    N4H.«-    0-+1     (2n  +  3)(2n  +  5) (4n-l)(4n+l) 

(a  +  a)*" ^^  18  2"+»  X  ^ — f  g— — ^^ • 

420.  To  show  that  the  coefficient  of  the  v'"  term  from  the 
heginniiuj  of  the  expansion  of  (x  +  a)"  is  identical  iirith  the  coeffi- 
cient of  the  i""  term,  from  the  end. 

Since  the  number  of  terms  in  the  expansion  is  n+l,  timve 
are  71+ 1  -»  terms  before  the  ?"'  term  from  the  end,  and  there- 
fore the  ?•"'  term  from  the  end  ia  the  (w-r +  2)*  term  from  the 
besrini^ing. 

Thus  in  the  expansion  of  (x  +  a)'"',  that  is, 

x6  +  Gax*  +  lOa'^x^  +  lOaV  +  5a%  +  a^, 
the  3rd  term  from  the  end  is  the  (5  -  3  +  2)'^  that  is  tne  4*^  terra 
from  the  beginning. 

Now  if  we  denote  the  coefficient  of  the  r""  term  by  C„ 

and  the  coefficient  of  the  (tt-r  +  2)"*  term  by  C„_^ 

we  have 

^  _ w .  (n-1) (n~r  +  2) 

^'~"      —J ^^_j^ 

n^jn-'i) \n-{n-r  +  2)+2\ 


a 


'm-r+i'- 


1.2 (7i-r  +  2-l) 

n.(n-l) r 

'1.2 (n-r+iy 


Hence 


n.(n-l) (7t-r  +  2)  ^  1^^ (n-r+l) 

1.2 V-1)         ^     nV{n-l) r 

n^(n  - 1) (n-r+2)  y{n-r±}) , 2.1 

"  1.2 (r-l).r (n-l).» 

sUi^^l,  which  proves  the  propositioiu 

\n 


le  ternj  of 
1) 

le  term  of 
-l)(4n+l) 


*  term  from  the 
al  loith  the  coeffi- 

on  is  M+1,  there 
J  end,  aiul  there- 
>"•  term  from  the 


hat  is  tne  4"'  term 


erm  by  C„ 


C. 


n-^^f8> 


21+21 
) 


-1).~..T 

> 2.1 

j.n 
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421.     To  find  the  rjreateat  term  in  the  exparmon  of  (x  +  aY  n 

being  a  positive  inteytr.  ' 

The  r*  term  of  the  expansion  (x  +  a)»  is 

n.{n-l) {n~r  +  2)        ,     _^, 

The  (r  + 1)'"  term  of  the  expansion  (x  +  a)»  is 

1.2 (r-iyrr ^  •«'•«='-• 

Hence  it  follows  that  we  obtain  the  (r+ 1)*  term  by  multi- 
plying the  r"*  term  by  "^ 

w-r+1  a 

r       'a;' 

When  this  multiplier  is  first  less  than  1,  the  r""  term  is  the 
greatest  in  the  expansion. 

Now  n-r+l  a .    c    ^ ,        , 

iNow  — -—  .     IS  first  leaa  than  1 

T  X 

when  na  -  ra  +  a  is  first  less  than  rx, 

or  »ia  +  a  first  less  than  rxhra, 

or  r  (»  +  a)  first  greater  than  a  (n  + 1), 

0'  r  first  greater  than  ^.(^+^) 

x  +  a   ' 

"■  '  "-  ^^'  «»  ^>  «■-  "-±1.?=,.  and  1 

(r  +  !)"■  term  is  equal  to  the  r«,  and  each  k  greater  than  any 
Other  term.  ^ 

^X.    Find  the  greatest  term  in  the  expansion  of  (4  + ay, 
wheua=|. 

Here  «(^±l)=!^!l^_12    24_^  _ 

x+a  3  -^     :i-2A- 

2        2 

The  first  whole  number  greater  than  2.K  is  .^.  thAr^fnre  *i-> 
yieaLest  term  of  the  expansion  is  the  3rd.  '^        ' 

[S.A.]  .  ^ 


♦<tl 


p- 


IK14 


P-i^' 


n 


II! 


•■r; 
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422.     To/jid  </j.e  sum  0/  a/i  </ie  coeffidents  in  the  expansion 
o/a  +  x)-. 


~.        X.       V      ,             w.  (n- 1)  ..  . 
Since  (1  +xy='l  +  rx+  — ^2  


+ Vl  •  (^  -  ^  '^x"-'-'  +  71X-'  +  af 
1  •  2 

putting  ic  — 1,  we  get 

71.  (n- 1)  n.(n-l)        ,  , 

2»=l  +  n  +  --p2   ^  + +  -^2  ^+»Hl; 

or,  2»=tlie  sum  of  all  the  c(X!rticient8. 

423.  To  show  that  the  suvi  of  the  coefficients  of  the  odd  terms 
in  the  expansion  of  (1  +x)"  -vs  equal  to  the  sum  of  the  coefficients 
of  the  even  terms. 

Since 

n.(n-\)  .,    n.(n-l).{n-2)  , 
(l+x)»=l  +  rtx  +  -^2     x+  1T2T3 "'+ 


putting  x=  -  1,  we  get 


,,     ,,      ,  n.(n-l)    n.{n-l).(n-2) 


1.2.3 


01^ 


«={-^i^- } 


7i.(n-l).(n-2) 


(       n.(n-l). 


} 


=  8um  of  coefficients  of  odd  terms  -  siim  of  co- 
efficients of  even  terms ; 

.-.  sura  of  coefficients  of  odd  terms  =  sum  of  coefficients  of 
<5ven  terms. 

Hence,  by  the  preceding  Article, 

2" 
sum  of  coefficients  of  odd  term  j  =  2- =  2"    » 

2" 
mini  of  coefficients  of  even  terms  =  ^  ==  ^"~** 


I  ■..,'■ 


ti  the  ^.xpansion 


.w-l 


+  3lf* 


-I) 


+  n-{li 


of  the  odd  terms 
<f  the  coefficients 


zlW 


>-2)  + 


-2) 


ins  -  sum  of  co- 


of  coefficients  of 


=  2"-»; 


=  2»-». 


XXXVI.   THE   BINOMIAL   THEOREM. 
FRACTIONAL  AND   NEGATIVE   INDICES. 

424.     We  h..iV3  shown  that  wlien  m  is  a  positive  integer, 

n+xr=i+mx+'!^--p-\)^2^ 


We  have  now  to  show  that  this  equation  holds  goo,l  when 
».  is  a  positive  fraction,  as  |,  a  negative  integer,  as  -3,  or  n 
iiogiitive  fraction,  as  --. 

\Ve  shall  give  the  proof  devised  by  Euler. 
425.     If  m  be  a  positive  integer  we  know  that 

1.2  1.2.T  •^+ 

Let  us  agree  to  represent  a  series  of  the  form 
l  +  mx+^-ii^l)x2+ 


')y  the  symbol  f{m),  what&ver  the  value  ofm  may  he. 

Then  we  know  that  when  m  is  a  positive  integer 

(l+x)'»=/(m); 

and  we  have  to  show  that,  also,  when  m  is  fractional  or 
negative 


Since 


(l+a;)™=/(m). 
/(m)  =  l+ma:4-"'-J^-i>x2  + 
/(n)  =  l  +  „a:+^(!L_li)^.2+ 

1  *  ^ 


1    '■ 


>  ....,'1 


'i  'hviiil! 


i^; 


1^ 


ibi 


l-:.;  ^ 

v%' 

ill.'' 

'. '" 

.  .  .>; 

■%" 

i''      .. 

' 

!•■'   ' 

iir 

,\ 

■ibi               "I* 

■A-i 

■k^s 

n 
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If  we  multiply  together  the  two  eeries,  we  shall  obtain  an 
expreBbion  of  the  form 

l  +  ax  +  fex'-^  +  ca;3  +  (ix''+  

that  is,  a  fleries  of  ascending  powers  of  x  in  which  the  coeffi- 
cients (I,  6,  c are  formed  by    various  combinations  oi 

«t  and  n. 

To  determine  the  mode  in  which  a  and  6  are  fonned,  let  iis 
commence  the  multiplication  of  the  two  series  and  continue  it 
as  far  as  terms  involving  x'-*,  thus 

/(m)  =  l+wx+       J    2  


/(n): 


n  .  (n-1)   g  , 
;l+na;  +  — ^-g      «'*+ 


•  A.. 


.,  X      .              ^^.(m- 1)    .,  , 
/(m)  x/(n)  =  1  +  mx  +       ■    .^       «-  +  


+  na  +  r/wt*"  + 


,     /         N  (to. (m-1) 

.1  +  (m  + w) . »  +  I  -  --£-2    ' 


ri .  (71  - 1) )    „  , 
+  m7i  +  — 1— 2      I      ^ 


Comparing  tlrls  product  with  the  assumed  expression 


we  see  that 

1  +  ax  -t-  ux-  -r  ui//  T,  "'-<'  T  

and 

,     w.(m-l)^^^  ,  n-Cn- 
^^-l.^       "'^''^~    1.2 

m^  -  w  +  2m7i  +  7i''^  -  n 
1.2 

(w  +  w).  (m  +  ?i-l) 
1.2 

uvU  obtain  an 


lich  the  coetR- 
Hubiimtiuuu  ul' 


foniied,  l(;t  Uh 
xnd  continue  it 


xpression 


L) 
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Similarly  we  could  show  hy  actual  vmUiplicatioi  that 

e  =  (^-^^O-  (w-Hw-1).  (w  +  7t-2) 
1 .  S5 .3  ' 

^^  (m  +  w).(m  +  w-l).(m  +  n-2).(m  +  n  -  3) 

1.2.3.4  ~       • 

Thu8  wd  might  determine  the  aucceaaive  coefficients  to  any 
extent,  but  we  may  ascertain  the  law  of  their  formation  by  the 
iollowing  considerations. 

The  forrm  of  the  coefficients,  that  is,  the  way  in  which  w 
and  n  are  involved  in  them,  do  not  depend  in  any  way  on  the 
values  of  m  and  n,  but  will  be  precisely  the  same  whether  m 
and  n  be  positive  integers  or  any  numl)er8  wiiataoever. 

If  then  we  can  determine  the  law  of  their  f(....  :tion  when 
m  and  n  aiv  positive  integers,  we  shall  know  the  law  of  their 
formation  lor  all  values  of  w  and  n. 

Now  when  m  and  n  are  positive  integ&rt, 
/(m)  =(!+«;)"•, 

:.  f(m)  X  /(w)  =  ( 1  +  a;)"  x  (1  +  «)• 
=  (J+a;)"+* 

«=/(m+w). 

Hence  we  conclude  that  tvhatever  be  the  values  of  m  and  n 
f(''n)xf(n)=f(m  +  n). 

Hence  f(m  +  n  +p)  =f(m) ./  (n  +p) 

=fim).f{n).f(p), 
and  80  generally 

f(m  +  n+p+  ...)=/(,n)./(7?.)./(^)... 


St.l 


i 


•A  ' 


i.      ':  -  ■' 


it 

Mi 

l- 

MB 

» 

1 

^T'  1 

r     ; 

%  V  ■ 

i.     ^ 
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(i:    ' 
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h 


Now  let  m=?i=2)=  ...  =p  ^  and  fc  being  positive  integers, 
then 


f  \^l  +  l  +  'i+... to  h  terms) 


'h    h    h 


or. 


or. 


=/(l)-/(t)-/(D-'<'^f-'°"' 

h      k'\k      ) 


=  1  +  ^.4-. 


1.2 


■•iC      "T"    ••• 


which  proves  the  theorem  for  a  positive  fractional  index. 

Again,  since  /(m) .f{n)=f{m^n)  for  all  values  of  w  and  71, 
let  ws=  -TO,  then 

/(m)./(-TO)=/(m-m) 

=/(0). 

m .  (m  - 1)  o  . 
Now  the  series  1  +  ma;  +  — |— ^ — x""  +  ... 

becomes  1  when  m = 0,  that  is,  /  (0)  =  1 ; 
.•./(TO)./(-m)=l; 

,       s        -m(-m-l)  2  . 
=  l  +  (-w)a;+ y-g—  'x2+ ... 

which  proves  the   theorem  for  a  negative  index,  integral  01 
fractional. 


itive  integers, 


to  k  factors, 


lal  index. 


ues  of  w  and  71, 


=-^^x2+  ... 
idcx,  integral  or 


FRACTIONAL  AND  NEGATIVE  INDICES.        311 


426.     Ex.    Expand  (a  +  a)  2  to  four  terms. 

-•(--1) 


a^     .  «*+ 


i-a-)a-) 


.a*-'.!B8... 


1.2.3 

_1  3 

1     1      _i           "4      _3           8        4 
=a2+^.a  2.a;+-^.a  2.a;2+-.c^  ^   ,^8 

A-      03        a;2        3.3 

^  fl,^  4- — — 

2a2    8«2     i6at 
Or  we  might  proceed  thus,  as  is  explained  in  Art.  416. 

-«Hi4.1    a;.2-(2"0    a;^  .  2(2" vG"^)    a^      I 
""*    (^■^2-a+       1.2       -^-^ 17273 -^"'S 

(       2a    8ft2+16rt»-j 


i-i.   ^ 


a^  +  -__  _ 


a;-' 


x^ 


h  ft«.t 


2a^    8a^     16a^ 


Examples.— clU, 

Expand  the  following  expressions : 


rms. 


1.  (l+a;)2  to  five  terr 

2.  (1  +  a)3  to  four  terms. 

3.  (a +  a;)^  to  five  terms. 

4.  (1  +  2a3)2  to  five  terms. 

5.  f  a + -1-  y*  to  four  terms. 

6.  (a*  +  05*) ~s  to  four  terms. 


7.  (1  -  a;2)*  to  five  terms. 

8.  (1  -  a^)^  to  four  terms. 

9.  (1  -  3a;)^  to  four  terms. 

10.  {x^  -  ?|)^  to  four  terms. 

11.  (1  -  a;)  6  to  four  tenns. 


12. 


(  T  ~  "9^ )  '  ^°  ^^'66  terms. 


I 

"r 

Hit 

i  'i' 

'•'■'ik 

■<»mf~ 

hI 

■     *'■     •([ 

Hll  ■■ 

^^s  ^< 

'l.i  i  ■'■- 

^Ml  ^ 

■>■-    ",ii 

f^v1 

HI ' 

1.  i«  .  ,:' 

i-'r-  *■■ 

HHIiv 

, ,« 

,.  . 
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427.     To  expand  (1  +a;)' 


(H-x)-"=l+(-»).a;+ 


-n.  (-n  —  l) 
r72 


a" 


-W.(-W-l).(-TO-2) 


1.2.3 


-  'af^  + 


•••••• 


71(71+1)2    n(n+l)(rH-2) 


the 


1.2.3 


X3  + 


terms  being  alternately  positive  and  negative. 
Ex.     Expand  (1  +cc)~^  to  five  terms. 


(l+x)-3  =  l-3x  + 


3.4 


x^ 


3.4.5   „     3.4.5.6 


1.2"      1.2.3      ' 1 .2.3.4 
=  1  -  3a;  +  6a;2  -  lOa;^  +  15x* -  ... 


>Xf   ""  ••• 


428.    To  expand  (l-x)-^. 
{l-x)-=l-{-n).x+  -^-(-p:D . a? 

-n(-n-l)(-n-2). 
"  " 1:2. "3       -  "  ^+  - 

^L  +  nx+      ,2      .x+         1.2.3 
the  terms  being  all  positive. 

Ex.     Expand  (1  -  x)~^  to  five  terms. 

„       ,  „     ,     ^       3.4.,     3 . 4 .  5   „     3.4.5.6. 
(l-x)-3=l  +  3^  +  ^    2^.^+1.2.3^  +1.2.3.4^  + - 

-l  +  3a;  +  6x-+.10r'+15.r*+  ... 


Examples.  — cliii. 
Expand 

I.    (1  +a)~2  to  five  terms. 


(-1)" 


to  five  tenns. 


2.    (1  -Sx')~^  to  five  terms.  5.    {a^-2x)~^  to  five  terms. 


/ , 


x\-*  , 


3     V^-4; 


to  four  terms. 


6.    («   —  x")  *"■  to  I'oiir  terms. 
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429.     To  eximnd  (1  +x)-«. 

^        /    n      --(---0 


1.2 


03^ 


1.2.3 

.K2j 
6»» 


*  +  ••• 


313 


Examples.— cliv. 

Expand 

1.(1+  x')-^  to  five  terms.  4.  (1  +  2.r)-i  to  five  teiros. 

2.  (l-a,'2)-t  to  five  terms.  5.  (a2  +  a;2)4  to  four  terms. 

3.  {^  +  i^s)"^  to  four  terms.  6.  (a3  +  r^yh  to  four  tenns. 

430.    Observations  on  the  general  expression  for  the  terminvolmnq 
X'  %n  the  expansions  (I  +  a;)"  and  (1  -  a;)". 

The  general  expressio.i  for  the  term  involvifig  af,  that  is  the 
(/■+ 1)*  term,  in  the  exiwinsion  of  (1  -j  a;)"  is 

w.(w-l)...(n-r+l) 
1.2 r         •*'• 

From  this  we  must  deduce  the  form  in  all  cases. 

Tlnis  the  (r+  ir  l^rm  of  the  expansion  of  (1  -a;)"  is  found 
by  changing  x  into  (-x),  and  therefore  it  is 

n.{n-\)...{n-r+\)  ,      ,, 

i72......::.r     •^-*) 

or,  t^iY  »•_(■■ -l)-(w-r+l) 

^   /       i.2.::7..;::r~  •^- 


M ' 

.»-■*■,.■ 

|»f 

pjl;  ^ 

-  •       !.'' 

»  "* 

"' 

i;';; 

Ik '" 

■  ;  '.'. 

W'' 
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If  w  be  negative  and  =  -m,  the  (r+ 1)*  term  of  the  expan- 
sion of  (l+»)"  is  ^ 

(-m)  (-m-l)...(-w-r  +  1  )^ 
1.2 r  ■  * 

®'»  1.2 ,.......r 

If  w  be  negative  and  =  -m,  the  (r  + 1)**  term  of  the  expan- 
sion of  (1  +  a;)"  is 

(-1)'.  |m._(w+ 1)  ...  (w  +  r -  1) f   /    ^v, 
I. '2.. ....:......r  '^      '* 

m.(m+l)...  f?n  +  r-l) 

Examples.— civ. 

Find  the  r*  terms  of  the  following  expansions: 
I.   (1+x^  2.    (l-a;)^2.  3.   („,_a;)«.         4.    (5x  +  2^)9 

5.   (1  +  x)-'.        6.   (l-3x)-^.        7.   (l-«^r^-       8.   (a  +  x)l 
9.    (l-2a;)'^.  10.   (a2-x2)"«. 

1 1.     Find  the  (r  +  1)*"  term  of  (1  -  x)"^. 

r 2.    Find  the  (r  + 1)*"  term  of  (1  -  4x)"2. 

13.  Find  the  (r -Hr  term  of  (1  +  xr- 

14.  Show  that  the  coefficient  of  x^^  in  (1  +»)''+^  is  the  sum 
of  the  coefficients  of  x'  and  x'+'  in  (1  +  x)". 

15.  What  is  the  fourth  term  of  \ci - -)     ' 

16.  What  is  the  fifth  term  of  (a2-&2)t] 

17.  What  is  the  ninth  term  of  {a^  +  2x2)2 1 

18.  What  is  the  tenth  term  of  (a  +  Z*)""  1 

i_ 

19.  What  is  the  seventh  term  of  (a  +  6)"  ? 


of  the  expan- 


of  the  expan- 


x)% 


>: 


4.   (5a;  +  2i/)9 
8.  (a  +  a;)i 


r)"+i  is  the  sum 
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431.    The  following  are  examples  of  tlie  application  of  the 
Binomial  Theorem  to  the  approximation  to  roots  of  numbers. 

(1)    To  approximate  to  the  square  root  of  104. 

Vio4=vaoo+4)=io(i+A)^ 

(        2    1(K)^      1.2      'VIOO/ 


.10 


--{ 


1+ 


+ 
2 


4    \3 


1.2.3 


Vioo/ 


i    '-j 


100    loftoo    1000000  ■ 

=  10-19804  nearly. 
(2)     To  approximate  to  the  fifth  root  of  % 

4/2=(i  +  iy^ 


=  14-^-2 


21 


=  i+-i+-9 


25     250     2500 
nearly 


25^2500 
-<  1-1236  nearly. 

(3)    To  approximate  to  the  cube  root  of  25. 


4/25=4/(27-2)=3|l-?.'^i 

(       27f 


Here  we  take  the  cube  next  ahove  25,  s*  as  to  make  the 
second  term  of  the  binomial  as  small  as  possible,  and  then 
proceed  as  before. 


Examples.— civl. 

Approximate  to  +,he  following  roots  : 
I-    4'31.  2.    ^108.  3.    4/260. 


4.   -v/31. 


I  il 


t      ¥>  M  •./  f 


sn  V 


to*''. 


1^1 


.    ill 
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XXXYII.    SCALES    OF    NOTATION. 


432.  The  sjnnhols  employed  in  our  common  system  of 
Aritlimotical  Notation  are  tbo  nine  digits  and  zero.  These 
digits  when  written  consecutively  acquire  local  values  from 
their  jjositions  with  respect  to  the  place  of  units,  the  value  of 
every  digit  increasing  ten-fold  as  we  advance  towards  the  left 
hand,  and  hence  the  number  ten  is  called  the  Radix  of  the 
Scali!. 

If  we  agree  to  represent  the  number  ten  by  the  letter  t,  a 
nuuibtfl",  expressed  according  to  the  conventions  of  Arithmetical 
Notation  by  3245,  wouhl  assume  the  form 

3^=^-1-2^2^.4^  +  5 
if  expressed  according  to  the  conventions  of  Algebra. 

433.  Let  us  now  suppose  tliat  some  other  number,  as /ive, 
is  the  radix  of  a  scale  of  notation,  then  a  numbei-  expressed  in 
tliis  scale  arithmetically  by  2341  will,  if  Jive  be  represented  by 
/,  assume  the  form 

2/3  +  3/2 -1-4/ -hi 

if  expressed  algebraically. 

Anil,  generally,  if  r  be-  the  radix  of  a  scale  of  notation,  a 
number  expressed  arithmetically  in  that  scale  by  6789  will, 
when  expressed  algebraically,  since  the  value  of  each  digit 
increases  t'-fold  as  we  advance  towards  the  left  hand,  be  repre- 
sented by 

6^  +  7r2  +  8r-f9. 

434.  The  number  which  denotes  the  radix  of  any  scale  will 
be  represented  in  that  scale  by  10. 

Thus  in  the  scale  whose  radix  is  hve,  tiie  number  uvs  wil> 
be  represented  by  10. 
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In  the  same  scale  seven,  being  .,,ual  to  five  +  two,  will 
therefore  be  represented  by  12.     .  ' 

Hence  the  series  of  natural  numbers  as  far  as  tweniy-jive  will 
be  represented  in  the  .scale  whose  radix  is  five  thus  • 

1,  2,  3,  4,  10,  11,  12,  13,  14,  20,  21,  22,  23,  24,  30,  31 

32,  33,  34,  40,  41,  42,  43,  44,  100. 

435.     In  the  scale  whose  radix  is  eUven  we  shall   remiire 
a  new  symbol  to  express  the  number  ten,  for  in  that  sculo  the 
mwuber  eleven  is  represented  by  10.     If  we  agree  to  express 
ten  m  tlus  scale  by  the  symbol  ^  the  series  of  natural  numW 
as  fiir  as  twenty-three  will  be  represented  in  this  scale  thus  : 
1,  2,  3,  4,  5,  6,  7,  8,  9,  t,  10,  11,  12,  13,  14,  15,   1(>,  17, 

18,  19,  It,  20,  21. 

43^.  In  the  scale  whose  radix  is  tx.dm  we  shall  re.iuire 
another  new  symbol  to  express  the  number  eleven.  IS  we 
agree  to  express  this  number  by  the  symbol  .,  the  natural 
n  unbers  rom  n.ne  to  thirteen  will  be  represented  in  the  scat 
wliose  radix  is  twelve  thus  : 

9,  t,  e,  10,  11. 

Again,  the  natural  numbers  from  twenty  to  twenty-five  will 
Ite  represented  thus :  ^  j-     vc  wm 

18,  19,  It,  le,  20,  21. 

437.    The  scale  of  notation  of  which  the  radix  is  two   is 
called  the  Binary  Scale.  '  ^' 

The  names  given  to  the  scales,  up  to  that  of  which  the 
radix  IS  twelve,  are   Ternary,  Quaternary,  Quinary,  Senary 

ilenarr^'  "^'  ^'"''^'  ^'""'^'  ^^^^^'^^^  ^^^   Dim-' 

Artr'r'^?-  P''^°™  *^«  operations  of  Addition,  Subtraction. 
Multiplication,  and  Division  in  a  scale  of  notation  whose  index 
's  r,  we  proceed  in  the  same  way  as  we  do  for  num1,ers  ex- 
pressed  in  the  common  scale,  with  this  difl-erence  only,  that  r 
must  be  used  wlif^re  Um  w/y,.i,i  i^.,  ,.„  .i  _■..    .,  .  ^ 

,,.1,^  \.     -n  1       "\  ^^-"-•-  '?c  uacd  ill  tne  common  scale  : 

which  will  be  understood  better  by  the  following  examples. 
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SCALES  OF  NOTA  TION. 


Ex.  1.    Find  the  sum  of  4325  and  5234  in  the  senary  Bcaie. 

4325  V 

5234 

the  sura  b=14u(»3 

which  is  obtained  by  adding  the  nunibera  in  vertical  lines, 
carrying  1  for  every  six  contained  in  the  several  results,  and 
setting  down  the  excesses  above  it. 

Thus  4  units  and  5  units  make  nine  units,  that  is,  six  units 
together  with  3  units,  so  we  set  down  3  and  carry  1  to  the 
next  column. 

Ex.  2.     Find  the  difference  between  62345  and  53406  in 

the  septenary  scale. 

^  62345 

53466 
the  difference  =^5546 

which  is  obtained  by  the  following  process.  We  cannot  take 
faix  units  from  five  units,  we  therefore  add  smw  units  to  the 
five  units,  making  12  units,  and  take  six  units  from  twelve 
units,  and  then  we  add  1  to  the  lower  figure  in  the  second 
column,  and  so  on. 

Ex.  3.     Multiply  2471  by  358  in  the  duodenary  scale. 

247  1 
358 


7088" 
e  i  6  5 
7.1  9  3 

8"333T"8 


Ex.  4. 


Divide  367286  by  8  in  the  nonary  scale. 
8  ;  367286 


42033 
The  following  is  the  process.  We  ask  how  often  8  is  containeU 
in  36,  which  in  the  nonary  scale  represents  thirty-three  units  ; 
the  answer  is  4  and  1  over.  We  then  ask  how  often  8  is  con- 
i.«;„„j  ;^  T7  „,hinV,  h^  th'^  nnnarv  scale  represents  sixtmi  units : 
the  answer  is  2  and  no  remainder.    And  so  for  the  other  digits. 
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Ex.  5.     Divide  1184323  by  589  in  the  duodenary  scale. 

589;  1184323  (2483 
e56 


UtQ 

3e32 
39<0 

1523 
1523 

Ex.  6.     Extract  the  square  root  of  10534521  in  the  seiwry 

10534521  (  2346 

4 


43 

604 

6125 


253 
213 


4045 
3224 

42121 
42121 


scale, 


Ex    .iiPLES.— clvii. 

Add  23561,  42513,  645325  in  the  septenary  scale. 
Add  3074852,  4635628,  1247653  in  the  nonary  scale. 
Subtract  267862  from  358423  in  the  nonary  scale. 
Subtract  124321  from  211010  in  the  quinary  scale. 
Multiply  67264  by  675  in  the  octonary  scale. 
Multiply  1456  by  6541  in  the  septenary  scale. 
Divide  243012  by  5  in  the  senary  scale. 
Divide  3756025  by  6  in  the  octonary  scale. 
Extract  the  square  root  of  25400544  in  the  senary  scale. 
10.     Extract  the  square  root  of  56898  <1  in  the  duodenary 


I. 

2. 

3- 

4- 

5- 
6. 

7- 
8. 

9- 


&.•*;'» 


t  ;;'■■,•' 
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SCALES  OF  NOTATION. 


439.     7'o  transform  a  given  integral  number  from  one  scale  to 
another.  \ 

Let  N  be  the  ^iven  integer  expressed  in  the  first  scale, 

r  the  radix  of  the  new  scale  in  which  the  number  is  to 
be  expressed, 

a^h^c m,]},  q  the  digits,  n+l  in  number,  expressing 

the  number  in  the  new  scale  ; 
80  that  the  number  in  the  new  scale  will  be  expressed  thus  : 
ar»  +  6r*-i  +  cr"-2+  +mr^+pr  +  q. 

We  have  now  from  the  equation 

N=a7*  +  br'^^  +  cr'*-^+  +mr^+pr  +  q 

to  determine  the  valu«s  of  a,  6,  c m,  p,  q. 

Divide  N  by  r,  the  remainder  is  q.     Let  A  be  the  quotient : 

then 

A=ar"-^  +  br'^'^  +  cr'''^+  +mr+p. 

Divide  A  by  r,  the  remainder  is  p.    Let  B  be  the  quotient : 

then 

B=ar^'^  +  h*-^+cf^+  +m. 

Hence  the 
tirst  digit  to  the  right  of  the  number  expressed  in  the 

new  scale  is  q,  the  tirst  renuiinder ; 

gggyjjfl p,  the  second  remainder; 

1\^{y({    m,  the  third  remainder; 

and  thus  all  the  digits  may  be  determined. 

Ex.  1.     Transform  235791  from  the  conimon  scale  to  the 
scale  whose  radix  is  6. 

6     I     235791 


6 
6 

6 
6 
6 


39298  remainder  3 


6549  remainder  4 


11)91  remainder  3 
181  ren.ainder  5 


30  remainder  1 


5  remainder  0 


0  remainder  5 


The  number  required  is  therefore  5015343. 


M       ' 


om  one  scale  to 


I  the  quotient 


Lon  scale  to  the 
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Tlie  di^'its  by  wliich  a  number  can  be  expressed  in  a  scab'. 

whose  radix  is  r  will  be  1,2,3 r- 1,  because  these,  with 

are  the  only  remainders  which  can  arise  from  a  division  in 
which  the  divisor  is  r. 

Ex.  2.     Express  3698  in  the  arale  whose  radix  is  12. 


12 

3598 

12 

299  remainder  t 

12 

24  remainder  e 

12 

2   remainder  0 

0  remainder  2 

.-.  tb 

e  number  required  is  20e< 

440.  The  method  of  transforming'  a  given  integer  from  one 
scale  to  another  is  of  course  applicable  to  cases  in  whicli  both 
scales  are  other  than  the  common  scale.  We  must,  however, 
be  careful  to  perform  the  operation  of  divibxo:.  in  accordance 
with  the  principles  explained  in  Art.  438,  Ex.  4. 

Ex.  Transform  142532  from  the  scale  whose  radix  is  6  to 
the  scale  whose  radix  is  5. 

5         142532 


6 
6 
6 
6 
6 


20330  remainder  2 


2303  remainder  3 


300  remainder  3 


33  remainder  3 
4  remainder  1 


0  remainder  4 


The  required  number  is  therefore  413332. 


Examples.— clviil. 

Express 

1.  1828  in  the  septenary  scale. 

2.  1820  in  the  senary  scale. 

3.  43751  in  the  duodenary  scale. 

[S.A.] 
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l^^ 


■    > 


1^, 


■IK.' 

■HH 

4.  3700  in  the  quinary  Hcule. 

5.  7G31  in  the  binury  scale. 

6.  215855  in  the  duodenary  scale. 

7.  790158  in  the  aeptenary  scale. 

Transform 

8.  34002  from  the  quinary  to  the  quaternary  scale. 

9.  8978  from  the  imdenary  to  the  duodenary  scale. 

10.  3256  from  the  septenary  to  the  duodenary  scale. 

1 1.  37704  from  the  nonary  to  the  octonary  scale. 

12.  5056  from  the  septenary  to  the  (quaternary  scale. 

!  13.    654321  from  the  duodenary  to  the  septenary  scale. 
14.     2304  from  the  quinary  to  the  undenary  scale. 

441.  In  any  scale  the  positive  integral  powers  of  the  num- 
ber which  denotes  the  radix  of  the  scale  are  expressed  by 
10,100,  1000 

Thus  twenty-five,  which  is  the  square  of  five,  is  expressed  in 
the  scale  whose  radix  is  five  by  100:  one  hundred  and  twenty- 
five  will  be  expressed  by  1000,  and  so  on. 

Generally,  the  n*^  power  of  the  number  denoting  the  radix 
in  any  scale  is  expressed  by  1  followed  by  n  cyphers. 

The  highest  number  that  can  be  expressed  by  i>  digits  in  a 
scale  whose  radix  is  r  is  expressed  by  r"  -  1. 

Thus  the  highest  number  that  can  be  expressed  by  4  digits 
in  the  scale  whose  radix  is  five  is 

10*  -  1,  or  10000  -  1,  that  is  4444.    . 

The  least  number  that  can  be  expressed  by  3?  digits  in  a 
scale  whose  radix  is  r  is  expressed  by  r^^. 

Thus  the  least  number  that  can  be  expressed  by  4  digits  m 
the  scale  whose  radix  is  five  is 

10*-^  or  103.  that  is  1000. 
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n  ,,„.,. .  .vHl,.,l  V  (,     ,)  ,vill  K-av.  the  same  re.nain.lcr  a.s 
the  iiitfj,rer  leaves  when  dividotl  by  ;•  -  l. 

Let  //  be  the  nuniher,  p-I  auppoae 
Then 

+  ja  +  6  +  r+  +TO+y  +  y  . 

Now  all  the  expressions  r"-l.  r"-i-l  r      i   ».     1 

divisible  by  r-1;  '  *^  "^''^^  "^ 

•'•  ,r-T=  anirites,'er  +--t''-*-_^j!L:i-:jiW.i+J^  +  g , 

which  proves  the  proposition,  for  since  the  quotients  differ  bv 
an  integer,  their  fractional  parts  n,ust  be  the  same,  tlat  is,  the 
remainders  after  division  are  the  same. 

Note.  Fwm  tliis  proposition  is  derived  the  test  of  the 
...curacy  of  the  result  of  Multiplication  in  Arithmetic  by  cast- 
tng  out  the  nines. 

^orlet  A=9ni  +  a, 

•^"d        ,  B=9n  +  b; 

then  AB=9(9mn+an^hm)+ab; 


ivii 


ressed  by  4  digits 


3ed  by  4  digits  in 


Radical  Fractions. 
443.    As  the  local  value  of  each  digit  in  a  scale  whose  radix 

e  local  value  ot  each  decrease  in  the  same  proportion  as  we 
advance  Irom  left  to  right. 

If  then  we  affix  a  line  of  digits  to  the  right  of  the  units' 

ot'r^r^  7"J  these  having  from  its  position   a  value 

huTh    T  I     w-  ''^^''^  ''  ^"^'^^^'^  ^'^^^  '^  '''  ^«re  one  place 

....  „...,  i^u,  wc  «iuili  nave  on  llie  right  hand  of  the 

'^nits  place  a  series  of  Fractions  of  which  the  denominators 


iiit 


m 


1  ,' ),  3' 


'■'h'* 


Hi 

. 

' 

( 

.'", 

. 

li 

.  •    ■ 

1, 

^' 

!i 

h 

1-^^  -' 

324 


SCALES  OF  A/0  TAT/ON. 


are  successively  r,r\r^,  ,  while  the  tiumerat^rs  may  Ix; 

any   mniibers  between  r-1   and    zero.       These    are    calle.! 
Radical  Fractions. 

In  our  common  system  of  notation  the  word  Radical  is 
replaced  by  Decimal,  because  ten  is  the  radix  of  the  scale. 

Now  adopting  the  ordinary  system  of  notation,  and  marking 
llie  place  of  units  by  putting  a  dot  •  to  the  right  of  it,  we  have 
tlie  following  results  : 

In  the  denary  scale 

4        7         8         9 

246-4789  =  2  x  1()2  +  4  x  10  +  6  +  ^^^  I   -^^y,  -t  ^j,.  +  ^6* ' 

hi  the  quinary  scale 

4        2 
324-4213  =  3  X  1()2  +  2  X  10  +  4  +  ^^^  +  y^,^  ■>-  iXJii  +  Yd*' 

remembering  that  in  this  scale  10  stands  forgive  and  not  for  ten 
(Art.  434). 

444.     To  shoio  that  in  any  scale  a  raih'cal  fraction  is  a  proper 
fraction. 


1 


3 


Suppose  the  fi-action  to  contain  n  digits,  a,h,c 

Then,  since  r  -  1  is  the  highe'it  value  that  each  of  the  digits 
can  have, 

*  +  4  +  ...  is  not  greater  than  {r-l)(^  + -r,+  ...ion  terms) 


not  greater  than  (r  - 1) 


} 


-1 


not  greater  than  (r  -  1 )  |  ^.J^— jj  J ; 

r"  —  1 
not  greater  than  — —  ; 


not  greater  than  1  -  -^. 
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^rat(/rs  may  be 
jse    are    called 

ord   Radical  is 
'  the  scale. 

•n,  and  niarkini^ 
t  of  it,  we  have 


8         9 
■+  1^)3+  104; 


1         3 

e  and  not  for  ten 

idion  is  a  2>roper 


'K  C 


ach  of  the  digits 
...  to  n  terms) 

n 
1-1 


.)}  = 


Hence  the  ^'iveu  fraction  is  less  than  1,  and  is  therefore  a 
proper  fraction. 

445.     To  transform  a  fraction  expressed  in  a  given  scale  into 
a  radical  fraction  in  any  other  scale. 

Let  F  be  the  given  fraction  expres-'^d  in  the  first  scale, 

r  the  radix  of  the  new  scale  in  which  the  fraction  is  to 
be  expressed, 

a,  6,  c.the  digits  expressing  the  fraction  in  the  new 
scale,  so  that 

F=:"^  +  ^  +  ^  + 

from  which  equation  the  values  of  a,  &,  c.are  to  be  deter- 
mined. 

Multiplying  both  sides  of  the  equation  by  r, 
E»         .be 

■'^^^7  +  ^+  ...  is  a  proper  fraction  by  ^rt.  444. 

Hence  the  integral  part  of  Fr  will  =a,  the  first  digit  of  the 
new  fraction,  and  the  fractional  part  of  Fr  will 

_h      c 
r'^r^'^  •" 

Giving  to  this  fractional  part  of  Fr  the  symbol  F^  we  have 

r    r^ 

Multiplying  both  sides  of  the  equation  by  r, 

Fir=b  +  -+  ... 
r 

^  Hence  the  integral  part  of  F^r^b,  the  second  digit  of  the  neiv 
jradion,  and  thus,  by  a  similar  process,  all  the  digits  of  the 
new  fraction  may  be  found. 


1'!' 


r,  ■  ■*>«■. ': 
t       .1  ^i 

• .    » 


'in-t.  < 


"'a'* 


|r«' 


\ 
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Ex.  1.     Express  |  as  a  radical  fraction  in  the  quinary 
scale : 


1  5-5_       5 

5     r,     25  4 

_x5-y  =  3  +  ^, 

2  ^     10     -     3 


therefore  fraction  is  -203241  recurring. 

Ex.  2.     Express  -84375  in  the  octenary  scale : 


•84375 

8 

6-75000 

8 


6-00000 
The  fraction  required  is  -66. 

Ex.  3.     Transform  -42765  from  the  nonary  to  the  senary 

scale. 

•42765 

6 


2-78133 
6 

5-23820 
6 

1-55430 
6 

3^800 


The  iiuction  reqiiired  is  -2513  ... 


SCALES  OF  notation: 


the  quinary 
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Ex.  4.     Transform  el24-i275  from  the  duodenary  to  the 
quaternary  scale : 


4 

el24 

4 

2937- 

-  remainder  0 

4 

83;;- 

-  remainder  3 

4 

20c- 

-  remainder  2 

4 

62- 

-  remainder  3 

4 

16- 

-  remainder  2 

4 

4- 

-  remainder  2 

4  ' 

1- 

-  remainder  0 

•<275 
4 


3-4<58 
4 

1-75  <8 
4 

2-5e68 
4 

l-e^28 


i        0  -  remainder  1 
Number  refiuired  is  10223230-3121 ... 


to  the  senary 


Examples,    clix. 

25 

1.  Express  ,^^  in  the  senary  scale. 

2.  Express  ~  in  the  septenary  scale. 

3.  Express  23125  in  the  nonary  scale. 

4.  Express  1820-3375  in  the  senary  scale. 

5.  In  what  scale  is  17486  written  212542  ? 

6.  In  what  scale  is  511173  written  1746305  ? 

7.  Show  that  a  number  in  the  Conmion  scale  is  divisible 
(i)    by  3  if  the  sum  of  its  digits  is  divisible  by  3. 

(2)  by  4  if  the  last  two  digits  be  divisible  by  4. 

(3)  by  8  if  the  last  three  digits  be  divisible  by  8. 

(4)  hy  5  if  the  number  ends  with  5  or  0. 


;h/;'. 


r.  '•■:■' 

k' 

>      '  ,   ■ 
I     '    .    ■ 

r  "    ' 

(' 

1 

*•• 
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(5)  by  11  if  the  difference  between  the  sum  of  the  digits 
in  the  odd  places  and  the  sum  of  those  in  the  even 
places  be  divisible  by  11. 

8.  If  ^  be  a  number  i  1  the  scale  whose  radix  is  r,  and  n 
be  the  number  resulting  when  the  digits  of  N  are  reversed, 
show  that  N  -n'\A  divisible  by  r-  1. 


XXXVIII.    ON    LOGARITHMS. 

446.  Def.  The  Logarithm  of  a  number  to  a  given  base 
is  the  index  of  the  power  to  which  the  base  must  be  raised  to 
give  the  number. 

Thus  if  m  =  a',  x  is  called  the  logarithm  of  m  to  the  base  a. 

For  instance,  if  the  base  of  a  system  of  Logarithms  be  2, 
3  is  the  logarithm  of  the  number  8, 
because  8  =  2^: 
and  if  the  base  be  5,  then 

3  is  the  logarithm  of  the  nl^mbe^  125, 
because  125  =  5^. 

447.  The  logarithm  of  a  number  m  to  the  base  a  is  written 
thus,  log^m ;  and  so,  if  m  =  a", 

a;=logaW. 

Hence  it  follows  that  m  =  »''*•'". 

448.  Since  l  =  a<',  the  logarithm  of  unity  to  any  base  is 

zero. 

Since  a  =  a}y  the  logarithm  of  the  base  of  any  system 
is  unity. 

449.  We  now  proceed  to  describe  that  which  is  called  the 
Common  System  of  logarithms. 

The  base  of  the  system  is  10, 


!y 


of  the  digits 
e  in  the  even 


:  is  r,  and  n 
ire  reversed, 


[S. 

1  a  given  base 
;  be  raised  to 


the  base  a. 
ims  be  2, 


15, 


2  a  is  written 


any  base  is 
f  any  system 

is  called  the 
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By  a  system  of  logarithms  to  the  base  10,  we  mean  a  succes- 
sion of  values  of  x  which  satisfy  the  equation 

m=10» 
for  all  positive  values  of  m,  integral  or  fractional. 

Such  a  system  is  formed  by  the  series  of  logarithms  of 
the  natural  numbers  from  1  to  100000,  which  constitute  the 
logarithms  registered  in  (jur  ordinary  tables,  aud  which  are 
therefore  called  tabular  logarithms. 


450.     Now 


and  so  on. 


1  =  100, 

10=101, 

100  =  102, 

1000=103, 


Hencp  the  logarithm  of       1  is  0, 

of      10  is  1, 

of    100  is  2, 

of  1000  is  3, 
and  so  on. 

Hence  for  all  numbers  between  1  and  10  the  logarithm  is  a 
decimal  less  than  1, 

between  10  and  100  the  logarithm  is  a  decimal  between  1 

aud  2, 

between  100  aud  1000 a  decimal  between  2 

and  3,  and  so  on. 

451.    The  logarithms  of  the  natural  numbers  from  1  to  12 
stand  thus  in  the  tables  : 


No.   I        Log 


No. 

Log 

1 

00000000 

2 

0-3010300 

3 

0-4771213 

4 

0-6020600 

5 

0-6989700 

6 

0-7781513 

7 

8 

9 

10 

11 

12 


0-8450980 
0-9030900 
0-9542426 
1-0000000 
1-0413927 
1'0791812 


The  logarithms  are  calculated  to  seven  places  of  decimals. 


Till 


T,  5 


III*'' 


I 
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452.  The  integral  parts  of  the  logarithms  of  numbers 
higher  than  10  are  called  the  characteristics  of  those  logarithms, 
and  the  decimal  parts  of  the  logarithms  are  called  the  mantissa. 


Thm 


1  is  the  characteristic, 
•0791812  the  mantissa, 
of  the  logarithm  of  12. 


453.  The  logarithms  for  100  and  the  numbers  that  succeed 
it  (and  in  some"tables  those  that  precede  100)  have  no  charac- 
teristic prehxed,  because  it  can  be  supplied  by  the  reader,  being 
2  for  all  numbers  between  100  and  1000,  3  for  all  between 
1000  and  10000,  and  so  on.  Thus  in  the  Tables  w«^-  shall 
iiud 


No.  1 
100 

Log 

0000000 

101 

0043214 

102 

0086002 

103 

0128372 

104 

0170333 

105 

02118D3 

which  we  read  thus : 

the  logarithm  of  100  is  2, 

of  101  is  2-0043214. 

of  102  is  2-0086002 ;  and  so  on. 

454.  Logarithms  are  of  great  use  in  making  arithmetical 
computations  more  easy,  for  by  means  of  a  Table  of  Logarithms 
the  operation 

of  Multiplication  is  changed  into  that  of  Addition, 

...  Division  Subtraction, 

...  Involution        Multiplication, 

...  Evolution        Division, 

as  we  shall  show  in  the  next  four  Articles. 

455.  The  logarithm  of  a  product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors. 
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Let 
and 
Then 


m=a" 


.*.  log,mw=a;  +  y 

=  log,??n-log,ri. 

Hence  it  follows  that 

log„mn^  =  log,7/i  +  log.n  +  log„|?, 
and  similarly  it  may  be  shown  that  the  Tlieorem  holds  good 
for  any  niuuber  of  factors. 

Thus  the  oiuTatiou  of  Multiplication  is  changed  into  that  of 
Addition. 

Suppose,  for  instance,  we  want  to  find  the  product  of  24(i 
and  357,  we  add  the  logarithms  of  the  factors,  and  the  sum  is 
the  logarithm  of  the  product :  thu8 

log  246  =  2-3009351 
log  357-2-5526682 

their  sum  =  4-9436033 

which  is  the  logarithm  of  87822,  the  product  reciuired. 

Note.  We  do  not  write  logio246,  for  so  long  as  we  are 
treating  of  logarithms  to  the  particular  base  10,  we  may  omit 
the  suffix. 

456.  TU  logarithm  of  'a  qmtient  is  equal  to  the  logarithm  of 
the  dividend  diminished  by  the  logarithm  of  the  divisor. 


Let 
and 

Then 


m=a% 
n^a". 


n 


1      m 


=  log,m-loa 


.w. 


Thus  the  operation  of  .Division  is  changed  into  that  of  Sub- 
Li  action. 


iiyii 


'I. 
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If,  for  example,  we  are  required  to  divide  371  49  by  52-376, 
we  proceed  thus, 

log  37 1-49  =  2-5699471 
log  52376  =  1-7191323 

their  difference  =   '8508148 

which  is  the  logarithm  of  7*092752,  the  quotient  required. 

457.  The,  logarithm  of  any  power  of  a  number  is  equal  to  tJie 
frodv.ct  of  the  logarithm  of  the  number  and  the  index  denoting  the 
power. 


Let 
Then 


m  =  a'. 
m'—a^i 
:.  \og^m'  =  rx 
J  =r.log.m. 

Thus  the  operation  of  Involution  is  changed  into  Multipli- 


cation. 


Suppose,  for  inst;  ice,  we  have  to  find  the  fourth, power  of 
13,  we  may  proceed  thus, 

log  13  =  1-1139434 


iil 


■1: 

KiP^'" 

'  >   ■  '  '  -. 

^Kmh  <    ^•: 

'*     '  ■  .■  * 

»   ■■»^   ~  ' 

V 

M 

fi'- . 

• 

4-4557736 
which  is  the  logarithm  of  28661,  the  number  required. 

458.  The  logarithm  of  any  root  of  a  member  is  equal  to  the 
quotient  arising  from  the  division  of  the  logarithm  of  the  number 
by  the  number  denotmg  the  root. 


Let 


Then 


m=a\ 

1      » 

.».  logam'-  =  - 


=  -.log,m. 
Thus  the  operation  of  Evohition  is  changed  into  Division. 
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If,  for  example,  we  havo  to  find  the  fifth  root  of  16807  we 
proceed  thus,  ' 

6  i  4-2254902,  the  log  of  16807 

•8450980 

which  is  the  logarithm  of  7,  the  root  required. 

459.  The  common  system  of  Logai'ithma  has  this  advantage 
over  all  others  for  nunierical  calcuhitions,  that  its  base  is  the 
same  as  tlie  radix  ^^^  the  common  scale  of  notation. 

Hence  it  is  that  the  same  mantissa  serves  for  all  numhers 
which  have  the  same  significant  digits  and  .lifl<.r  only  in  the 
position  of  the  i-late  of  units  rehitively  to  those  digits." 

I''ur,  .^iijce  log  60  ^  log  10  +  log  6 :=  1  +  log  6, 
log  600  ^  log  100  f  lo>r  6  =  2  +  log  6, 
log  60()0  =  |()g  lOOO  +  log  6^;i  +  lo;^r  6, 

it  is  clear  that  if  w;.  know  the  logarithm  of  aiiv  jinmlMM-,  as  6 
we  also  know  the  logarithms  of  the  numbers"  resulting  from' 
multiplying  that  number  by  the  powers  of  10. 

So  agiiin,  if  we  know  that 


we  also  know  that 


log  1-7692  is  •247783, 

log  17-692  is  1-247783, 
log  176-92  is  2-247783, 
log  1769-2  is  3-247783, 
log  17692  is  4-247783,  ' 
log  176920  is  5-247783. 

460.     We  must  now  treat  of  the  logarithms  of  numbers  less 
than  unity. 


Since 


1  =  10", 


•01  = 


1 

100 ' 


.  m-a 


1 

Pi 

.1 

•  * 

i     : 

I. 

' 

1 

i  '• 

-f* 

•iw 


St'      '  '    1  ■ 


\ 

»>      ; 

^            L 

» 
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ki 

^l^_|^ 

334  OJV  LOGARITHMS. 

the  logarithm  of  a  number 

betweoii     land      "1  lies  between      O'and  -1, 

between     land    "01 -land  -2, 

between  -01  and  -IM)!  -2  and  -3, 

and  80  on. 

Hence  the  logarithmfl  of  all  numbers  less  than  unity  are 
negative. 

We  do  not  require  a  separate  table  for  these  logarithms,  for 
we  can  deduce  tlieni  from  the  logarithris  of  numbers  greater 
than  unity  by  the  fcdlowing  process  : 

log -6     =log  ^^^     =log  (> -log  10     =log  6-1, 
1 
log  -OC   =  1  og  -  ^--   =  log  6  -  log  100   =  log  6  -  2, 

log  -OOe^log  j^-f^^  =  log  6-log  1000  =  log  6-3. 

Now  the  logarithm  of  6  ia  -7781513. 

Hence 
log  -6     =  - 1  f  -7781513,  which  \z  written  T-7781513, 
log  -06  =  -  2  +  -7781513,  which  is  written  2-7781513, 
log  -006=  -3+  -7781513,  which  is  written  3-7781513, 

the  characteristics    only  being  negative  and  the    mantissae 
positive. 

461.  Thus  the  same  mantissge  serve  for  the  logarithms  of 
all  numbers,  whether  greater  or  less  than  unity,  which  have  the 
same  significant  digits,  and  differ  only  in  the  position  of  the 
place  of  units  relatively  to  those  digits. 

It  is  best  to  regard  the  Table  as  a  register  of  the  logarithms 

^e  ■,■,■.■,, ^-i'U,^i>a  ■nrViin'W  liQirp  tvn/>  fiirrnifinapt  rlifrit.  l^pfnrt>  t.llP  fJpp.iniJll 

point. 
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Oand  -1, 

1  and  -  2, 

2  and  -  3, 

unity  are 

rithnis,  tor 
era  greater 

-1, 
-2, 
-3. 


81513, 
81513, 
81513, 
mantissse 

jaritlima  of 
h  have  tlie 
tion  of  the 

logarithms 
the  decimal 


No. 


Log 


n 


n 


For  instance,  when  we  read  in  the  tables  144  |  1583625,  we 
interpret  the  entry  thus 

log  1-44  is  -1583025. 

We  then  obtain  the  following  rules  for  the  characteristic  to 
be  attached  in  each  case. 

I.  If  the  decimal   point  be  shifted   one,  two,  three 
places  to  the  right,  prehx  as  a  ciiaracteristic  1,  2,  3  ...  w. 

II.  If  the  decimal  point  be  shifted  one,  two,  three 
phices  to  the  left,  prefix  as  a  characteristic  l,  2,  3  ...  n. 

Thus                  log  1-44  is    -1583625, 

/.  log  14-4  is  1-1583025, 

log  144  is  2-1583625, 

log  1440  is  3-1583G25, 

log  -1 14  is  1-1583625, 

log  -0144  is  2-1583625, 
log  -00144  is  3-1583625. 

462.  In  calculations  with  negative  characteristics  we  follow 
tlie  rules  of  algebra.     Thus, 

(1)  If  we  have  to  add  the  logarithms  3-64628  and  2-42367, 
we  Hrst  add  the  mantissa),  and  the  result  is  1-06995,  ;ind  then 
add  the  characteristics,  and  this  result  ia  1. 

Tlie  final  result  is  1  + 1-06995,  that  is,  -06995. 

(2)  To  subtract  56249372  from  3*2456973,  we  may  ai-range 
the  numbers  thus, 

-3+ -2456973 
■      -  5  +  -6249372 

1  +  -6207601 

tlie  1  carried  on  from  the  last  subtraction  in  the  decimal  places 
changing  -  5  into  -  4,  and  then  -  4  subtracted  from  -  3  giving 
1  as  a  result. 

Hence  the  resulting  logarithm  ij.  1-6207601. 
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m,  '. 


rat.    ; 


\-  W 


(3)    To  in\iltii)ly  3-74826t)9  by  5. 

3-7482r)(}9 
5 


12-7412846 
the  3  carried  on  from  the  last  multiplication  of  the  decimal 
places  being  ttdde<l  to  - 15,  and  thus  giving  -  12  as  a  result. 

(4)     To  divide  T4'245673C  by  4. 

Increase  the  negative  characteristic  so  that  it  may  he  exactly 
divisible  by  4,  making  a  proper  compensation,  thus, 

T4-2456736  =  16  +  2-245(J736. 

14-2456736  _  16  +  2-2456736  _  - 
4  ■  4 


Then 


* =4  + -5614184; 


and  80  the  result  is  4-5614184. 


Ex  AMPLES.— ClX. 
I.    Add  3-1651553,  4-7505855,  6-6879746,  2-6150026. 


2. 

3- 

4- 

5- 
6. 

7- 


Add  4-6843785,  5-6650657,  3-8905196,  3-4675284. 
Add  2-5324716,  3-6650657,  5-8905196,  -3156215. 
From  2-483269  take  3-742891. 
From  2-352678  take  5-428619. 
Froni  5-349162  take  3-624329. 
Multiply  2-4596721  by  3. 

8.  Multiply  7-429683  by  6. 

9.  Multiply  9-2843617  by  7. 

10.  Divide  6-3725409  by  3. 

11.  Divide  14-432962  by  6. 

12.  Divide  4-53627188  by  9. 

463.  We  shall  now  explain  how  a  system  of  logarithms 
calculated  to  a  base  a  may  be  transformed  into  another  system 
of  which  the  base  is  6. 
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Let  m  be  a  number  of  which  the  logarithm  in  the  tirst 
Bysteuj  ig  x  and  in  the  secoiul  y. 


Then 
and 

Hence 


m 
X 


y 


=  log,&; 


"x    lo.'6' 


y=i7: 


locr,.6 


X. 


Hence  if  we  multiply  the  logarithm  of  any  n-  mber  in  the 
system  of  which  the  base  is  a  by  -~  we  bIi^^  obtain  the 
logarithm  oi  the  same  number  in  the  system  of  wl'ich  the  base 


is  b 


1 


This  cousta-t  mr  tiplier  ^^^  is  called  The  Modulus  of  the 

system  cf  which  the  base  is  b  with  referenr;e  to  the  syster^i  of 
which  tlie  base  is  a. 

464.  The  common  system  of  logarithms  is  used  in  ul; 
numerical  calculations,  but  there  is  another  system,  which  w^. 
must  notice,  employed  by  the  discoverer  of  logarithms,  Napier, 
and  hence  called  The  Napierian  System. 

The  base  of  this  system,  denoted  by  the  symbol  «,  is  the 
number  which  is  the  sum  of  the  series 

^'^2+2:3'^2:t:4"*"-'*'^'''-^'' 

of  which  sum  the  first  eight  digits  are  2-7182818. 

465.  Our  common  logarithms  are  formed  from  the  Loga- 
rithms of  the  Napierian  System  by  multiplying  each  of  the 

[S.A.]  jf 


N^ 


'* 


^ 


f--^.  »?i 


'  ili»i' 
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latter  by  a  common  multiplier  called  The  Modulus  of  the 
Common  System  ^ 

Thi?   modulub  is,   in  accordance   with  the  conclusion  of 

Art.  463, 1 TTy 

'  log.  10 

That  is,  if  I  and  JV  be  the  logaritlims  of  the  same  number  in 
tlie  common  and  Napierian  systems  respectively. 


1= 


log,  10 


Now  log^  10  is  2'3025e;509  ; 


.N. 


or  -43429448, 


••  log,  10       2-30258509 
and  so  the  modulus  of  the  common  systemis  -43'±-9448. 

466.    To  prove  that  log^l  x  iog„c  =  1. 
Let  a;=logA 

Then  6= a*; 


1 


X 


=log6a. 


This 


log,6xlog6a=a;x- 
=  1. 


467.    Ihe  following  are  simple  examples  of  the  method  of 
applying  the  principles  explained  in  this  Chapter. 

Ex,  1.     Given  log  2  =  -3010300,  log  3  =  -4771213  and 
log  7  =  -8450980,  find  log  42. 

Since  42  =  2x3x7 

log  42  =  log  2  +log  3  +  log  7 

= -3010300  + -4771213  + -8450980 
-1-6232493. 


ulu8  of  the 


(nclusion  of 


e  number  in 


;9448. 


le  method  of 
!13  and 
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Ex.  2.     Given  log  2  = -3010300  and  log 3  =  -4771213,  find 
the  logarithms  of  64,  81  and  96. 

log  64= log  26  =  6  log  2 

log  2  =-30]  0300 
6 


.-.  log  64=  1-8061800 

log  81  =  log  3*  =  4  log  3 

log  3= -4771213 


and 


.'.  log  81  =  1-9084852 
log  96  =  log  (:^2  X  3)  =  log  32  +  log  3, 
log  82=- log  2^  =  5  log  2; 
Iog96  =  5log2  +  log3=  1-5051500+ -4771213  =  1-9822713. 


Ex.  3.     Given    log  5  = -6989700,   find    the    logarithm  of 

-^(6-25). 


log  ^3-25)  ■ 


log  0-25  =  ^  log  ^- ^  =  J  (log  625  -  log  100) 


(log  5* -2)  =  ^(4  log  5 -2) 
(2-7958800 -2)  =  -1136657. 

Examples.— clxi. 

1.  Given    log  2  =  -3010300,    find    log  128,    log  125    and 
log  2500. 

2.  Given   log 2  =  -.3010300  and  log  7  = -8450980,  find  the 
logarithms  of  50,  -005  axid  196. 

3.  Given  log  2  =  -3010300,  and   log  3  = -4771213,  find  the 
logarithms  of  6,  27,  54  and  576. 

find  log  60,  log  -03,  log  1-06,  and  log  -0000432. 
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5.  Given  log  2  =  -3010300,  log  18=  1-2552725  and 

log  21  =  1-3222193,  find  log  -00075  and  log  31-5. 

6.  Given  log  5  = -6989700,  find  the  logarithms  of  2,  •064> 

and  \^^,^)  . 

7.  Given  log  2  =  -3010300,  find  the  logarithms  of  5,  -125, 

and  \^^^)  . 

8.  AVliat  are  the  logarithms  of  -01,  1  and  100  to  the  base 
10  ?    What  to  the  base  -01  ? 

9.  What  is  the  characteristic  of  log  1593,  (1)  to  base  10, 
(2)  to  base  12  ? 

10.  Given  ^-  =  8,  and  x = 3y,  find  x  and  y. 

11.  Given  log 4  =  -6020600,  log  r04  =  -0170333 : 

(a)     Find  the  logarithms  of  2,  25,  83-2,  (-625^^ 

(6)     How  many  digits  are  there  in  the  integral  part  of 

(1.04)6000 'J 

12.  Given  log  25  =  1-3979400,  log  1-03 --0128372: 

(a)  Find  the  logarithms  of  5,  4,  51-5,  (-064)^«'. 

(b)  How  many  digits  are  there  m  the  integral  part  of 
(l-03)«^? 

13.  Having  given  log  3  = '4771213,  log  7  = '8450980, 

log  11  =  1-0413927: 

77  3 

find  the  logarithms  of  7623,  g^j^  and  ^^. 


14.     Solve  the  equations : 

(1)  4096'  =  -^-. 

(2)  (rJ=6-25. 

(3)  a*.lf='m. 


(4)  arh^=>6. 

(5)  a=^.ft*-'=c»^*. 

(6)  arlf"  =0'-**. 


pi '     * 
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id 
31-5. 

,  of  2,  -064, 

;  of  5,  -125, 

to  the  base 
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50980, 


468.  We  have  explained  in  Arts.  459—461  the  advantages 
«>1  the  Common  System  of  Logarithms,  which  may  be  stated  in 
a  more  general  form  thus  : 

Let  A  be  any  sequence  of  figures  (such  as  2-35916),  having 
om  digit  in  the  integral  part. 

Then  any  number  N  having  the  same  sequence  of  figures 
(such  as  235-916  or  -00235916)  is  of  the  form  A  x  10",  where  n 
is  an  integer,  positive  or  negative. 

Therefore    \o^^,N =\o^^lA  x  10^)^log^^A+n. 

Now  A  lies  between  lO^  and  10^,  and  therefore  log  A  lies 
between  0  and  1,  and  is  therefore  a  proper  fraction. 

But  logj.AT  and  logj„4  diff-er  only  by  the  integer  n ; 

•*•  logio^  i«  tlie  fractional  part  of  logij,iV. 

Hence  the  hg-Hthms  of  all  numhers  having  the  same 
SEQUENCE  OP  FIGURES  have  the  same  mantissa. 

Therefore  one  register  serves  for  the  mantissa  of  logarithms  of  all 
such  numhers.     This  renders  the  tables  more  comprehensive. 

Again,  considering  all  numbers  which  have  ^lie  same 
sequence  of  figures,  the  number  containing  two  digits  in  the 
integral  part  =10.^,  and  therefore  tlie  characteristic  of  its 
logarithm  is  1. 

Similarly  the  number  containing  m  digits  in  the  integral 
part  =  10"'.  ^,  and  therefore  the  characteristic  of  its  logarithm 
is  m. 

Also  numbers  which  have  no  digit  in  the  integral  part  and 
one  cypher  after  the  decimal  point  are  equal  to  A  .  10-»  and 
A  .  10-2  respectively,  and  therefoie  the  characteristics  of  their 
logarithms  are  -  1  and  ^   2  respectively. 

Similarly  the  number  having  m  cyphers  following  the  decimal 
point  =  ^  .  lO-'^+i'; 

.*.  the  cham'',iristic  of  its  logarithm  is  ~(m+  1). 
ITence  v:e  see  thai  the  characteristir<'  of  the  logarithms  of  all 

numhers  mn  hp.  rip.tpr-nyi'npfl  hii  o'/nQt-tart^'o^^   ^Ai'7  th^-~^f^~.-.  -.--J  --±  1-- 

-''■'■ y    .^j.,....?.r..,t    tvfKJ,   Iriti  cjinc  'tiCCU  'll'Ji  tX 

registered.     This  renders  the  tables  less  kUhy. 
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469.  The  method  of  using  Tables  of  Logarithms  does 
not  fall  within  the  scope  of  this  treatise,  but  an  account  of 
it  may  be  found  in  the  Author's  work  on  Elkmentary 
Triqonometuy. 

470.  We  proceed  to  give  a  short  explanation  of  the  way 
in  which  Logarithms  are  applied  to  the  solution  of  questions 
relating  to  Compound  Interest. 

471.  Suppose  r  to  represent  the  interest  on  ^1  for  a  year, 
then  the  interest  on  P  pounds  for  a  year  is  represented  by 
J^r,  and  the  amount  of  P  pounds  for  a  year  is  represented 
byP  +  Pr. 

472.  To  find  the  amount  of  a  given  sum  for  any  tims  at 
compound  interest. 

Let  P  be  the  original  principal, 

r       the  interest  >-  n  ^1  for  a  year, 
n       the  number  of  years. 

Then  if  Pi,  P^,  P^.-.Pn  be  the  amounts  at  ine  end  of 
1,  2,  3  ...  w  years, 

P^  =  P  +Pr  =  P  (1  +  r), 

P,  =  P,  +  Pir  =  Pi(l  +  r)=P(l+r)2, 


Pn  =  P{l+rr. 

473.     Now  suppose  P,„  P  and  r  to  he  given :  then  by  the  aid 
of  Logarithms  we  can  find  n,  for 

logP,.-log^,P(l  +  r)«[ 

=logP  +  ?ilog(l+r); 


.*.  «^ 


logP„-logP^ 
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474.  If  the  interest  be  payable  at  intervals  other  than  a 
year,  th  fonuula  P„  =  P(l+ry  is  applicable  to  the  solution  of 
the  question,  it  being  observed  that  r  represents  the  interest 
on  £1  for  the  period  on  which  the  interest  is  calculated,  half- 
yearly,  quarterly,  or  for  any  other  period,  and  n  represents  the 
number  of  such  periods. 

For  example,  to  find  the  interest  on  P  pounds  for  4  years 
at  compound  interest,  reckoned  quarterly,  at  5  per  cent,  per 
annum. 


Here 


1.5       1-25 
'•=4°fl00=i00  =  -'"2»' 

n  =  4x4=16; 

.•.P„  =  P(1  + -0125)18. 

Examples.— clxii. 

N.B.— The  Logarithms  required  may  be  found  from  the 
extracts  from  the  Tables  given  in  pages  329,  330. 

1.  In  how  many  years  will  a  sum  of  money  double  itself 
at  4  per  cent,  compound  interest  ? 

2.  In  how  many  years  will  a  sum  of  money  double  itself 
at  3  per  cent,  compound  interest  ? 

3.  in  how  many  years  will  a  sum  of  money  double  itself 
at  10  per  cent,  compound  interest  ? 

4.  In  how  many  years  will  a  sum  of  money  treble  itself 
at  5  per  cent,  compound  interest  ? 

5.  If  £P  at  compound  interest,  rate  r,  double  itself  in  n 
years,  and  at  rate  2r  in  m  years :  show  that  m  :  w  is  sreater 
tlian  1:2.  ^ 

6.  In  how  many  years  will  ^1000  amount  to  J1800  at 
5  per  cent,  compound  interest  i 

7.  In  how  many  years  will  £P  double  itself  at  6  per  cent, 
per  ann.  compound  interest  payable  half-yearly  ] 


APPENDIX. 

476.  The  following  is  another  method  of  proving  the  prin- 
cipal theorem  in  Permutations,  to  which  reference  id  made  in 
the  note  on  page  289. 

To  prove  that  the  number  of  permutations  oj  n  things  taken  r  at 
a  time  is  n.  (n-1) (n-r+1). 

Let  there  be  n  things  a,  b,  c,  d 

If  n  things  be  taken  1  at  a  time,  the  number  of  permutations 
is  of  course  n. 

Now  take  any  one  of  tht  i,  as  a,  then  n-1  are  left,  and 
any  one  of  these  may  be  put  after  a  to  form  a  permutation, 

2  at  a  time,  in  which  a  stands  fir  t, :  and  hence  since  there  are 
n  things  which  may  begin  and  each  of  these  n  may  have  n-l 
put  after  it,  there  are  altog(  ler  n{n-l)  permutations  of  n 
things  taken  2  at  a  time. 

Take  any  one  of  these,  as  ab,  then  there  are  -"  -  2  left,  and 
any  one  cf  these  may  be  put  after  ab,  to  form  a  permutation, 

3  at  a  time,  in  which  ab  stands  first :  and  hence  since  there 
are  n{n  -  1)  things  whicli  may  begin,  and  each  of  these  n{n  - 1) 
may  have  n-2  j)ut  after  it,  there  ai  altogi^ther  n(n  —  l)(n-  2) 
permutations  of  %  things  taken  3  at  a  time. 

If  we  take  any  one  of  these  as  abr.,  there  are  n-3  left,  and 
so  the  immber  of  permutations  of  n  things  taken  4  at  a  time  is 
w.(?i-l)(n-2)(?i-3). 

So  we  see  that  to  find  the  number  of  permutations,  taken 
r  at  a  time,  we  must  multiply  the  number  of  permutations, 
taken  r— 1  at  a  time,  by  the  number  formed  by  subtracting 
r—  1  from  n,  since  this  will  be  the  number  of  endings  any  one 
of  tliese  pei-mutations  may  have. 

Hence  the  number  of  permutations  of  n  things  taken  5  at  a 
time  is 

n{n-l)(n-2)  (n-Z)  x(n~4),0T  n{n-l){n-2)(n-S)  (n-4); 
and  since  each  time  we  multiply  by  an  additional  factor  the 
number  of  factors  is  equal  to  the  number  of  things  taken  at  a 
time,  it  follows  that  the  number  of  permutations  of  n  things 
taken  r  at  a  time  is  the  product  of  the  factors 

n.(n-l)(M-2) (n-r  +  l) 
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I.  6a +  76  + 12c. 

4.  8a  +  2&  +  2c. 
7.  126  + 3c. 


A  ]sr  S  W  E  R  s. 

i.  (Page  10.) 
2.  a  +  36  +  2c. 
5.  2a;-7a  +  36-2. 


3.  2a  +  26  +  2c 
6.  0. 


ii.  (Page  10.) 

I.  2a.    2.  2a  +  5a?.  3.  3a-3a5. 

5.  4a  +  6  +  2c.    6.  2a.  7.  4. 
9.  10a- 76 -03. 

iii.  (Page  10.) 

I.  26.     2.  x  +  2y.  3.  a  +  5c-\-d. 

5.  2r.     6.  26  +  2c.  7.  a-36-c. 

iv.  (Page  11.) 


4.  8x-\-5y. 
8.  I3x-y-6si. 


4  2y  +  2z. 
8.  3y  +  z. 


I. 

4a  -  6.            2. 

46.              3.     a  +  6  - 

4c. 

4.    26. 

5- 

14a; +  2.          6. 

2x  +  a.        7.     6x-a. 

8.    a. 

9- 

2a  -  h.           10. 

2a.             II.     c. 

12.    »  +  3a. 

3- 

2})a-276  +  6c. 
Addition. 

V.     (Page  16.) 

I. 

7a -26. 

2.    -106  + 6c.          3. 

lice 

-8y-6z. 

4. 

-66-5c  +  3tZ. 

5.     2a.                      6. 

2a;- 

-2a  +  6  +  4y. 

7.  7a  +  46-4c.    8.  7a-6  +  7c. 


■Qy  +  2z. 


m 


345 

ANSIVERS. 

Subtraction. 

I. 

2a  +  2b 

2. 

a-c. 

3- 

2a- 

-26  +  2c. 

4. 

Sx-11y  +  6. 

5. 

7a -166  + 20c. 

6. 

5a- 

-36 -8a;. 

7. 

-  3a +  3?) -4c. 

8. 

26+ 2c- 15. 

9- 

11a 

-7y  +  4z. 

10. 

6a-b  +  5c. 

II. 
Vi. 

12^-9g  +  2r. 
(Page  20.) 

i. 

I. 

3xy.             2. 

\2xy. 

3.     12xY. 

4- 

3a56c2.  ■ 

5- 

a7.               6. 

a\ 

7.     \2aPh^. 

8. 

35a«6c*. 

9- 

I80a%<^c*. 

[o.     28ft76cio.        II.     3a» 

12. 

20aVPxy. 

13- 

7Gxyz^ 

14. 

51ah*chjz. 

15- 

48a;8?/i"««. 

16. 

I2arbcxy. 

17- 

8a^*¥c^. 

18. 

9tnPn^p^. 

19. 

ahx^yh*. 

20. 

S:iaW'm^x. 

Vii.     (Page  22.) 

I.  a-  +  a6-ac.         2.     2a2  +  6a6-8ac. 

4.  9a^'  -  15a4  -  ISa^  +  21a2.  5. 

6.  3a56-9a463  +  3a26*.  7. 

8.  1 8a'''6  +  8aS62  -  6a'^¥  +  Sa^b\     9. 

I  o.  mhi  -  Sm^'-^  +  3mn^  —  n'^.         1 1 . 

1 2.  1()4,T^1/  -  136x3?/2  +  4()^2^^3  _  8x1/. 


3.    a4  +  3a3  +  4a« 

a36-2a262  +  a63. 
8m'^?j  +  dni^n^  +  lOmn^. 
a;*!/*  -  x^y^  +  a;2?/2  _  7a;?/. 
144a56*-72a465  +  60a366. 


I.  a;2  +  12a;  +  27. 

4.  a;2-15x  +  56. 

7.  a;*  +  £c2_20. 

9.  ai^-SLx^  +  O. 

II.  a;*-cc2  +  2x-l. 

14.  a^  -  a-". 


viii.     (Page  27.) 

2.  x-  +  8,T-105.  3.     a;2-2a;-120. 

5.  a2-8a+15.      .     6.     ?/  +  7?/-7S. 

8.  re**  -  1 2:c3  +  50^2  -  84a;  +  45. 

1  o.  a«  -  3a5  -  3a-*  +  13a3  -  6a2  -  Ca  +  4. 

12.  :r^  +  xY-  +  y\         13.     x^-y". 

15.  .'/'-5a;H5a;--l. 

17.  a* -166*.  18.     16a* -64, 


■'■'.I 
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i  -2b  4-  2c. 
I -3b-  8x. 
[x  —  *Iy  +  4z. 


35a«6c*. 
20a'^Pxy. 


hj^  -  7xij. 


'-2^-120. 

'  +  7?/ -78. 
5. 

■  -  ?/"• 

]a*'-b\ 


19.  a»  -  4a*6  +  4aW  +  4n%^  -  1  lab^  -  1266. 

20.  a5  +  5tt^6  +  u^62-10a263^12a6« -9?A 

21.  a*  +  4a2x2  +  16x'».  22.     SlaHQaV  +  te*. 
23,  ac8  +  4a^x*+16a<.                       24.     aH  6=^  +  c^  -  3a6c, 

25 .  0:6  4.  a;4  j^  _  9_j.3^2  _  20a;2i/3  +  2x2/*  + 1  ^V^'- 

26.  d^b'^  +  cW-ah'^-hH\  27.    x^-aS. 

28.  x^  -  ax^  +  6x'^  -  cx^  -  ahx  +  acx  -  hex  +  aftc. 

29.  l-x8^  30.     x^-'if.  31.     a^o-x'". 
33.  2.           34.    -14.           35.    a6  +  ac  +  6c. 
37.  2.            38.    m2. 


32.    -47. 
36.    -60. 


ix.     (Page  28.) 

I.    -a%.  2.     -aK  3.     -a%\  4.    12a368, 

5.     -aOxy.        6.     -a3  +  a26-a62.        7.     -6a6-8a4  + lOal 
8.     a4  +  2a3  +  2rt2  +  a.  9.     -6x3i/  +  x22/2+ 7x(/3- 12?/. 


10.     5  //r  +  ?/i">i  -  1 37nn2  +  7?i^ 


u.     -13r'5"22r2  +  96r+135. 


12.  -  7X'*  +  x3;3  +  8x2;32  +  9,^,^2  +  Q^Z^ 

13.  x«  +  xy.  14.    x*  +  2x3|/  +  2x'y+2xj/3  +  y*. 

X.     (Page  32.) 

I.  x^  +  2ax  +  a^            2.    x2-2ax  +  a2.             3.    x2  +  4x+4. 

4.  x2-6x  +  9.           5.     x*  +  2x27/2  +  7/.           6.     x*-2x'Y  +  y*. 

7.  a«  + 2(1^6^6".                             8.     a''-2a363  +  ^,o 

9.  a;2  +  7/2  4.  g;2  +  2x1/  +  2x;j  +  2yz. 

10.  a;2  +  ^2+'22_2iC2/  +  2x?j-27/;2. 

r  I .  m^  +  n"+p^  +  r'^  +  2mn  -  ^mp  -  2wm-  -  2?jj3  -  2»? >•  +  2jjr. 

12.  iB*  + 4x3-2x2-12x4- 9.         13.    X* -12x3+ 50x2 -S4X+40L 

14.  4x*-28x3  4-85x2-12Gx  +  81. 

IS-  ai''  +  2/' + »*  +  2x2^2  _  23.2^2  _  2j^%a. 
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16.  x8  -  8x«7/2  + 1  So:*?/  -  Sx^i/"  +  f. 

17.  a8  +  6"  +  c«  +  2a3fe''  +  2a3c3  +  26V. 

18.  a;8  +  i/  +  !2«-2xV-2arV  +  27/32». 
19  a;2  +  4j/2  +  9!82  +  4xt/-6.Ts;-12ip. 

20.  X*  +  4i/*  +  25z*  -  4a;2y2  +  lOx'-^s-  -  2(M/V. 

21.  x'  +  3flx2  +  3a2a;  +  a3.  22.    x'-Sax^  +  Sa^-fl^. 
23.  x3  +  3x2  +  3x+l.                          24.     x3-3x2  +  3x-l. 

25.  x3  +  Gx2  +  12x  +  8.  26.     a«-3a<62  + 3^264  _je, 

27.  re''  +  ?,a^h  +  3(«  ^r'  +  h^  ^-  f'  +  Sa^c  +  6a*c  +  362c  +  3fflc2  +  36c2. 

28.  rf='  -  3a.'^ft  +  3a62  -  /,3  -  c^  -  3rt2c  +  6aftc  •-  Wh  +  3ftc2  -  3Jc''. 

29.  m''-2m2n2  +  n*.  30.    »i*  +  2w''rt-2mn'-w*. 


I.    X^. 

7.    16a'Z>«c8 


I. 

4- 
7. 
9- 


2.   it*. 


Xi.     (Page  34.) 

3.   x^;/.       4.   x^j/2!^.        5.  66c.       6.  8A 
8.    12l7>i»ny.         9.   12a3x2/*.         10.   8a*6c^. 


Xii.     (Page  35.) 
I.    x2  +  2x  +  l.         2.    ?/-:j/'-^  +  ^-1.  3.    a2  +  2rt6  +  36'''. 

4.    X*  +  mpx^  +  m2p2.      5.  4ai/-7x  +  x2.      6.  8x  V  -  4.1:  V  -  %• 
7.     27m%'^-18m%*  +  9wp.  8.     3xY -^x?/ -  ?/*. 

9.     13a26-9a62  +  76.  10.    196V +126^- 76c*. 


xiii.     (Page  36.) 
-8.  2.     15a5  3.     -21xY. 

-Gm^M.  5.     16a%  6.     aV  +  r<x  +  l. 

-2a2  +  3a-a;2.  8.     2  +  6(1^6  -  SaW 

-  12x2  +  9xy  -  8i/2,  10.    -  a^  +  6  ^ojV  +  6?/*. 


Xiv.     (Page  38.) 

I.    aj+5.  2.    x-10.  3.    x  +  4. 

»2  +  7x+12.  6.    xa-1. 


4.      05  +  12. 

7.    a;-4^+L 


I. 

4- 
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8.    a;''-3u;^  +  3x+l. 
II.    a^-a+l. 


9.     c-  -  2x  - 1. 
12.     a^-2a;''^  +  8. 


14. 
16. 
18. 
21. 

23. 

27. 
29. 

31- 

33. 

35- 

37. 

39- 

41. 

44. 

46. 

48. 

50. 

53. 
56. 

59- 


x-  -  6x  +  6. 
2ax2-3a'^  +  a3. 
a:  +  2y. 

x^  +  x^y  +  ar^y'*  +  X Y  +  an/*  f  y6. 
-6 +  26'^ -63. 


10.    x^'-Sx+l. 
13.     z^  +  2if. 


IS'    a*~  4a^b  +  V,a^b^  -  4o6«  +  6^ 
17.     rt^-2a''6  +  3a62  +  463^ 


19.    x2-x+l. 


20. 


c^-a'-J, 


22.    x*-x^  +  xV  •^■2/^  +  ^. 


24.    a4  ,i-c. 

26.    rt  -  6  +  c  -  d. 
x^-xy-xz  +  y^-yz  +  zl       28.     x^^  -  a;Y  +  x«2/*  -  x  V  +  7/8. 

30.     tt*-a'<6  +  a'''6'''-a63  +  6*. 


36.     24x^-2ax-S[y(ii 
38.     8x»  +  I2ax^  -  18a-x  -  27a^. 


42. 


64a^ 


p  +  2q 

x^  f  x''y  +  x^!*  +  xy3  +  y*.        32.     2x3  -  Sx'-^  + 

a*  +  3ft3  1-  J)a-  +  27a  +  81 .       34.    F  +  yfc^  +  yt. 

x'^  -9x-  10. 

6.t--7^  +  8. 

27x^-36(tx^- 

X  +  2a. 

X-  -  3xy  -  2if. 

a3  +  ?ai!6  +  4a6=^  +  863. 
8x3  _  Y^^iy  ^  ig^y'>  _  2'jy3 

a^  -  2ax  +  4xi 
x^  +  xy-y^. 


2x. 


40.     2a +  36. 


a^ 


4b'i 

45- 
47. 


I. 

4- 

I. 


x-y-z. 
x+y. 
x^-ax  +  b'i 

ay^+ax  +  b. 
ay^  +  ax  —  b. 


43-    x^-3x-y. 
x3  +  3x'7/  +  9x7/'^  +  27t/3. 
27a3-18a-*6+12a6''2-863. 
49-     3a  +  26  +  c. 
SI.     x^  +  xy  +  y^.       52.     16x^-4xy  +  y\ 
54.     ax2  +  4a2x  +  2a3.  55.    a-x. 

57.     3x"''-x  +  2.         58.    4-6x  +  8x''*-10x3. 
60,    ax  +  by-ab-xy.  61.    6x+a2/. 


XV.     (Page  40.) 

2.    y^^il  +  m)y  +  lm. 
5.    x2-(6  +  rf)x  +  6i. 

xvi.     (Page  42.) 


3-    »2+cx  +  d 


m-n,m^-mn  +  n\  m* - m^n  +  ??i V _ ^^3  +  ^4^ 
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2.  m  +  w,  m^  +  mn  +  n^,  w?  +  m'-'n  +  &c, ,  m*^  +  m*n  +  &c., 

m"  -r  w^n  +  &0. 

3.  a-1,  a2-rt  +  l,  a*-«3  +  &P     f"  -  a*  t- &c.,  a^  -  a**  +  &c. 

4.  i/  +  l,'j/2  +  i/  +  l,  l/*  +  r/  +  .Soc.      '-  75  + &c.,  1/8  +  2/^ +  &C. 


I.  5x(x-3). 

4.  4x1/  (x2  -  3xy  +  2  7/2) . 

6.  3x3//2(^V-7a;  +  V). 

8.  45xY(xY-2a;-8i/). 


7. 
10. 

12. 

14- 


XVii.     (Page  4o.) 
2.     3x(x2  +  G.;-2).  3.     7(7y2-2j/  +  l). 


5.    a;  (x^  -  ax^  +  6x  +  c). 

7.     2  Ta^^o  (2  +  4a36-'  -  dw'h^). 


XVJii.     (Page  44.) 
I.    (x-a){x-h).      2.    (a-x)(6-hx).        3.    {l>-y)(c  +  y). 
4.     (a  +  m)(&  +  n)-     5-     (aa;  + 1/)  (te  -  ?/).    6.    (a6  +  erf)  (a;  -  ?/). 
7.    (ox  +  my)  {dx  -  ny.) 

xix. 


8.     (ac  -  6rf)  (6x  -  dy). 


(Page  45.) 

I.    {x  +  b)(x  +  6).       2.  {x  +  b){x  +  l2).       3-  (y+12)(?/  +  l). 

4.     (y  +  ll)(l/  +  10).    5.  (m  +  2())(?n  +  15).   6.  (m  +  0)(m  +  17). 

(ti  +  8&) (a  +  6).       8.  (x  +  477i)(x  +  9m).  9.  {y  +  3/i) (y  +  16n). 
(2  +  4^)(»  +  25^).  II.     (x2  +  2)(x2  +  3). 

(x3+l)(x3  +  3).  13-     {xy  +  2){xy  +  l6). 

(xy  +  3)(xV  +  4).  •  15.     (rn^  +  S){m^  +  2). 

16.    (w  +  202)(w  +  72). 


XX.     (Page  45.) 


I.  (x-5)(x-2). 

3.  {y-U){y-l2). 

5.  (w-23)(n-20). 

7.  (x3-4)(x3-3). 

9.  ibk^  ■5)(6V-6). 


2. 

4. 

6. 

8. 

10. 


(x-i9)(x-10). 
(2/ -20)  (2/ -10). 
(w- 56)  (71-1). 
(ab-2Q){ah-l), 
(xyz  —  ll)  (xyz  —  2). 
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xxi.     (Pugo  46.) 
I.  (a;+12)(x-6).        2.   (x  +  15)(x-3).        3.   (a4  12)(a-l). 
4.  (a  +  20)(a    7).       5.   (6  +  25)(A-12).       6.   (6  +  30)(6-5V. 
7.   (x<  +  4)(a;''-l).  8.   {:xy+U){xy-l\). 

9.   (m6  +  20},^m6-6).  10.    (n  +  3())(w-13). 

XXii.     (Page  46.) 

I.  (x-ll)(a:  +  6).       2.  (a!-9)(u;  +  2).        3.   (m-12)(m  +  3). 

4.   (n-15)(w  +  4).       5.  (y-i4)(2/  +  l).      6.    (,'-20)(.  +  5). 
7.    (x6- 10)  (0:6+1),  g     (,rf..3o)(,^^_e;). 

9.   (m3»-2)(m-%+l).  ,0.   (pV-12)(^V+7). 


xxiii. 


I.  (a; -3)  (a; -12). 

3.    (a6-18)(a6  +  2). 

5.   (i/3+10)(i/3-9). 

7.  x(x-2  +  3rta;  +  4rt2). 

9.   (t/3-3)(2/3-l). 
»i.  (x+a)(a;-6). 
13.  (a6-d)(6-c). 


(Page  47.) 

2.   (a; +  9)  (a; -5). 

4.  (a;*-5m)(a;4  +  2w). 

6.  (cc2  +  10)(a;'^-ll). 

8.  (oj  +  w)  (a;  +  w). 

10.  (xy-ab)  (x-c), 

12.  (a;-c)(a;  +  d). 

14.  ^.(x-4y)(x-3y). 


XXiv.  (Page  48.) 

I.  («  +  9)9.         2.  (a;  +  13)3  3.   (a;  +  l7)a.        4.   (p+i)\ 

5.  (.+  100)2.      6.  (x2+7)2.  7.  (a;  +  52/)3.       8.  (m2+8n2)l 
9.   (»3+i2)2.                ,0,   (tw/  +  81)2. 

XXV.  (Page  48.) 

I.  (x-4y.       2.   (x-14)!i.  3.   (a;- 18)2.       ^^   (y-SO)'. 

5.  (.-50)2.     6.   (a;2-ll)2.  7.   (a;-l5t^)2.     S.   rm^-ie^iS^a 
9.  (»3-19)». 
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I. 

4- 
7- 

9- 
II. 

IS- 
16. 
17. 
19- 

21. 
23- 
25- 
27- 

29. 

31- 
33- 
35- 


XX vi.     (Page  50,) 

(«  +  !/)  (»-!/)•        2.   (a;  +  3)(a;-3).        3.   (2a;  +  5)  (2x  -  5). 

(a-*  +  a;2)(a--x"').       5-   (a;+ 1)  («- 1)-      6.   (a;^  + 1)  (a;3  -  1). 

(x*  +  l)(x4-l).  8.   (m'-2  +  4)(m2-4). 

(62/  +  72!)(6i/-7i8).  10.   (9xt/ -M lab)  (9xy- Haft). 

((i_ft  +  o)(«-6-c).  12.    (ic  +  m-w)(x-m  +  ri). 

(a  +  6  +  c  +  (i)(a  +  6-c-ci).  H-   2a;x22/. 

(x-7/ +2)  (x -:?/-»). 

(a-&  +  OT  +  w)  (a-6-m-w). 

(a-c  +  &  +  ci)(a-c-6--tZ).  18.   (a  +  6-c)  (a-6  +  c). 

(a;  +  i/  +  ia)(x  +  i/-a).  20.    (a-ft  +  w-n)  (a-J-m  +  w). 

(aa;  +  6(,  +  l)(ax  +  %-l).  2G.   2axx2h7j. 

{[  +  a-h){l-a  +  h).  24.    (l+a-^j)  (1 -aj  +  l/). 

(iB  +  i/  +  a)(x-2/-z).  26.    (a +  26 -3c)  (a -26  + 3c).     - 

(rt2  +  46)(a2-46).  28.    (i  +  7c)(l-7c). 

(ti-6  +  c  +  (Z)(a-6-c-rf).  30-   (a  +  b-r,-d){a-b-c  +  d). 

•3ax  {ax  +  3)  {ax  -  3).  32.   (^'^^  +  c*)  (a'^'  -  c*)- 

i2(a;-l)(2x+l).  34-   {9x  +  7y)  {5x  +  y). 

1000  X  506. 

XXVii.     (Page  51.) 

2.   (a-6)(a2  +  a6  +  6'-0. 


I.  (a  +  6)(a''^-a6  +  62). 

3.  (a-2)(a2  +  2ci  +  4). 

4.  (x  +  7)(.x2-7a;  +  49). 

5.  (6-5)  (62  +  56  +  25). 
7.  (a -6)  (a2  +  6a  +  36). 
9.  (4a  -  106)  (16a2  +  40a6  + 10062). 

10.  (9»  +  Sy)  (81a;-  -  72a;y  +  647/2). 

11.  (»  +  2/)  (a;^  -  »2/  +  2»'^)  (aJ  -  2/)  (^'  +  ^y  +  ^^)* 


6.   (cc  +  4y)  (ic2  -  4xi/  + 1  Gi/^). 
8.    (2x  +  3y)  (4x2  _  Q^y  +  91/2). 
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5)(2x-5). 

-1)(X3-1). 

11  +  w). 


a  -  6  +  c). 

-  5  —  m  +  7t). 

Ihy. 

c  +  y). 

-2&  +  3c).     - 

» 

t-6  — c  +  d). 


»-6'-0. 


;i/  +  lGr). 
6xi/  +  V). 


12.    (a;+l)(x2-.a;  +  l)(a;-l)(a;2  +  x+l). 
1 3-     («  +  2)  (rt-  -  2a  +  4)  (a  -  2)  (a2  -;  2a  H-  4). 
14.     (3  +  l/)(9-3i/  +  2/2)(3-2/)(9  +  3y  +  7/2). 


a+6. 


J* 

7- 
13- 


xxviii.     (Page  51.) 

c.     Take  h  from  a  a^d  add  c  to  the  result. 
4-  a- 5.       S.  a  +  l.      6.  a- 2,  a;- 1,  a;,  a; +1,  a; +  2. 
0.        8.  0.        9.  (ia.        10.  c.        II.  a-?/.        12.  a;-?/. 
365 -ex  14.    a;_io.  ,5.    ^^5^ 


Sx. 


1 6.  A  has  a;  +  5  shiUings,  5  has  y-6  shillings. 

17-  ac-0.        18.  xy.       19.  l2-x-y.       20.  w^. 

22.  1/-25.       23.  25G?m8.       24.  46.       25.  a; -5. 

27.  x^-yK         28.     (x  +  y){x-y).  29.     2. 

31.  28.  32.     7.  33.    23.  34.     6. 


21.  25 -a;. 
26.  2/ +  7. 
30.     2. 
35-     10. 


xxix.     (Page  53.) 

1.  To  a  add  6. 

2.  From  the  square  of  a  take  tlie  square  of  h 

3.  To  four  times  the  square  of  a  add  the  cube  of  b. 

4.  Take  four  times  the  sum  of  the  squares  of  a  and  b. 

5.  From  the  square  of  a  take  twice  h,  and  add  to  the  result 

three  times  c. 

6.  To  a  add  the  product  of  m  and  b,  and  take  c  from  the 

result. 

7.  To  a  add  w..      From  b  take  c.      Multiply  the  results 

together. 

8.  Take  the  square  root  of  the  cube  of  x. 

9.  Take  the  square  root  of  the  sum  of  the  squares  of  x  and  y. 

10.  Add  to  a  twice  the  excess  of  3  above  c 

1 1.  Multiply  the  sum  of  a  and  2  by  the  excess  of  3  above  c 
[S.A.]  ^ 
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12.  Divide  the  sum  of  tlie  squares  of  a  and  6  by  four  times 

the  product  of  a  and  h.  v 

13.  From  the  square  of  x  subtract  the  square  oft/,  and  take 

the  square  root  of  the  result.     Then  divide  this  result 
by  the  excess  of  z  above  y. 

14.  To  the  square  of  x  add  the  square  of  y,  and  take  tlie 

square  root  of  the  result.     Then  divide  this  result  by 
the  square  root  of  the  sum  of  x  and  y. 


I.  2. 
7.  105. 
13.  30, 


2.  0. 

8.  27. 
14.  5. 


XXX.     (Page  53.) 


3.  17. 

9.  14. 

15.  3 


4.  31. 
10.  120. 
16.  4. 


5.  20. 

ir.  210. 

17.  49. 


6.  33. 
12.  1458. 
18.  10. 


19.  12.    20.  4.    21.  43.    22.  20.    23.  29.    24.  41536.    25.  52 


W 


xxxi.     (Page  54.) 

I.  0.  2.  0.  3.  2ac.  4.  Zxy.  5.  a^  +  k 

6.  ^x^  +  (6wi  -  6n)  x^  -  (4m^  +  9mn  +  4n^)  x^ 

+  (6mhi  —  6mn^)  x  +  4mhii 


7.  cr^  +  dr  +  e. 


8.   -  a*  -  6*  -  c*  +  2a%'^  +  2a^c^  +  2¥cK 


When  0  =  0,  this  becomes  -a'^-¥  +  2a%'K  When 
})-{-c=a,  the  product  becomes  0,  When  a  =  b  —  c,  it 
becomes  3a*.  9.  0,  10.  34. 

12.  (a)  {ai-h)a?+(c  +  d)x  (/3)  (a-5)x3~(c  +  i-2)a;'^. 
(7)  (4-a)a'-(3  +  ft)n'^-(5-hc;a;.  (S)  a^ _ 52  +  (2a  +  26) x. 
(e)  (m2  -  pJ^)  ^  -1-  (2m<f     :i'/\/i  a;^  +  (277i  -  2»)  a;^. 

1 3.  a;^  -  {a  +  l  +  c)x^^r  {ah  +  ao  +  &c)  a;  -  tt6c. 

14.  o;^  +  (a  +  5  + ") x^  ■■■  (oh  +  ar ■\-hc)x  +  abc. 

15.  (a  +  6  +  c)3=a   h  .ia'^i -I  --.aft^  +  fes  +  c3  +  Sa^c 

+  6a6c  +  362c  +  3ac2  +  35c2. 

(a  +  5  -  c)3 = a3  +  oa-'o  +  3ao2  + 1'^  -  c^  -  3a^c 

-6a6i;-362c?  3ac2  +  3'"'2. 
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four  times 

J/,  and  take 
this  result 

d  take  tlie 
9  result  by 


6.  33. 
12.  1458. 
1 8.  10. 
36.    25.  52. 


5.  a2  +  &2. 

^ft'-*.      When 
a  =  b~c,  it 
o.  34. 

{c  +  d-2)x'. 
4-  (2a  +  26)  X. 


f3ac2  +  35c2. 
f  3ac2  +  3'"'2. 


(6  +  c  -  a)»=  -  a^  +  2a%  -  3a¥  +  ¥  -1-  c^  +  Sah 

-(iithc  +  lWc-Zac^  +  Sbc^ 

Thejm  01  the  last  three  subtracted  fro,n  the  first  gives 

16.  9a2  +  6ac-3a6  +  46c-662.  17.  aio_a,io. 

18.  2ac-2bc-2ad  +  2bd.     The  value  of  the  re.sult  .^'-2br. 

19-  «&H«y  +  (&+l+2a)x+(2a-&-i)2/. 

'°'  ^-  21.  a&-:  .-2  +  (a-6+l).T-(a  +  6+l)i,. 

^^'  ^•.  23.  , 7w  +  4n  + 1)  X  +  (1  -  6n  ~  4m)  y. 

25.  4a2  +  6ac  +  2a&  +  96c  -  66'f  0.5.  3  ;  128 ;  3 ;  118 

27.9.  28.44.  2p.  20.  30.35.  3x.'i8. 


I.  3. 

2.  2. 

8.  4. 

9.  9. 

II.  2. 

12.  9. 

17-  2. 

18.  8. 

23-  3. 

24.  15 

29   6. 

.10.    - 

1. 


XXXii.     (Page  GO.) 

3-  1-        4-  7.        5.  2. 
!o.  .4w.9.  54. 
13.  9.  14.  -7.         ,5,  3 

19-  10.        20.  6.  21.  4. 

25-  1.  26.  2.  27.  3. 


6.  2. 


7.  3. 

If'.  7. 
22.  10. 
28.  4. 


xxxiii.     (Page  62.) 
I.  7(.         ..  43.        3.  23.        4.  7,  21.         5.  36,  26  18,  12.    ' 
6.  12,  8.        ;.  60,  30.        8.  1()     l,  is,  22,  26,  30.       9   ^68 

10.  19    ^i'<(in/^8,  24shillii>gs.  I,.  52. 

12.  ^  has  ^130,  B  £150,  0  £130,  i)  £90. 

'3-  152  n^.a,  76  women,  38  children.     14.  £350,  £450,  £  20. 

15.  51,  13.  ,6.  £8.  15«.  ,7.  84,  26.  ,£.  62,  28. 

19.  Tlie  wife  £4000,  each  son,  £1000,  each  daughter  £500 
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2.  ic==4  or  2 

3.  ^orl 

y=4  or  5. 

y=2or4. 

1       1 

y-2''s- 

4  x=Z 

5.^ 

6.  «=- 
5 

2/  =  4. 

y=2. 

-1- 

I.    X  =  4: 

y=3. 

2. 

a;=±6 
y=±3. 

4.  a:=±8 

y=±2. 

5- 

x  =  5  or  3 
2/  =  3or5. 

7.  x=±2 
2/=  ±5. 

8. 

a;=6 

lo.  x=±2 

y=±'i. 

I. 

x=±7 

y=±2. 

13.  05=10  or 
t/=12  or 

12 
10. 

14. 

x=4  or-5- 
0 

xcvii,     (Page  191.) 

3-  a;=±10 
2/=  +  li. 

^•^=^^^-28 

2/  =  2or-^. 

9.  a;=±2 
y=±l. 

12.  a;=3  or-i 
6 

y=2orl|-. 

15.  a;=±9  or  ±12 
?/=±12or  ±9. 


( / 


y=9  or 


19 

8' 


xcviii.     (Page  193.) 

r.  72.  2.  224.  3.  I8.  4.  50,  15. 

6.  29.  13.         7.  30  8.  107.  9.  75. 

II.  18,  .  12.  17,15.  13.  1^  4.  14.  1296. 
16.  2601.  17.  ^,  4.  18.  12,  5.  19.  12,  7.  20.  1,  2  3 
21.  7,  8.  22.  15,  16.  23.  10,  11,  12.  24.  12.  25  16 
26.  A  5..  27.  12.  28.  6.  29.  75.  30.  5  and  7  hours.* 
31.  101  yds.  and  100  yds,  32.  63.  -,-.    pm  tv 


S.  85,  76. 
10.  20,  6. 

15.  56^. 


34-  16  yds.,  2  yds. 


35.  37. 


jj.  uu  ii    45  rfc. 


36.  100. 


37.  1976. 


378 


ANSWERS. 


XCiX.     (Page  199.) 

I.  a;  =  3              2.  x=b               3.  a;  =  90,  71,  52...downto  14 
y  =  %  y  =  Z.  i/  =  0,13,26  upto52, 

4.  x  =  7,  2      5.  a;=3,8, 13...      6.  a  =  91,  76,  61... down  to  L 
2/=l,4.  i/  =  7,21,35...         i/  =  2,13,24  upto68 

7.  .T=0, 7, 14,21,28  8.  a; -20, 39...         9.  a;  =  40,49... 

i/  =  44,33,22,ll,0.  ?/  =  3,7...  i/=13,33... 

II.    r  =  2 


10.  «;  =  4,ll...uptol23 
1/  =  53, 50 . . .  down  to  2. 


12.  a;  =  92, 83... .2 
i/=l,    8. ..71. 


13.  |and|.       14.  ^jand-|.        15    3 ways, viz.  12, 7, 2; 2, 6, 10. 

16.7.  17.12,57,102...  18.3.  19.2. 

21.  19  oxen,  1  sheep  and  80  hens.     There  is  but  one  other 

solution,  that  is,  in  the  case  where  he  bought  no  oxen, 
and  no  hens,  and  100  sheep. 

22.  A  gives  1?  11  sixpences,  and  B  gives  A  2  fourpcnny  pieces. 

23.  2,  106,  27.  24.  3. 

25.  A  gives  6  sovereigns  and  receives  28  dollars. 

26.  22,  3  ;  16,  9 ;  10,  15 ;  4,  21.  27.  5.  28.  56,  44. 
29.  82,  18 ;  47,  53 ;  12,  88.                        30.  301. 

C.     (Page  205.) 


(1)  I.     X'^ -<fX^-\-X^. 

(2)  I.    a;-^  + ax- '+&%-"  + 3a;-*.  2.    xY'-^^m~^-^^y~*- 


2.    x'^y  +  xhj •'"'  +  x~y^. 
t^yz^  -I-  a^y*z  +  a'^wis^. 


3. 
4. 

(3)     I. 


•^  » +  — ^^ +  xy  h\ 


4  7 


3     '      5 
1        1  1 


.-I u 


a    a 


'-^x-'     623.-8     3^- 


05' 


2o,-2  "*" 


j.+  ^: 


'1/-^     3052/-"     61/ 


ANSWERS. 


+ 


1 


4- 


1 


^       1  _Jl_ 


(4)     I.    2  4/a;2+3  4/(cft/2)  +  -L, 


,  a;?/" 


4/«  X2      ^3  4/x2" 
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Ci.     (Page  206.) 

I.    x«P  +  a;V  +  i/^  2.    a«"*-8l7/*". 

5.  2a*»  +  2a"'6»  -  4ft'»c-  -  a'-ft  -  6"+i  +  26c'  +  a^'c^  +  b^'c^  -  2c'-^. 

6.  a!"-4-a;'»"-".r"-"-a;''r-r"-"+".  7.   c»*»  +  ar» Y"  + 1/«». 

9-   »*^  +  2x8" +  3ar»'  + 20:^-1.  lo.    a;*" -2a;'"' +  3x2"- 2a;'' +  1. 


cii.     (Page  207.) 

1.  x^  +  a?"y'*  +  x"'y'^"*  +  if", 

2.  x*"  -  a;^"i/»  +  ar*  Y"  -  a;  V"  +  ?/*"• 

3.  a;*'  +  x*'i/'  +  ar"-^/-  +  ai^y '  +  a;'?/*'  +  y^. 

4.  a"''-a»'6'^  +  a*'6*»-a''''6»«  +  6V 

5.  x*^  +  :ia^  +  9x^''  +  27x''  +  8]. 

6.  a*'-2a"'x"  +  4a;''».  7.    2  -  a;"  +  3a:*'. 
8.  46'»c"' -  56**. 


9.    a*"  +  3a'^  +  3a'»+l. 


10.    a"  +  5"  +  c". 


m 


380 


ANSWERS. 


Pi 

if 


H 


Clii.     (Page  208.) 

I.  a-3aj^  +  3x*-l.  2.   y-l.  3-  a*-*"- 

4.  a  +  6  +  c  -  3a*6*ci  5-    lOx -  lla;V  +  5a;M  "  21y- 

6.   w,-w.  7-    m5  +  4rfV  +  16rf. 

8.  16a  +  8a^6*  +  lOaW  + 1 8a^6^  -  24a^W  -  \^ah^  -  15a^ 

-276. 

9.  x^  +  2ahKak  10.   x^-2a^x*  +  a^. 
II.   x^  +  '2x%^+yt                        12.   a2  +  2a&*  +  62. 

13.  «- 4x^  +  10x^-120^  +  9. 

14.  4«*  +  12x^  + 25x^  +  24x^+16. 

15.  x^-  2x^y ^  +  2xh^  + 1/3  -  21/323  +  »8. 

16.  x^ +  4x^2/^-2x^2^  + 41/^ -42/y  +  «* 


f  f' 


|,f<2?   f 


L.!u^ 


oiv.     (Page  209.) 

2.  a^-h^.  3-   a;^  +  a;^i/*  +  2/^. 

5.   X-'  - x-'y'''  +  xsi/f-  - x^y^'  +y". 


I.     X^  +  1/^. 

4.  a^-ah^  +  b^. 

6.  w^ + mW + m^  +  TO V  +  w«  w^  +  n*. 

7.  x^  + 3x^1/^  +  9x^1/2  +  271/^. 

8.  27a^  +  ISa^fti  +  i2ah^  +  Sftl 

10.  ms  +  3m6  +  9TO6+27ms+81. 

11.  x^  +  10.  12.   x3+4. 

14.  x^  -  x^  -  xy  +  y^ +z^-  y^z^. 

15.  x^- 9x^-10. 
17.  y^-2p*  +  l. 


a^-xi 


13.   -6  +  26^ -A 


16.    m^  +  m%*  +  n*. 
18.   x^-i/*-A  19.   a;^+l/'^- 


ANSWERS. 
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CV.     (Page  210.) 
I.   a->-6-«  2.   ar«-6-*.  3.  a* -a;-*. 

4.   a!*  +  l+x-*.       5.   a-* -6-4.       6.    a-2  +  2a-Vi-6-a  +  c-'». 
7.    l+a26-2H-rt^ft-'i.  8.   a*6-*-a-46*-4tt-262-4. 

I  o.    5x^  + 1 +  - 


cvi.     (Page  211.) 

I.  as-aj-i.  2.   a +  6-1.  3.  TO^-mw,-! +  «,-«. 

4.    c*  +  c3cZ-i  +  c2(Z-2  +  c(i-3  +  d-*.  5.  anri  +  oj-Y 

6.   a-2  +  a-i6-i+6-2.  7.  xV^-2  +  a;-V. 

9.  a2&-2-.i  +  a-262. 
10.  a-«  -  a-16-i  -  a-»c-i  +  6-2  -  6-ic-i  +  c-\ 


8.   |»-3-5a;-2+Aar-i  +  9. 
2  4 


cvii.     (Page  211.) 


I.     05* -2x22/2 +  22/. 


3.   u;  »•-« . 


„_.      22    ,    421    „     10    ,     1 
5.    7ar*  +  ya;-3  -  — -a;-2  -  yx-i  +  ^. 


2.    X 


2a 


(a*-a*)^ 
6.   X". 


7.  !B"-2r-  8-    a2  +  2at6^-2a^66~6^. 

9.  a8+a863+6*.  11.   m=w»^^  12.   x*'+*»^. 

13.  af.  14.    16a^  15.   a*-v. 

16.  2a*»  +  2a'"6''-4ti"6''  3a''6^3&"+^  +  6&c".        17.   c. 


"i 


1 


3»2 


ANSWERS. 


19.  a;3  +  x3+l.  ^ 

20.  a"^  +  2a"+"-'' .  6ca;3  -  a"^"-"  6V  -  »"+—*  cV. 


21.  x'^«-"-2/'<'~**. 


22.  a' 


m-l 


23.  y^-y*'. 


24.  5, 


144 


25.  x'""-xV''~"'"-a;*"'~''Y'  +  2/"'"' 


*  +  2a;  *. 


26.   a;  +  3x'-2x*-7a;' 


CViii.     (Page  215.) 

I.    ^x3,  ^f.  2.    ^(1024),  5*^8. 

3.     «/(r)832),  4^(2500).  4.    "!C/2",  "'.C^2-.  5.   "X/a",  "■-?/&'". 

6.    4/(a2  +  2a6  +  6'0,  ^{a^-^a^h^-ZaW-h^ 

cix.     (Page  217.) 
I.   2V6.  2.   5^2.  3.   2«Va-  4-   ^a^d^i^U). 

5.  4z^{2yz).  6.   I0V(104  7-   12c  ^5- 

8.   42V(lla').  9-   6a;^y.  10.  a'y^^. 

II.  (a  +  a;).Va.  12.   {x-y)^x.  13.  5(a-&).v'2. 

14.  idc^-y)>^ay)'  .  "    '5.  3a2 4/(262). 

16.  2x2/2 . 4/(20xy).  .  17.  3m3n3  4/(4w). 

18.  7a666 4/(46).  19.  (x  +  y).^x.  20.     (a-b).^a. 


ex.     (Page  217.) 
I.   V(48).  2.   V(63).  3.   4^(1125). 

5.     V^.  6.   V(9a).  7.   V(48a2x), 


4.    4/(96). 
8.    V(3rt='a;). 


9.    V(TJr-'rt2). 


II 


•  \x  + 


2// 


ANSWERS. 
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CXi.     (Pago  218.) 

The  numbers  are  here  arranged  in  order,  the  highest  on  the 
hjt  hand. 

I.   V3,  3.  3.   VIO,  4^15.  3.    3^2,2^3. 

6.    2^87,3^33.  7.    3  4^7,  4  V2,  2  V22. 

8.    5  4^18,  3  VU),  3  ^82.  9.    5  4^2,2  4/14,3  4^3. 

10.   |V2,  |V3,  ^V4. 


cxii.     (Page  219.) 
I.    29^3.  2.    30^/10+164^2.  3.    (a2  +  62  +  c'O  Vic. 


4.  134/2. 

8.  48^2. 

2.  2V(70). 

6.  2. 


5.   334/2. 
9.   44/2. 
13.    100. 


6.    V6. 
10.    0. 
14.  3a6. 


7.    5^/3. 
II.    4V3. 
15.    2a6  4/(126). 


17. 


18. 


V 


19- 


X 


Vj 


1+ay 


CXiii.     (Page  220.) 


I.  V(a^).         2.   sj{xy-f).         3.   a;+y.         4.   ^(x^~f). 
5.    18a;.         6.    56  (a; +1).         7.   90  V(a;'^  -  aj).         8.    2a;  V3. 


9.  —X.  10.    1-a;. 

13.   -  V(«''-7a;). 
16.   -6ft2+i2a-18. 


31. 


14.   6V(K2  +  7a;). 


12a;.  12.   6a. 

15.   8(aa-l). 


cxiv.     (Page  221.) 
I.  a;  +  9Va;  +  14.  2.   a;-2V«-16.  3.   a. 

4.  a-53.  5.    3a;H-5Va;-28.  6.    6a;-54.  7.   6. 

5.  V(aa;2  ^  3a.)  +  ^^63,2  _  3^)  _  ^(g^2  _  a;  -  1)  -  2a;  + 1. 


Ill 
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ANSWERS. 


10.    3  +  X+ /v^(3x  +  x2).  11.    x-i/  +  »  +  2Va».' 


12.  2x  +  2V(«a;)- 

14.  2x+ll+2v'(a;^+lla;  +  24). 

16.  2x-6  +  2V(a;'^-6x). 

18.  2x-2V(x'^-2/2). 

20.  x'-^  +  l  +  2V(a^-x). 


13.  432  +  42V(-c'''-9)-t-a;2. 

15.  2x-4  +  2V(x'''-4x). 

17.  4x  r9-12  ViC' 

19.  »2  +  2x-l-2V(a;'-a;). 


II 


rii 


Pii'iM   *, 


,    V! 


'i.  f 


^:^^ 


.:| 


I 


cxv.     (Page  222.) 

5.    (1+ V3.x)(l- V3.X).  6.    (V5"Wi+l)(V5.w-l). 

7.    {2a+ V(3x)|j2a- V(3x){.     8.   |3  +  2^/(2n){}3-2V(27i)(. 
9.   {V(ll)-*^  +  4{}V(ll)-»-4f.         lo-  (j'  +  2V»')(iJ-2V»-). 
II.   (Vi>+  V3.2)(Vi^-  V3.?).  12.  i<*"  +  6^n«"-«'^l- 

15.  24+17^2. 

18.   3-2 V2. 


13- 


a 


+  ^/6 


a" 


14, 


a+  V(«?>) 


a- 


16.    2+  V2. 


17.  3  +  2^3. 


19. 


21. 


a  +  x  +  2V(c^a;) 


20. 


a-x 


1+X  +  2VX 
1-x      • 


a+  V(a2-x2) 


22.   w^-  V(m«-lV 


X 


23.    2a2-l  +  2aV(»^-l)- 


24. 


2a2-a;''i  +  2aV(a^-a^ 


x- 


CXVi.     (Page  224.) 

I.   19.  2.  11.  3.  8-26V(-l). 

5.   26-2V(a?')-12a. 

8.    a^  +  jS-^.  9-   «'• 


4.  6-4^3. 

6.  a^  +  a.  7.   fts-a^. 

10.    6*V(-I)_g-«PV(-1). 


5l-*»'\' 


AIVSIVERS. 
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tz: 


-9)-t-x2 
'-4x). 


V(»^--«). 


i.m-1). 

-2V(27i)|. 

p-^s/r). 

4-17^2. 
2^2. 


cxvii.     (Page  224.) 


2  V(xi/)- 


5.   a^-  v'2.au;  +  a2. 


6.   m5«+ V2.mw  +  n2.         7.   2a; V«-         8. 


2a  Vi^  -  25  ;v^a 


a-h 


a'c 


+  cd~  2ac 


Vt 


10.   aV2-2  + 


aV2 


II. 


2x2 
a"* 


12.    V(l-a!)- 


13- 


g-1 


'4-i-V(-^-> 


15.    2x-2V(a;''-a2). 


16.   a^lfic. 
18.   8  +  74^3. 
21.   ^4^(-4»2). 


17.   - 1  +  6a2(2  -  a2)  +  ^(lOaa  -  a*  -  6)  V(  -  !)• 


19.    4V(3cx). 

22.    (9n-10).^7. 


20.   x4^(3i?2). 
*3-   •• 


cxviii.     (Page  228.) 
I.  V7+ V3.       2.  V11+  \/5-       3.  V7-  V2.       4.  7-3^/5. 
V10-V3.     6.  2V5-3V2.     7.  2V3-V2.     8.3^11-2. 
.3V7-2V3.  io.3V7-2v/6.  ii.^(VlO-2).  12.3 ^5- 2^3. 


1). 

v/(a2-x2) 

cxix. 

(Page  229.) 

I. 

49. 

2.   81.         3.   25. 

4.   8.          5. 

Si7. 

6.  256 

7. 

27. 

8.   56.        9.    79. 

10.    153.     II. 

6. 

12.   36. 

.  5-4^3. 

13. 

12. 

15.    5. 

lb.   6. 

!(pV<-l) 

17. 

3. 

.8.   10. 

^9-     3a- 

w-m2 

^°-     13w  . 

[S.A.] 

2b 

•  H^i 


\&6 


//.V.S/;  /':a's. 


\    ' 


CXX.      {Vil<rO  231.) 
I.  9.        2.   26.        3.   49.        4.    121.        1;.   1 


9* 


6.  8,0 


7.  0,  -a  8.  (   5^   ).  o.  (-^    )  10.  6 


I.  25. 

12rt 


CXXl.     (Pago  231.) 
2.   25.  3.    9.  4.  64. 


6. 


0  • 


7.   a. 


8.    JorO. 
4 


9.   G4. 


5-    5* 

10.    100. 


I.   16,1. 


cxxii.     (Pago  232.) 
2.   81,25. 


3«   3,  2^. 


4.    10,  -13. 

J  2i'52 


5.   6,5        6.    -4,  -32.       7.   9,  -3|  8.   28,^^^^ 

-«»  1        r"^ 

9.  49.      10.   729.       II.   4,  -21.      12.   1  <>v  ^^.         3 

145  '^■) 

14.   5  or  221.      15.    5  or -gj.      16.   5  or  0.     17.   ^  ;.      j8,   25. 


•it. 


19.   ±9^2. 
22.   -2a. 


,     1276 

26.    -^p. 


121 

20.   ±  V65  or  ±  V5- 


23-   2  «^  -  % 
36 


24.   4. 


3« 
21.   2a. 
1 


25. 


12 


^7-    5 


28.   ±5  or  ±3^2.  29.  ±14. 


3c     6or-^-.     31.    1.     32.   2.      33.    2orO.      34.   0  or  ^r^; 


9 


16" 


1.   2,6. 


cxxii i.     (Page  235.) 
2.   3,  -  7.  3.-9,-2.  4.   5a,  66 


5.    - 


7     5 


.L» 


2'    3" 


.     227 


83 
14- 


4m    lln 


7-   ^' 


6 


iJVsn'jiiA's. 
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6.  8,0 
10.  6. 


3C 
5-  -5- 

10.    100. 


10,  -13. 

525" 

18.   25. 
[.   2a. 

'    12 

29.  ±14. 

_       9ft 
Oor^. 


4.   5a,  66 

lln 
"6" 


8.   -  2a,  -  3a  and  3tt,  4a. 
.     2a -6    6-3a 


ac 


be 


9.   ±  2,  a. 


r   0 


la  0,6. 


12. 


CXXV.     (Pago  239.) 

I.  a!'-llx  +  30=0.       2.  x2  +  a!;-20  =  0.       3.  a;2  +  9a;+ 14=0. 
4.    6a;2-7x  +  2  =  0.  5.  9x''^-58x-35  =  0.         6.  x2-3  =  0 

7.   x'-2mx  +  »>i'^-«,i*  =  0. 


9.  «2  +  lL_J^a;-l=0. 


Q      .,     a  +  /3    ,    1      „ 
8.   x-*-^ — '  x  +  -v.t=0. 


cxxvi.     (Pago  240.) 
I.  (x-2)(x-.'5)(x-6).  2.   (x-l)(x-2)(x-4). 

3.  (x-10)(x+l)^x  +  4).   4.4(x  +  l)(x+^^*)(x+^-^t^'). 

5.  (x  +  2)(x+l)(6x-7). 

6.  {x  +  y  +  z){x^  +  y'^  +  z^-xy-xz-yz). 

7.  (a-h-c){a^  +  ¥+c^  +  ab  +  ac-hc). 

8.  («-l)(x  +  .3)(3x-7).  9.   (x-l)(x-4)(2x  +  6). 
10.   (x+l)(3x+7)(5x-3). 

cxxvi i.     (Page  242.) 
I.    ^13orV-l.       2.  4/ -2  or  4/- 12.       3.  4/- 1  or  ^-21, 

1  1 

6 


6.   25ori 
4 


7-    ~9± ;/97-        ^-  (5)  ^'  ( -D"  9-   1  or  1  ±2  V16. 


10.    3  or -^  or 


1       .^4-  ./i:^9Q 


I 


ll,  f  i 


III 

III 


U] 


i; 


S«8 
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II.  a  +  2,  or  - 


a  +  6       a±2V(a^-3rt) 
3    '"" 


or 


12.  0,  or  a,  or  -"^^^^^lv — /. 


CXXViii.     (Page  245.) 
I.  6  : 7,  7  :  9,  2  :  3.  2.  The  second  is  the  greater. 

3.  The  second  is  the  greater. 


ad -ho 
c-d  ' 


5.    iO  :  9  or  9  :  10. 


cxxix.     (Page  246.) 

I.  2:3.  2.  h:a.  3.  b  +  d:a-c.  4.  +V6-1: 1. 
5.  13:l,or, -1  :1.  6.  ±  ^(wi^  +  4^2)  -  m  :  2.  7.  6,8, 
8.    12,14.       9.  35,66,       10.  13,11.       11.  4:1.       12.  1:5, 


CXXX.     (Page  247.) 


1     1 

^'    16* 


8 

2.        g. 


a  —  h  +  c 
a  —  h-c 


6  i^'+Av 

(y-4)z 


cxxxiii     (Page  255.) 
6.   «B-^4  or  0.  8.  440  yds.  and  352  yds.  per  minute. 

II.  a=30, 2/=20. 


62 

'3-    d' 


i^.  n- 


16.  50,  75  and  80  yards. 

I 

19.   Ik  miles  per  hour. 

o 

21.    160  quarters,  £2. 

24.   £20.  25.  ''9:79. 


17.   120,  160,  200  yarJs. 
20.   1:7. 

22.   i80.  23.   £60. 

26.   45  miles  and  30  miles. 


AN!iWERS. 
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cxxxiii.     (Page  262.) 

4. 14 

5.  5.            6.   12.            7.   3^^.            8.  \ 

9.    ilocC*. 

2 

10.  6.          II.   -4  =  -B.          12.  64x2=9^3. 

13-  a""^-     14-   4ar'  =  277/.      18.  2/  =  3  +  2a;  +  aB«.     19.  18  ft. 


// 


CXXXIV. 

(I'age  .^G6.) 

I.  60. 

2.    200. 

3.  io|.  ' 

4.    -32| 

5.  -4 

6.  40. 

7.   117. 

8.  0. 

9.  ^^-vf- 

-2(n 

-2)*m 

3an- 
10.    

-26re-2a  +  6 
_  .  1           • 

I.  6060. 

5,   24. 

7w2-5» 
9.    — g-  . 


CXXXV.     (Page  268.) 

2.   2550.  3.   820. 

rt.(n  + 1) 


6.    -31^. 


'/i-l 
10.   -2-. 


4.   30. 


I.    -«. 
5.   -2. 


cxxxvi.     (Page  269.) 


X 

^'    "26' 
6.    -l| 


1 
3-  g. 


.4 


cxxxvii.     (Page  269.) 
I.-  (i)  -46.  (2)  36-2.  ,^,  ^ 

%'   156.  3.   112.  4.  888. 


(3)|. 


(4)  4-4 
5.   ICO. 
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A.^SWERS. 


6.  G4yy 


n 


7.  J61'65.  As. 


8.  (i)  355,  7175. 

(3)  161+ Six,  3321  +  16813;. 

(5)  8^,  174 

9.  (i)  126,  63252. 
(3)  45,  -  1570-5X. 
(5)  71,  4899(1 -m). 


(2)  -156a2,  -3116a''. 
(4)  119^,  2357|. 


(2)  25,  2250. 
(4)  99,-1163^. 
(6)  65,  65a: +  8190. 


cxxxviii.     (Page  271.) 


I.  6,  9,  12,  15. 
3-  3Sj2'   ig'   ^4' 


,12  8        1 

2.    I3,    3,  u,    -3,      I3. 

'^   13   2   n 

^    15'    30'    5'   30* 


I. 


cxxxix.     (Page  272.) 

3m  +  n    m  +  n    m  +  3/i 
—4—,       2"'    "4~' 

5m  +  3    5nt  +  1     5?/i,  —  1     5m  -  3 


3. 

5     ' 
on^+l 
5      ' 

2x2  +  1/2 

2     ' 

5     ' 

5w2  +  2 

5     ' 

5*i2  +  3 
'    5     ' 

2    ' 

5    • 

5«-  +  4 

5 

X2, 

> 

2x2 

5     • 

I.  64. 


3«  *T^-«.««afff 


CXl.     (Page  275.) 

2.   78732.  3.   327680. 


2048' 


6.   16384, 


7.    " 


96* 
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I.    65534. 

a{^- 1) 

7.    7(2»-l). 


CXli.     (Page  276.) 

2.    364. 


5 


(a-a;)ll-(a  +  a;)7| 


•    (a  +  #.  (1-a-x)* 
8.    -425. 


43 
°'       96* 


a(»^-l) 
6.   3"-l. 


CXlii.     (Page  278.) 


I. 

2. 

>l- 

3- 

6. 

•3. 

7.    8  « . 

«-4 

I. 

a* 
a-V 

12. 

1 
9* 

5. 

49 
90* 

ifi    46 

27 
8* 


4.    3. 


9.    85- 


13. 


a'' 


a  +  y 


10. 


14. 


5.    li- 
16r^ 

8x^+r 

86 
99" 


■  ! 


I.    9,27,81. 

3    9    27    81 
^   4'  8'    16'    32* 


CXliii.     (Page  279.) 
2.    4,  16,  64,  256. 


I.    (i)  558. 

/  V      169 

(5)  — 2- 

(9)  1. 

/    ,      3157 
<'2)  --80- 

5.   42. 


CXliv.     (Page  279.) 
(2)  800.  (3) 


(6) 


133 


486* 
10)  -84. 


6.  ac=6^, 


18 


(^)   -^2-. 


3.   2,4,& 


(4) 


16 
9* 


(8)  13^. 

9999  V3 
(II>    -(-^io+i);^5- 


7.  ±X. 


8.   n+ 


4n- 


I  ^ 
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9.    4. 
16.    49,  1. 


10.    10. 


13-    4. 


17.    3I,    6,    Sl. 


14.    642. 
18.    60. 


19 


4     3     2     1 


;,    0, 


5'    5'    5'    5'  "'       5' 
22.    3,.  7,   11,    15,    19. 
25.    139. 


2 
5' 


3 

5' 


4 
5' 


23.    5,    15,  45,   135,  405. 
26.    10  per  cent. 


I.    8,   12. 


cxlv.     (Page  285.) 

15    30    5     30 
*     7'    13'    2'    iT' 


A    1     1     1  1 

^'    6'    9'    12'  15* 

^33  33 

^-    4'    2'     ""^  -2'     -4- 

8    ^-?.^-(*^  +  ^)      ^5a;?Kw  +  l) 

3nt/  +  2.';  '  Sn?/  r4x-32/' 


12    J6     4 
29'    11'   6* 

2 


5.   -2,   00,   2,   1,   ^ 

6    3^36      3 
''   5'   4'    11'   7'    17'   To* 

6a;y  (n  + 1) 
'    2?ia;-f3y~^' 


9.     -4, 


1     1     1 


-      00     ^      -     -   or  -^       ^       ^      15 
2'        '    2'    4'    6'  ^^  31'    24'    17'    2'   3' 


6 

■4" 


10.    104,   234. 


13-    2,   3,   6. 


cxlvi.     (Page  290.) 
2.   3360.  3.    116280. 

7.-  3628800.        8.    125. 

JO-  ^^-        II.  4.        12.  120. 
14.  2520,  6720,  5040,  1663200,  34650. 


I.  132. 

^.~.  6.  40320. 


4.  6720. 
9.  2520. 

13.  1260. 


cxlvii.  (Page  295.) 

I.  3921225.      2.  6.      3.  126.  4.  116280. 

5-  12.      6.  12.      7.  816000.  8.  3353011200. 

9.  7.  10.  63.  II.  52.  12.  123200.  13.  376992;  52360- 


AxVS[l'I£^^.^. 


393 


cxlviii.     (Page  300.) 

1.  a^  +  Awhc  +  Qa^x^  +  Aax^  +  xK 

2.  6«  +  6¥c  +  156V  +  2im^  +  1552^4  +  gj^^  +  ^^ 

3.  «'  +  Ta^ft  +  21a562  +  35^4^,3  +  35^,^4  +  31^255  +  7^j6  +  ^y, 

4.  a;«  +  8a;^2/  +  28x«2/2  +  56^y^  +  70a;V  +  56x3^,6  +  asaj^^/O 

5.  625  +  2000a  +  2400a2  +  1280a3  +  256a4 

6.  a"  +  5a%c  +  10a«6  V  +  lOa'b'c^  +  5a26V  +  56^5. 


+  8x2/Ny8. 


i! 


CXlix.      (Page  301.) 

1.  o,^-6ci^x  +  15a*x^-20a^x^+15a^x^~6ax^  +  3fl, 

2.  67  _  7Jfl,  +  21  J5,2  _  35J4,3  +  35^3^4  _  216^',5  +  7^,6  _  c7, 

3.  32^  -  2Wy  +  72(teV  -  1080x22/3  +  8l0xy*  -  243  f. 
4-     l-lOx  +  40x^-80x^  +  803^-S2afi. 

5.  l-J0x  +  45a;2-120a;3  +  210a;*-252ar'if210x«-120x? 

+  45xS-10a;9+;»:W. 

6.  a^  -  8tt2i6'^  +  £3^1864  -  66uH<i  +  lOa^^s  _  gg^gjio 

+  28a«6i2_8a36i4  +  ji6, 

Cl.     (Page  302.) 

1.  (^''  +  6ci^h-3ah  +  12ab'^-i2abc  +  3ac^+8b^-A2¥c  +  ebc^-i^. 

2.  1  -  6a;  +  21a;2  -  44a;3  +  63a*  -  54*6  -i-  27a;6. 

3.  a;"-3a;8  +  6a;7-7a;6  +  6x5-3a;4  +  a3. 

4.  27a;  +  54x^  +  63a;^  +  44x*  +  21a;*  +  6x*  + 1. 

5.  a;3  +  3a,2_5+3_l 


otz-c*    •rOa''C^ 


li 


+  36y-6ay(;l 
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Cli.     (Page  303.)  v  , 

I.    330xn  2.    495ai<'68.  3.    -  161700a»^6s. 

4.     192192aC6«c8#.  5.     12870a868. 

6.    70att  7.    -92;378a'«63and92378a96i». 

8.   47l6aV  and  1716aV. 


Clil.     (Page  311.) 

,1       1  2^  1    o     A  4 
"•    ^  +  9.^"8'"  ■^le'^      128** 

2.     l+^-v:+^^» 


3      9  '  81 


3.     «''  + 


UJ 


a;        a;^ 


S.x^ 


lOaj* 


J.3       Q/,,5 


3a3     9a3     8Ia^    243a 


V 


;  I 


;  s 

i 


I 

[ 

I  t 


4.    1  +  x-^x^  +  'aOi^-^x' 


8 


I      -i      1  - 


5.    a*  +  a  *a;--a  ^as-'  +  T^^ 


6 


54 


t  X^» 


14     -i  i      2      ---A      4       -'J  * 


7.     1 


a;^    a;*     x^     5oi? 


2     8     16     128' 


„      ,     7  „     14  .     14  „ 
8,     l__a=^  +  _«4__^«fl. 

,     9a;    27a;2     135     . 


4       32      128 
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12. 


(l)y-(l)Vj,-3(3)i.4^ 
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cliii.     (Page  312.) 
I.    l-2a  +  3a2_4a3  +  5a4_  ^     1  +  3x  +  9a;2  +  27x3  +  8U*. 


3-     !+.  +  *.»  + j»=«'. 


^      ,  ,      ,  3a;2    x^    5a^ 
4.     l+«:+^+-2  +  ^,y. 


5.    a-^"  +  lOa^H  +  60a-"a;-'  +  280a-"a;3  + 1 120a-«'»*. 

^      1   .  6a;3     21a;^     56x 
o.    ;3+-7-  +  — 8-  +  — 3-- 


Cliv.     (Page  313.) 


■'~2'*'  8'     16'''i'28- 

_      ,,3a;2    15x4    35,x«    315a;8 
^'     ^"^T^-S-^  16+T28"• 
O  25  1^5 

^      ,        ,  3a;2    5x3    35x4 
*  ^  9.       2         8 


6. 


2 


l_x3^     2x«      14x» 
a    8*4"^9a7~81ai»" 


1_  ^    3«*_  frx" 
a    2a3'^8a6    Ifia?" 


Civ.     (Page  314.) 
7.6...  (9 -r)  12.11  ...(14-r)  ^. 

'•  i.2...(r-i)-'^-     2-  c-1)  '•n::2:-(V-iy  •«^'- 

3-  (-^)--Tfei^--.^^. 


U    .i 


i 


3Q6  answers. 

g  r.(r+l).(r  +  2)  .  .^^       1.3.6...  (2r-3)  /x\-', 
^'  6     '^^^    •    7.  172737:  (r-1)  •  Vs^' 

'•  1.2.3...(r-l)*\  3a/  ** ' 

7.9.11...(2r  +  3) 
9*  1.2.3...>-1)  •*  • 

*°-  4'-^-  1.2.3...(r-l)  -Vj   • 

j»  l.A.ti...)* 

1.3.5...(2r-l)  ,-  ,,  6   1 

,   3   _,„  429  xi« 

'^-  128  •*^-  '7.  -r2-8-iS- 

(l-6m)(l-4m) (1-m)  1-. 

'*       1.2 6m«      •*  *^' 

civi.  (Page  315.) 

I.  3-14137....  2.  r95204.... 

3.  3-04084....  4.  1-98734.... 

Civil.  (Page  319.) 

I.  1046033.       3.  10070344.       3.  80451. 
4.  31134.         5.  51117344.       6.  14332216. 

9.  4112.        10.  2437. 
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Clviii.     (Page  321.) 

1.1 

I.  5221.             3.   12232.            3.   2139& 
5.   1110111001111.                    6.   t4tee. 
S.  211021.            9.  6^2.            10.   814. 
12.   123130.                     13.    16430335. 

4.    104300. 

7.   6500445. 
II.   61415. 
14.  27«.                               1 

Clix.     (Page  327.) 

I.  -41. 

2.    -162355043. 

3.  25-i. 

4.   12232-20052. 

5.  Senary. 

6.  Octonary. 

clx.     (Page  336.) 

I.   T-2187180. 

2.   7-7074922. 

3; 

2-4036784. 

4.   4-740378. 

7.   5-3790163. 

la  2-1241803. 

5.   2-924059. 
8.   40-578098. 
II.  3-738827. 

6. 

9- 
12. 

3-724833. 

62-9905319.                         i 

r-61514132.                         i 

Clxi.  (Page  339.) 

1.  2-1072100;  2-0969100;  3-3979400. 

2.  1-6989700;  3-6989700;  2-2922560. 

3.  -7781513;  1-4313639;  1-7323939;  27604226. 

4.  1-7781513;  2-4771213;  -0211893;  56354839. 

5.  4-8760613;  1-4983106. 

6.  -3010300;  2-8061800;  -2916000. 

7.  -6989700;  1-0969100;  3-3910733. 

8.  -2,  0,  2  :  1,  0,  -1. 


9-  (I)  3. 


(2)  2. 


Q      4 

10.  X=Z,V==t 


II 

1 

iii 

i 

y- 


2' 
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11.  (a) -3010300;  1-3979400;  1-9201233;  1-9979588.    (6)103, 

12.  (a) -6989700;  -G020600;  1-7118072;  i-9880618. 

(6)8. 

13.  3-8821260;  1-4093694;  3-7455326. 


14.   (i)x  =  g. 


(2)»  =  2. 


^^'       log  a  +  log  6' 


,  .  log  c 

w*-wloga  +  2log6* 

4lor?6  +  logc__ 
(5)  *==  2log  c  +  log  6  -  3  log  o! 

log  c 

^  '*^^loga  +  wnog"6  +  "3  log  c 


I.   17-6 years. 

3.  7-2725  years  nearly 
6.  12  years  nearly. 


clxii.     (Page  343.) 

2.  23-4 yea»^. 

4,  22-5  years  nearly. 

7.  11-724 years. 


3. 


APPENDIX. 


*» 


The  following  papers  are  from  those  set  at  the  Matriculation 
Examinations  of  Toronto.  Victoria,  and  McGill  Universi- 
ties,  and  at  the  Exanunation.s  for  Second  Class  Provincial 
Certificates  for  Ontario. 


■^» 


UNIVERSITY  OP   TORONTO. 
— * — 

Junior  Matric.,  1872.     Pass. 
1.   Multiply  hx'-\xy  +  fhy\x'  +  lx7j-  y\ 

Divide  a'  -  816^  by  a  j,  36  and  Ix  +  aY  -  (y  _  hY 
hyx  +  a-y  +  b.  >      \J     ^) 

2    What  quantity  subtracted  from  «'+;>.«  +  «  will 
make  the  remainder  exactly  divisible  hyx~a? 
Shew  that 

-  .iabc  ^3(a  +  b)  {b  +  c)(c  +  a).  ' 

3.  Solve  the  following  equations  : 

^""^  x~Z-~x 


(d)  x^^- 


1  y 
1, 3-  + 


4  ~  a;  —  5       ^^  6* 
~5~  "18- 


.r.^^;  "^'^    ^  ^^^^^"^  constituency  ai      1,300  voters, 
ind  two  candidates,  ^  and   B.     A   is  elected   by  a 


u 
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oortain  majority.  But  the  election  having  been  de- 
dared  void,  in  the  necond  contest  (.4  and  7i  being 
again  tlie  candidates),  B  is  elected  by  a  majority  o 
10  more  than  A\  majoiity  in  the  first  election  ;  find 
the  number  of  votes  polled  for  each  in  the  second 
election;  having  given  that,  the  number  of  votes 
polled  for  B  in  the  first  case  :  number  polled  in  the 
second  case  t  J  4b  I  44.  ^ 


Junior  Matric,  1872.     Paaa  and  Honor, 

1.  Multiply  x\y  +  zi~^y^z\-^2zif  -Ja^yi  by 

X  -vy  +  «i  +  22/J  ;si— 2;s>  .ri— 2iri  yh,  and 
*        divide  o?  +  86"  4-  27  c«— 1 8a6c  by  a^  +  46»  +  9  c  — 
'2ah  —  3ac  —  66c. 

2.  Investigate  a  nile  for  finding  the  H.  C.  D.  of 
two  algebraical  expressions. 

If  x  +  c  be  the  //.  C.  D.  of  a^  +  /)a;  +  g',  and  a;^  + 
/>'  35  +  5"',  show  that 

{q - q'Y -V  {q - 9)  {p -P)  +  ^(P -P'y " ^• 

3  Shew  how  to  find  the  square  root  of  a  binomial, 
one  01  whose  terms  is  rational  and  the  other  a  quad- 
ratic surd.  What  is  the  condition  that  the  result  may 
be  more  simple  than  the  indicated  square  root  of  the 
given  binomial  ]  Does  the  reasoning  apply  it  one  of 
the  terms  is  imaginaiy  1     Show  that  V  -  ^^^  =  V»» 

+  y/  -m. 

4  Shew  how  to  solve  the  quadratic  equation  ax^  4 
hx  +  c=^o,  and  discuss  the  results  of  giving  diff'erent 
values  to  the  coethcients. 

Tf  the  roots  of  the  •'bove  equation  be  as  /)  to  5 

b^      (p  +  ql 
show  that  —  = 


ac 


pq 


ation  ax'  4 


J^PENDIX, 


iii 


^,  Solve  the  equations 


2x»  +  3a; 
6  — 


(«) 


a3«  -f.  6  a?  -I-  8 


6.  Shew  how  to  find  the  sum  of  7t  terms  ofu  geometric 
series.  What  is  meant  by  the  sum  of  an  infinite 
seiies ?  When  can  sucli  a  series  be  said  to  have  a 
sum  ? 

Sum  to  infinity  the  series  1  +  2r  +  3  r'  -f.  <fec., 
and^  find  the  series  of  which  the  sum  of  n  terms  L 


nf 


a 


nq 


a~\ 

7.  Find  the  condition  that  tlie  equi^tions 
oa;  4-  6y  -  c«  =  0. 
a,  a?  +  6i  2/  -  c,  «  =  0. 


a. 


x-\-h^y-c^z  =  0. 


may  be  satisfied  by  the  same  values  of  x,  y,  z. 

8  A  number  of  persons  were  engaged  to  do  a  piece 
of  work  which  would  have  occupied  them  m  hours  if 
they  had  commenced  at  the  same  time ,  instead  of 
doing  so  they  commenced  at  equal  mtervals,  and  then 
contmued  to  work  till  the  whole  was  finished,  the 
payments  being  proportional  to  the  work  done  by 
each  ;  the  first  comer  received  r  times  as  much  as  tho 
last :  find  the  time  occupied. 


IV 
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Junior  Ma  trie,  1872.     Honor,        v 

1,  There  are  three  towns,  A,  B,  and  C ;  the  road 
from  Bto  A  forming  a  right  angle  with  that  from  li 
to  C.  A  person  travels  a  certain  distance  from  Ji 
towai-ds  A,  and  then  crosses  by  the  nearest  way  to  the 
road  leading  from  C  to  A,  and  finds  himself  three 
miles  from  A  and  seven  from  C.  Arriving  at  A,  he 
finds  ho  has  gone  ftirther  by  one-fourth  of  the  distance 
fi-om  B  to  C  than  ho  v,oiilu  have  done  had  he  not  left 
the  direct  road.  Reiiuired  the  distance  of  B  from  A 
and  G. 


2.  If  ay  +  hx     cx-\-az_  hz -\-  crj  ^^^^ 


will 


0 
X 

a 


a 


z 


c''  +  a'-6''^aM  &'-c'' 


3.  Solve  the  equations  x^ 


■yz-a?,  y^  —  zx-  6'S  z^  - 


xy^C 


4.  If  a,  h,  and  c  ^^  positive  quantities,  shew  that 

a'  (6+c)  +  Ir  {c  +  a)  +  c*  {a  +  b)  >  Gabc. 

5.  Find  the  values  of  x  and  y  from  the  equations 

5y  +  3 


2y  + 


X 


1, 


a'  +  5a?  +  2/  (2/  -  J )  =  24. 

6.  A  steamer  made  the  trip  from  St.  John  to  Boston 
via  Yarmouth  in  33  hours ;  on  her  return  she  made 
two  miles  an  hour  less  between  Boston  and  Yarmouth, 
but  resumed  her  former  speed  between  the  latter  place 
and  St.  John,  thereby  making  the  entire  return  pas- 
sage in  l^f  of  the  time  she  would  have  required  had 
her  diminished  speed  lasted  throughout ;  had  she 
made  her  usual  time  between  Boston  and  Yarmouth, 
.and  two  miles  an  hour  less  between  Yarmouth  and 
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Qabc. 
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o  Boston 
;he  made 
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iurn  pas- 
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had  she 
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)iith  and 


St.  John,  her  return  trip  would  have  bean  m>:de  in 
^  of  the  time  she  would  have  taken  had  the  wliole 
of  her  return  trip  been  made  at  the  diminished  rate. 
Find  the  distance  between  St.  John  and  Yarmouth 
and  between  the  latter  place  and  Boston. 


} 


Junior  Matric,  Honor 
Senior  Matric,  Pass. 

1.  Solve  the  following  equations: 

(h)  /  4a;- 3a,;?/ =  171. 

^^     ""  \Si/-ixy=l50. 


1874. 


(c) 


ill 

a*'^a^"*'2/2=-19- 

1         1        1 


X* 


jyy     y* 


And  find  one  solution  of  the  equations  : 

^  '  {x"  ■{-  V  x:=y. 

2.  Find  a  number  whose  cube  exceeds  six  times  the 
next  greater  number  by  three. 

3.  Explain  the  meaning  -'  the  terms  Highest  com- 
mon measure  and  Lowest  common  multiple  as  applied 
to  algebraical  quantities,,  and  prove  the  rule  for  finding 
the  Highest  common  measure  of  two  quantities. 

4.  Reduce  to  their  lowest  terms  the  followinir 
tractions :  ** 


i    30^  + W~  9x 


I  X* 


3a^  +  iaf-~9x—10. 
a;' +  10a;' +  35a;- +  50a; +  24 


325a;  —  50 


+  18a;^  -r  1 1  Oar  +  342a;  +  360 
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,  &c. 


5.  Find  the  sum  of  n  terms  of  the  series 
\i  itc,  and  the  x'tli  term  of  the  series 

X  -\-\  2  3  —  X 

x^^^V      x—V      ir— 1' 

6.  Find  the  relations  between  the  roots  and  co- 
etiicients  of  the  equation  aa?  +  jwic  +  5'==^0. 

Solve  the  eq\iation 

a;*+()a;^+10a:»  +  3a;=110. 

7.  A  cask  contains  15  gallons  of  a  mixtvire  of  wine 
and  water,  which  is  poured  into  a  second  cask  con- 
taining wine  and  water  in  the  proportion  of  two  of  the 
former  to  one  of  the  latter,  and  in  the  resulting  mixture 
the  wine  and  water  are  found  to  be  equal.  Had  the 
quantity  in  the  second  cask  originally  been  only  one- 
half  of  what  it  was,  the  resulting  mixture  would  have 
been  in  the  proportion  of  seven  of  wine  to  eight  of 
water.     Find  the  quantity  in  the  second  cask. 

8.  What  rate  per  cent,  per  annum,  payable  half- 
yearly,  is  equivalent  to  ten  per  cent,  per  annum,  pay- 
able yearly. 

9.  A  is  engaged  to  do  a  piece  of  work  and  is  to 
receive  $3  for  every  day  he  works,  but  is  to  forfeit 
one  dollar  for  the  first  day  he  is  absent,  two  for  the 
second,  three  for  the  third,  and  so  on.  Sixteen  days 
elapse  before  he  finishes  the  work  and  he  receives  $26. 
Find  the  number  of  days  he  is  absent. 

Change  the  enunciation  of  this  problem  so  as  to 
apply  to  the  negative  solution. 


Junior  Matric,  1876.     Pass. 

1.  Explain  the  use  of  negative  and  fractional  in- 
dices in  Algebra, 


13  \a 


Multiply,-^   by  \/  «^ »  and  the  product  by  W 


11 
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bimphfy  ^i^^j,  writing  the  factor.s  all  in  one 
line, 

2.  Multiply  together  a»  +  ax^a?,a  +  x,  a!^-ax  +  x' 
a-x,  and  divide  the  product  hy  a?       '  ' 


,3         ,,. 


3.  Divide  Ihy  \-2x  +  x^io  six  terms,  and  give 
the  remainder.      Also  divide  Tix'-Qx^  +  l  ^y  ^j?  ^ 
^x  +  ^. 

4.  Multiply  a       +5        by  a       +b 

6.  Solve  the  equations  : 

(1)    _?^tl_  "^-'^  _  «-16 

^  ^'        5    "     '     2  4 

(  X  {y  +  2;)  =-.  24, 
(2)-    -j  y  (^  +  a?)  =:-  45, 


♦^^f^«^>-  il/a/!Wc.,  1876.     Honor. 
1.  An  oarsman  finds  that  during  the  first  half  of 

!nl  l'%  '""T"'^  '^'^^''  ^""^  ^^"^'^^  ^^e  row«  at  the 
rate  ot  five  miles  an  hour,  and  during  the  second 
halt,  at  the  rate  of  four  and  a  half  miles.  His  course 
IS  ui)  and  down  a  stream  which  flows  at  the  rate  of 
three  miles  an  hour,  and  he  finds  that  by  going  down 
the  stream  first,  and  up  afterwards,  it  takes  him  one 
hour  longer  to  go  over  the  course  than  by  going  first 
up  and  then  down.     Find  the  length  of  the^ouJse. 

2.  Shew  that  if  a\  h\  c«  be  in  A.P„  then  will  h  +  c, 
c  +  a,  a  +  6  be  in  H.P,  ' 

Also,  if  a,  b,  c  be  in  A. P.,  then  will 

be       ,         ca  ah 


be  in  II.  P. 


a+-_^b+ ,  c+ 

^+c  c+a  a+b 


VUl 
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1. 


:-■  .1] 

I'  1  'Si! 


3,  If  «  =  a  +  5  +  c,  then 

^(as  +  be)  {bs  +  ac)  (cs  +  ab)  =:(8-a)(s-  b)  (s  -  c). 

\.  If  a,  +  aa  + +  ^^  ^  then 

(«-«i)'+ +{s-a„f=^a,^  +  a,^^ +a\. 

6.   If  the  fraction-——-,  when  reduced  to  a  re- 
1!«  +  1 

petend,  contains  2w  figures,  shew  how  to  infor  the  last 
n  digits  after  obtaining  the  first  n. 

Find  the  value  of  J^  by  dividing  to  8  digits. 

6.  Solve  the  equations 

xv  +  xz^2  +  yz, 
^'  xUy''  +  z^  =  2d. 


Junior  Matric,  1876,     Honor, 

1.  Shew  that  the  method  of  finding  the  square 
root  of  a  number  is  analagous  to  that  of  finding  the 
square  root  of  an  algebraic  quantity. 

Fencing  of  given  length  is  placed  in  the  form  of 
a  rectangle,  so  as  to  include  the  gi-eatest  possible  area, 
which  is  found  to  be  10  acres.  The  shape  of  the 
field  is  then  altered,  but  still  remains  a  rectangle,  and 
it  is  found  that  with  1G2  yards  more  fencing,  the 
same  area  as  before  may  be  enclosed.  Find  the  sides 
of  the  latter  rectangle. 

2.  Prove  the  rule  for  finding  the  Lowest  Common 
Multiple  of  +W0  compound  algebraic  quantities. 

Find  the  L.C.M.  of  a?  -  b""  ^- (^  + 'iabc  and  aHb+c) 
~b%c  +  a)  +  c'  {a  +  b)+abc. 

3.  If  a,  (3  be  the  roots  of  the  equation  x^+px  +  q=: 
0,  shew  that  the  equation  may  be  thrown  into  the 
form  (x  -a)  (x-  (3)  =0. 
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3  +  \/2  is  a  root  of  the  equittion  re*- 5^3+20;'  + a; 
+  7  =  0:  11  lid  the  other  roots. 

4.  (1)  Shew  how  to  extract  the  square  root  of  a 

binomial,  one  of  whose  terms  is  rational, 
and  the  other  a  quadratic  surd. 

(2)  Find  a  factor  which  will  rationalize  xh  -  y\, 

5.  a,  b  are  the  first  two  terms  of  an  //.  P.,  what  is 
the  nth  teim  1 

If  a,  b,  c  be  in  H.  P.,  shew  that 
b\a  -  cf  =  2c\b  -  af  +  ^a\c  -  bf. 

6.  A  and  B  are  to  race  from  M  to  N  and  back.  A 
moves  at  the  rate  of  10  miles  an  hour,  and  gets  a  start 
of  20  minutes.  On  A's  returning  from  N,  he  meets 
B  movmg  towards  it,  and  one  mile  from  it ;  but  A  is 
overtaken  by  B  when  one  mile  from  M.  Find  the 
distance  from  M  to  N. 

7.  »3olve  the  equations 

(1).  x^  +  ^=^2x^+Ux+U. 
X     51 

y 

V  35  ~  1  9 


(2)  )  y    ^ 


xy, 


12     xy 


Second  Class  Certificates,  1873. 
1.   Multiply   «?L^,^y«*_i_ 


a 


a 


2.  Show  that  ^r-Ml^^!  _  «' -  7«6  +  1 2i» 
a  -  26  a  -  36 

can  be  reduced  to  the  form  ?t^. 


I  **  J  *  ' 
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3.  Reduce  to  its  lowest  terms  the  fraction, 
5x^     1 


x'  +  -J  2  +  9 


X*  ~  x^  + 


"a? 


1 

9 


4.  (a)  Prove  that  «'"  -  ^*  is  divisible  by  .r  -  y  with- 
out remainder,  when  m  is  any  positive  integer. 

{b)   Is   there   a   remainder    when   it-'"'-  100   is 
livided  by  a;  -  U     If  so,  write  it  down. 

5.  Given  ax  +  by  =  1, 

X        i/         I 

and  -  +  ,   =  — r-. 
a      0      ab 

Find  the  difference  between  x  and  y. 
G.  Given3-y^-Ji^-i)J     t(- 4) 


8(aj-l)  3(a;+l) 

Find  03  in  terms  of  w. 


-0. 


7.  Given  -  =  -k  . 

y     3 


-r..    -1    1         ,        „  7a;  +  16 
-bind  the  value  of  -;.  —  w,* 

iy  +  24 


8,  Given 

x~y 

and 

X  -  y 


X  -\-y 
10 


1, 


3.      Find  x  and  y. 


x  +  y 

9.  There  is  a  number  of  two  digits.  By  inverting 
the  digits  we  obtain  a  number  wliich  is  loss  by  8  than 
three  times  the  original  number ;  but  if  we  increase 
each  of  the  digits  of  the  original  number  by  unity, 
and  invert  the  digits  thus  augmented,  a  number  is 
obtained  which  exceeds  the  oiiginal  number  by  29. 
Find  the  number. 

10.  A  stuflent  takes  a  certain  number  of  minutes 
to  walk  from  his  residence  to  the  Normal  School. 
Were  the  distance  ^th  of  a  mile  greater,  he  would 
need  to  incieiisi-  his  pace  (number  of  miles  per  hour) 
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bj  4  of  a  mile  in  tlie  hour,  in  order  to  reach  the 
school  in  the  same  time.  Find  how  much  he  would 
have  to  diminish  his  pace  in  order  still  to  reach  the 
school  in  exactly  the  same  time,  if  the  distance  were 
aV  of  a  mile  less  than  it  is. 


Second  Class  Certijicates,  1875. 

1.  Find  the  continued  product  of  the  expressions, 
a  +  b  +  c,  c  +  a-6,  b  +  c-a,  a  +  b-c. 

o    Q-       T^   a^  +  a'b      aia-b)        2ab 

3.  Find  the  Lowest  Common  Multiple  of  Zx^  -  2a;  -  1 

and  4a-'' -  2.^;'^  -  3a;  +  1. 

4.  Find  the  value  of  x  from  the  equation,  ax~ 
d'—'dbx  6bx—6a'     bx  +  4:>, 

~~cr~  -«*  =  *^  +        2a -    -—4-  • 

6.  Solve  the  simultaneous  equations, 
a       b 


X 

+ 

t/ 

=  C.l, 

c 

d 

X 

+ 

y 

-n. 

6.  In  the  immediately  preceding  question,  if  a 
pupil  should  say  that,  when  nh  =  md,  and  be  -  ad,  the 
values  of  x  and  y  obtained  in  the  ordinary  method, 
have  the  form  -«-,  and  that  he  does  not  know  how  to 
interpret  such  a  result,  what  would  you  reply  ? 

7.  Two  travellers  set  out  on  a  journey,  one  with 
$100,  the  other  with  $48  ;  they  meet  with  robbers, 
who  take  from  the  first  twice  as  much  as  they  take 
from  the  second  ;  and  what  remains  with  the  first  is 
3  times  that  which  remains  with  the  second.  How 
much  money  did  each  traveller  lose  ? 


r" 
l( 


Xll 
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8.  A  and  B  labor  together  on  a  piece  of  work  for 
two  days ;  and  then  B  finishes  the  woik  by  himself 
in  8  days ;  but  A,  with  half  of  the  assistance  that  B 
could  render,  would  have  finished  the  work  in  6  days. 
In  wliat  time  could  each  of  them  do  the  whole  work 
alone  1 


m 


9.  P  and  Q  are  travelling  along  the  same  road  in 
the  same  direction.  At  noon  P,  who  goes  at  the  rate 
of  m  miles  an  hour,  is  at  a  point  A  ;  while  Q,  who 
goes  at  the  rate  of  n  miles  in  the  hour,  is  at  a  point 
B,  two  miles  in  advance  of  A.  When  are  they  to- 
gether 1 

Has  the  answer  a  meaning  when  m — n  is  nega- 
tive 1  Has  it  a  meaning  when  in  =  n1  If  so, 
state  what  interpretation  it  must  receive  in  these 
cases. 

10.  P  is  a  number  of  two  digits,  x  being  the  left 
hand  digit  and  y  the  right.  By  inverting  the  digits, 
the  number  Q  is  obtained.  Prove  that  11  (x  +  y) 
(P-Q)  --  9  (x-y)  (P  +  Q). 


Second  Class  Certificates,  1876. 

1.  Divide  (1  +  m)  a^ — (m  +  n)  xy  {x — y) — (n — 1)  y^ 
by  a? — xy  +  y". 

Shew  that  {a  +  a^U  +  hy — (a — a^U  +  hf  is  ex- 
actly divisible  by  2ai6i. 

2.  Resolve  into  fac'^crs  x*  +  Ixy  {x^ — ?/) — y*, 

a\b  —  c)  +  h\c  —  a)  +  c\a  —  6),  and  25aj^  -»- 
5x^ — X — 1. 

3.  If  a^+px^  +  qx  +  r  is  exactly  divisible  by  «'  + 
mx  +  n,  then  nq — n^  ~  rm. 

4.  Prove  that  if  m  be  a  common  measure  of  p  and 
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y,  it  will  also  measure  the  difference  of  any  multiplea 
01  jo  ana  q.  j  v  ^^ 

Find  the  G.  C.  M.  oi  x^-p:,^  ,  {q-l)x^+px-^ 
q  and  x*~-qx^  +  (p-^l  )^  +  y^.__^  .^^^^  J  ^  ^ 

x^  +  x  +  x^  and  2x  +  2x^  +  3x^  +  Sx^' 

6.  Prove  the  rule  for  multiplication  of  fiactions. 


X' 


Simplify  ^~^^~:^^-- .  t=±z-^'  ,  ^-(^-i;r 


a 


and  -5 — r-„ — 


a 


a' 


a' 


6.  What  is  the  distinction  between  an  identitu  and 
a,n  equation?     If a>-a=-.y  +  b,  pro^e  u^b  =  y  +  a. 

Solve  the  equations  (2  +  a;)  (w~3)  ^  _4— 2wa; 
lGa^l3      40^-43      32a^— 30       2Caj— 24* 
*"    8a;— 9 


and 


4a;— 3 


8a;— 7 


4a; — 6 


7.  What  are  simultaneous  equations  ?  Explain  why 
there  must  be  given  as  many  independent  equations 
as  there  are  unknorvn  quantities  involved.  If  there 
IS  a  greater  number  of  equations  than  unknown  quan- 
tities, what  is  the  inference  ? 

Eliminate  x  and  y  from  the  equations  ax  ^  by 
=  c,  ax  +  b'y  =  c',  a''x  +  l"y  =  c'\ 

8.  Solve  the  equations — 

(1)  V7i  +  x^-  'Wn~x^m 

(2)  6x-\-y  +  z=V6 
3?/  +  2;+a;=15 
3^  +  a;  +  ?/.    17 

9.  A  i^erson  has  two  kinds  of  foreign  money ;  it 
takes  a  pieces  of  the  first  kind  to  make  one  £,  and  b 
piec3s  of  the  second  kind  :  he  is  offeied  one  £  for  r 
pieces,  how  many  pieces  of  each  kind  must  he  take  ? 


hii 
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10.  A  person  stirts  to  walk  to  a  railway  station 
four  and  a-half  miles  otT,  intending  to  arrive  at  a 
certain  time  ;  but  after  walking  a  mile  and  a-lialf  he 
is  detained  twenty  minutes,  in  consequence  of  which 
he  is  obliged  to  walk  a  mile  and  a-half  an  hour  faster 
in  order  to  reach  the  station  at  the  appointed  time. 
Find  at  what  pace  he  sj;arted. 


11 


oV 

W' 


(6)  Find  by  Horner's  method  of  division  the 
value  of 

cc^  +  2dOx*  +  279a;^— 2892a;«— 586a;— 31 2  when 
X  =  —289. 

(c)  Shew  without  actual  multiplication  that 

(a  +  b  +  cf—{a  +  h  +  c) {a'—ab  +  b'  -be  +  c'—ac) 
—3abc=3{a  +  b)  (b  +  c)  (a+a). 


ill 


McGILL  UNIVERSITY. 


Firat   Year  Exhibitions,   1873. 

1.  The  difference  between  the  first  and  seconrl  ,.i 
four  nun^bers  in  geometrical  progression  iHsam 
the^ifierence  between  the  3rd  and  4th  is  300  /  find 

ih\  ^'""^  • '^?  "^°^^«r«  whose  difference  is  8    and 
the  harmonical  mean  between  them  1-4.  ' 

3.  Prove  the  general  formula  for  finding  the  K.m. 
of  an  arithmetical  series.  ^         ^"""^ 

two   siiV*l^'''"''\^.'*^'f''/^^"  hypoteniKse  and  the 

5.  Solve  the  equations 

^  +  f  =  2b  ,     a;  +  y=l; 

«       «+!     13 
6^ 


+ 


«^  +  y  +  z=b,x  +  y  =  z~1',  x-Z  =  y^z 
x+    4  3x  +  8 


3x  +  5 


2x  +  3 


6.  A  cistern  can  be  filled  by  two  pipes  in  24'  and 
30  respectively  and  emptied  by  a  thii^ll  in  20    "n 

together  "'  ^"  ^^^'^'  ^^^"  ^^^'^^  ^^-^  ^'-"-^S 

7.  Shew  that 

1  +  ^!jL^f  ^  (^J:i+c)_(a +_6- c) 


i  ( 


2ab 


2a(j 


11 


1*1 


1%-V 


WW.:  a 


m 
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8.  Prove  the  rule  for  finding  the  greatest  common 
meaaure  of  two  quantities. 


First  Year  Exhibitiom,  1874. 

an\'  '^^^?  '^""^  ^^  ^^  *®*™'*  ^^'  **"  arithmetic  series  is 
bOO,  and  the  common  difference  is  5 ;  tind  the  first 
term. 

2.  Find  the  last  term  and  the  sum  to  7  terms  of 
I  he  series 

1-4+16-cfec. 

3.  Find  the  arithmetical,  geometric,  and  harmonic 
means  between  3|  and  1^. 

4.  The  diCerence  between  the  hypotenuse  and  each 
of  the  two  sides  of  a  right-angled  triangle  is  3  and  6 
respectively ;  find  the  sides. 

5.  The  sum  of  the  two  digits  of  a  certain  number 
is  six  times  their  difierence,  and  the  number  itself 
exceeds  six  times  their  sum  by  3  ;  find  it. 

6.  Solve  the  equations  : — 

x-i/=l;  x^-f-^ld 
3.C-7       4ic-10 


X 


x  +  5 


1 


x~-^(y-2)  =  5;  4y- J  (a;+ 10)  =  3. 

132a; +1     8i+5 
~3ar;  T-  +  ^  -  1  =  52. 

7.  A  man  could  rea.  ijhl  by  himself  in  20  hours, 
but  with  his  son's  help  .w.  6  honrs,  he  could  do  it  in 
16  hours  ;  how  long  would  the  son  bo  in  reaping  the 
field  by  himself] 

8.  Find  the  value  in  its  simplest  form  of 

03  +  2/         2ic 


i^  +  y 


x^y  —  x^ 

+  - 


x' 


y~y 


A 
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9.  Find  the  gmitost  co.ninon'^i^;^;;^;;;;;^^ 

^^'  -f  3^  -  15a.  +  9  and  3a.-^  4.  ;W'  -  21^^  _ 


i)^. 


First  Year  Exhibitiorui,  1876. 
1.  Solve  the  equations 


-^/«  +  a^+    /«—»  = 


Via 


^Va  +  aj' 


«     P^""'      -  +  -=1+-. 


2.  Reduce  to  its  simplest  form  the  expression  - 

^.  -bind  the  greatest  common  measure  of 

^^■^^'  —  Sx  +  5  and  7a;«  ^  12;c+5. 

~~1       + 


4.  Simplify 


1 
n 


m 


6.  Solve  the  following : 


'        -  +  -  =  +  l,-  +  .==2,-  +  -=3. 

1      1 

-  +  -=2,  a;+2/=2. 
a;     y 

^  7.^  Find  the  sum  of  n  terms  of  tho  series  1,  3,  5 


UNIVERSITY  OP  VICTORIA  COLLEOB. 


MatHculation,  1873. 

1.  W^li.it  is  tlie  ''  dimension  "  of  a  torm  ?     VVlien  is 
aii  exprewsion  said  to  be  "  homogeneous  "  ? 

2.  Remove   the   brackets   from,  and    simplify  the 
lollowing  expression : — 

(2a— 3c  +  4(/)-|5</_(,«  +  3«)|  +  |5a  — (—4 
~d)\—\Za~{4:a~6d  —  '^)\. 

3.  Prove  the  ^<  Kule  of  Signs  "  in  Multiplication. 
4  Multiply  a  _e!±^"  by  a;  4-^ 


;C' 


5.  Divide  aar»  +  hx^  +  cx  +  d\iy  x r. 

6.  Divide  1  by  1  +  a;. 

7.  Find  the  Greatest  C.  mmon  Measure  of  6«^  — 
aV  — 12.'c  and  9a"  r  12aV    -6aV       8x* 

8.  From  3a_2«_?^r:^  ...btiaot   2„  -  x  _ 

a  —  X 
aj  4-  l' 

9.  Given  J  to  find  aj  and  y. 

10.  Divide  tne  nu..x  )or  a  into  four  such  parts  that 
the  second  shall  exceed  the  tirst  by  m,  the  third  shall 
exceed  tho  second  oy  n,  ana  th.^  fourth  shall  exceed 
tne  third  by^. 

11.         sum    of  money   pat   out  at  simple  interest 


APPENDIX. 


xix 

n  doll!"  "k"''"'^  !r ""  ^'""•«'  --i"i^n:^.tiu, 

0  (lollaih.     lltNiuirecl  tlio  sun.  and  i-uto  per  cent. 

12.  Given  a-»  +  ah  ^  bx\  to  find  the  values  of  x, 

13.  Divide  the  number  49  into  t^vo  sucl.  arts  thafc 
«;e  quotient  ot  the  greater  .vided  l,y  lL'tZ,2l 
be  t,>  the  quotient  of  the  le.  divided  [,,  ih,    gLr.^ 

th  ^if  ■    ^i'^^^r  ^^'^^  "V""^^^  ^^^  "^*«  t^^«  «»c^»  part,  tlmt 
squares       "'  "''  ''  '^"^'  *^  ^^^  ^^'— «  <>*    ^-i'- 

16.  Given  -  .  to fiud  vahies of o^audy. 

(  xy  +  2y''  ^  60,  j  -^ 

and  If  he  had  bought  four  more  for  tlie  .ame  money 
he  would  have  paid  $1  less  for  each.     How  many  did  * 


Matriculation,  1874. 

lA  L*  ^i"^!*^®  Gl.-eatest  Common  Measure  of  W -^ 
lOaft  +8a^^,  and  9*^  -  Sai' +  3,,.ja  __  ^^.^     ^ 

monstrate  the  rulfc. 


2.  Add  together  a  —  aj  + 


a  +  a;  a  +  a;  ' 


2x- 


a  —  X 

1 

+ 


-,  and  —  4a 


(^  +  X 
a — oj*' 


X 


l+x     l~x    ^   l—x 


by 


X 

1    +.X 


3.  Divide 
and  reduce. 

f  n  ^'"i^A  !  ^f  T  ""^  ~  ^  '^  ^^'''  -  ^*)  -  ^  («  -  ^) 
=  10a+  116  to  find  x.  '  ^  \  / 

6.  A  sum  of  money  was  divided  amojig  three  per- 
sons, A,  B.    a/id    C,    ab   follows :     tlK^   sharf   of    ' 
e-vceeded  f  of  the  shares  of  h  and  C  bv  38120  •  fh^ 

•      "      —   i 


i'  ? 


'1 1 


XX 
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share  of  B,  f  of  the  shares  of  A  and  C  hy  $120  ; 
and  the  share  of  C,  %  of  the  shares  of  A  and  B  by 
$120.     What  was  each  person's  share  1  ^ 

7.  Sliew  that  a  qufuh-atic  equation  of  one  unknown 
quantity  cannot  have  more  than  two  roots. 


8.  Given 


4  +  v/  a?  ~      -^x 


;  to  find  tiie  value  of  x. 


9.  TJie  e  is  a  stank  of  liay  whose  length  is  to  its 
breadtli  as  5  to  4,  and  whose  height  is  to  its  bjcadth 
as  7  to  8,  It  is  wo  th  as  nitiiiy  cents  j»er  cubic  foot 
as  it  is  feet  in  b.r ndth ;  and  the  whole  is  wortli  at 
that  rate  224  times  as  many  cents  as  ^Jlere  are  square 
teet  on  tlie  bottom.     Find  the  dimensions  of  the  stack. 


10.  Given 


("^--y/xij  +  Q    ^ 

)^W..,-4f 
V  x  +  y  ) 


to  find  X  and  y. 


11.  In  attempting  to  arrange  a  number  of  counters 
in  the  form  of  a  square  it  was  found  there  wer«»  seven 
over,  and  when  the  side  of  the  square  was  increased 
by  one,  tliere  was  a  deficiency  of  8  to  complete  the 
square.     Find  the  number  of  counters. 

12.  Reduce  to  its  simplest  form 


(a  +  cf—P    ■  (a  +  bf 


af     t»—{a  —  hf 


+ 


{b  +  cf~ 


a" 


13.  A  and  B  can  do  a  piece  of  work  in  12  days; 
in  how  many  days  could  each  do  it  alone,  if  it  would 
take  A  1 0  days  longer  than  B  1 


14.   Given 


X  _  z 

y    ^ 

X  —  2/  =  4 

Z 10-^ 


to  find 
X,  y,  z, 
and  w. 


62i; 


-  7.^ 


APPENDIX.  ^^, 

16.   Write  down  the  expansion  of    ix—'^V 

t2]v.^''^.T7  '^^^^'^^^*^  «^^^i««  ^nay  >>e''runr.  on 
teu  ditierent  bells,  suiuxisiiKr    .11  fi,  i  •     . .   *' 

p-«cI„co  different  S?      ^^  "  "•""'"'"*'>™  '" 


ANSWERS. 


Junior  Matric,  1872.     Pass. 

{X  +  ay  +  {x  +  a)  {y  ~b)  +  {y-  bf.  2.  a?  +  ap  +  q. 

3.  («),  1^;  (/>),  -1^;  (c),  41;  (J),  1,  ^.       4.  640,  660. 


c7w>wo»-  Matiic  ,  1872.     Pas*  arte/  ZTo^ior. 


f 


+  26  +  3c.        2.  We  have 


/?o>g  =  0  and  c»- -jt>'c  +  f/  =  0,  fi 


whxicb.  to  elimjnat 


om 


4.  If  ^  be  one  root, 


a 


/3 


and,  eliminating  '9,  .i_ 


(p  +  qf 


a 


/3 


,;> 


ac 


^«7 


5.  (a),  4,  --  7,  ^(-  3  ±  v/277)  ;  (6),  3,  2, ;  —  3,-  2 


■^=r> 


v/6         ^6 


v/6 


l/6 


(«), 


+-j2-   (^0»  Divide  tf.rough  by  x"'  and  put  y  for 


it" 


+  - ,  and  .*.  f-.  2  for  ar"  +  4  ,   tlien  y  = 


X 


X" 


10 


--    or 


—  ^anda;  =  3,  ^,-Jor  — 2. 
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g  1  a?-_i    f 


./z^wWilfa^Wc.,  1872.     Honor. 
1.  8  and  6  miles.  9    i?„„i.    ^  .,     ^ 

2a6c        a  or  g^j^. ^j^        or  2aho 


6'»T?3^ 


« 


^T6«"r;^'  ^^^""^  ^""^  *^^erefore  equal. 

3.  Multiplying  the  equations  successively  hj  y  ,  a: 
and  z,  X,  y,  we  obtain  c^x  4-  «V  +  bC  =  0 

TO  A  ' 


^'^  +  «V  +  a'«  =  0;  thence  -^ 


-       2^ 


a'-6V    6*^r;cV 


-4—-^,  and  X  =  - ±«  («*  -  6V) 

5.  3,0;- 2,- 5; -.3,  6 J  -8,1.       6.  90  and  240  mis. 


./i^mor  J/a^ric,  iyowor.     ) 
xVemor  Matric,  Pass.        ]    ^^'*^- 

1.  (a),  nx,m  first  .  =  2,/  o^^,  and  then  ™l„ti„„s  are, 

„'/'    -3,-3^  v/JI,  ^21;  -x/2i;-_v2r 

W,T«41±v'769.|(-37±,/7ByT  (c),  i,A- 
-|.-J;i,i;-^,-i.    (rf),  4,18.    ^Vs. 
A    L^\     •^'^«^+61a;+ 10      ...       x^  +  ?ix  +  2 


K'^Jf 


x+2 


(b), 


x"  +lix+  30* 


\.VIV' 


ANSWERS. 


X  {Z-x) 
■         x~l 
Q.  x-1  and  a: +  5  are  factors,  and  roots  aie,  2-5 
n-3±i/35).  7.  7|gals. 

^-  4"^^ I'or  cent.  9.   4  days. 

He  receives  $3  every  day  the  work  continues  • 
he  returns  nothing  the  first  day  he  is  idle^ 
m  the  second,  and  so  on,  and  the  number  oi 
days  he  works  is  1 6. 


Junior  Matric,  1^1  Q.     Pass. 


1.  a*]  a       b      c    a. 


2.   a'-a;';   w'-ha?. 

3.  1  +  2x  +  3*'  +4.x'  +  6x*  +  Qa^+  ..,,-  rem.  Tx'- 
6x\     daP-Qx+l. 

6.  (1),  2.     (2),  2,5,7;  or-2,_5,— 7. 


•I 

Mi: 


N 


1:1 


Junior  Matric.,  1876.     Honor. 
1.  35  mis.         2.  (2),  These  quantities  are  in  Il.P/ii 

are  in  ^.P. 

6.  It  may  be  s}»ewn  that  the  remainder  at  the  nth 
decimal  place  is  2n  ;  hence  if  the  nth  digit  be 
increased  by  unity,  and  the  whole  subtracted 
from  1,  the  remainder  is  the  remaining  pari 
of  the  peiiod. 

6.«=4,aj=2or-3,;y=3or—  2;«  =  — l,a;=2+Vl^ 

'i/^~2-\-  vio." 


pf 


i-)} 


i>,  -^,  —  o, 


iitinues ; 

is  idle, 

iiiiber  oi 


XX  V 

Junior  Matric,  1876.     //o.^^r. 
1.  121  amUOO  yards. 

3.  Ir.at.ona    roots  go  in^airs,  sL^.^  L':^:^. 
and  other  roots  are  |  (-1  i/lTs).  ' 

6.    «^_ 

*-^(w~l)(aZ. 6)'  6-  3  mis. 

7.  (1),   Plainly  x^-'2  divid(,.s  both  side.    .,n  7 

are— 2,24- /f      (9)    ^.  _ T      "f'  ''"?   ^'^ots 
'    __i^/-     1W>  a---3,  2/^4  or  4;    a;- 
— 3,  7/=__4or— |.  *' 


«■■'  +  ar*. 


Il.P.ii 
a,  b,  c 


the  nth 
digit  be 
bti-acted 
iig  pari 


2+  V 10, 


A^ecowc/  Class  Certificates,  1873. 
2.    (a-6)-(a_4^,^^3^_ 


4.  (6), -99. 


5.    (a-6)  (a.-^).0;   Z.  if  .  be  not  =  6,  a: -._- o  • 
It  a  -  6,  a;  -  2/  may  have  any  value.  ' 

7.  §,  provided  x  be  not  -  -  2?  • 


6. 


43 -14m 
Um  -  r3' 

'      *^^"^'  ^'■''^*^«"  t)ecomes  ^  and  is  indetonninate. 


8.  -_L  _        1 

9.  13. 


10.  f  of  a  mile  per  hour. 


XXVI 


ANSWERS. 


m 


Second  Glass  Certificates,  1875. 

3.  (3ft;  +  1)  (4x»  -  2a;'  -  3a;  +  1).         4.     ^^^f^ir' 
6c  —  ad         he  —  ad 


6.  a;=  -y ^>  If • 

710 — ma         mc  —  na 

6.  X  and  y  are   indeterminate  :    there  is  but  one 
equation.     7.  $88,  $44.     8.  14  days,  11|  days. 

2 

9"  In  — -    hrs.     m  —  n  negative  means  that  they 

TYi  —  n  ° 


were  together 


m  —  n 
I  they  are  never  together. 

10.  Each  side  equals  99(£c^  —  y^). 


hrs.  before  noon,  m=w, 


Second  Glass  Certificates,  1876. 

1.  (l+m)x-{l-n)i/.  2.  {x  .yf  {x-y);  (a-h) 
{h-c){c-a);  {^x^-l)  (5ft;'  +  a;+l). 

3.  Let  the  other  factor  be  a;  +  a;  multiply  and  equate 
co-efl&cients  j  eliminating  a,  nq  —  v?  —  rm;  other 
condition  is  pn  -  mn  =  r.  4.  a;  —  1 ;    1  +  osi. 

^     (x  +  y-z)  (x-y  +  z)  (y  +  z-x),      1 

(x-^-y  +  zf  a-b 

6.  -f ;  1. 

7.  a'''(6'c  -  6c')  +  h"{ac'  -  a'c)  +  c'\a'b  -  ah')  =  0. 

8.  (1,)   Cube,   and   3(ri  +  a;)4  (■/i-a;)J  {m)^m^-2n, 

q     a{c  —  h)     h{a  —  c) 
a—b  n—b 

10      5^    miloa    nn    Vinnr 


'    3a 

a  +  b  • 
%{W-  5) 
4a -36   ' 


is  but  one 
8,  11|  days. 

18  that  they 
10011.  m=w, 


■y);  (a-h) 

). 

>-  and  equate 

—  rm ;  other 

-  1 ;    1  +  as*. 


=  0. 

ij  =  m^  —  2w, 

4. 


ANSWERS. 


XXVH 


11.  {a),  See  §359.  (6),  2,000.  (c),  Substitute  suc- 
cessively -h,  -  c,  -  a  for  a,  b,  c,  in  tlie  left 
hand  side,  and  it  appears  that  a  +  b,  b  +  c, 
c  +  a  are  factors,  and  /.  expression  is  of  fonn 
N{a  +  b)  {b  +  c)  {c  +  a)',  putting a^b^c=l, 


we  get  iV=3. 


First   Year  Exhibitions,   1873. 

1.  3, 15,  75,  375.     2.  9  and  1 ,  or  /^  and-  }%.    4.  9, 1 2. 

5.  («),4,-3;  -3,4.  ('.),2,-3.  (c),4,-5,6.  {d),-^. 

6.  40\         7.  =  1^^±^— ^  =  . 

2ab 


First   Year  Exhibitions,   1874. 

1.  5.         2.  (-4)«;  3277.         3.  2,-V;  H',  Vi- 

4.  9,  12.         5.  75. 

6.  (a),3,2;— 2,— 3.  (6),  7  or— If  (c),5,3.  {d),U. 


7.  30  hours. 


8. 


?/ 


x  +  y 


9.  3(cc  +  3). 


First   Year  Exhibitions,   1876. 
1111 


1      4     3      a 
5     5        1 


1 

6 


I 

c 


a 


a' 


1 


1  1 

b    '    -c 


1 


2    IQ 


|/  •/. 


O 


5.  21,  42,  63,  or  84. 


1       i  _  1  — 

1.  4.     7/i. 

6.  o,  6,  2c  ;  1,  1. 


/.  n" 


xxvm 
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Matriculation.  1873. 


2.   Ua~^c  —  M  + 


2 
5 


m. 


ax. 


ax'  -I-  {ar  -\-  b)  x  -|-  {ar^  -f  hr  +  c)  + 


ar 


+  6^2  -f-  cr  +  t^ 


*• 


6.   1  —  X  \-  X 


X'-'  +- 


7.   3tt''  +  4i 


8.    (^  —  «-■)  (•'^^  ^  2) 


a*  — 1 


9.   144,  216. 


10.  \  (a  —  3m  —  2n  —  ;?),  (fee. 
11. 


rnb  —  na      1200  (a  — b) 


m 


n 


nib 


na 


12.   ilV'^^.  13.  28,  21. 

14.  50(i/5  —  lKr)0(3— i/5). 

15.  a'  =  ±  10,  y  --  =FlO ;  ic  --  ±  4v/  2,  y  =  ±  3/2 

16.  16. 


M-»' 


Aratriculation,  1874. 


1.  a— &.  2. 

4.  —bn  —  ?*b. 

6.  2,  4;  4,  2. 

9.  20,  16,  14  ft. 

12.  1. 


W  +  rt  u-  —  2ax^  +  x^ 


3.  1. 


a;  —  a'' 
5.  600,  480,  360. 

8.  4  or  91. 

10.  40,10;  10,40.  11.  56. 

13.   30  and  20  days. 

14.  6,  2,  4|,  11,  or  —  2,  —  6,  —  1|,  —  4^. 

15.  100,  2550. 

IG.  x'  —  7x'  -^  21ar'  — 35;;c  +  35;*-»  —  21a;-'  -f  7a;-^ 


a? 


—7 


17.   1023. 


hJ". 


5/2 


3.  1. 


11.  56. 


a   _i^    /-f     R 
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